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Recap: Bellman error of Q

We define average Bellman error of a Q-estimate  below: g
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g(sh+1, a)]]
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Recap: The Q / V-Bellman rank

πf

f

ℰf;f,hℰg;f,h

∀h : ℰh ∈ ℝ|ℱ|×|ℱ|

Rank of this Matrix is defined as Bellman Rank

g

There are two mappings 
 


( d = Q/V Bellman-rank)
Wh : ℱ ↦ ℝd, Xh : ℱ ↦ ℝd

∀f, g ∈ ℱ : ℰ(g; f, h) = ⟨Wh(g), Xh( f )⟩



Recap: Many examples have low Bellman rank

1. Linear Bellman completion (including linear and tabular MDPs, and LQR)

3. Low-rank MDPs (unknown representation that needs to be learned)

2. Linear  (captures the -state abstraction)Q⋆ & V⋆ Q⋆

4. Many others: Reactive POMDPs, Contextual bandit, Low-occupancy measures…



Question for Today

Can we design a universal algorithm that learns efficiently for MDPs w/ low-Q/V Bellman rank?

e.g., poly(H, b-rank, ln( |ℱ | ),1/ϵ2)



Outline for Today

1. The Bilinear-UCB algorithm (BLin-UCB)

2. Theoretical Guarantee and analysis of BLin-UCB
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ℓ(sh, ah, s′ h+1, g) =
1{ah = πg(sh)}
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a′ 

g(sh+1, a′ ))
For V-Bellman rank, we define Bellman error loss as:

If we had a dataset  where 𝒟 := {sh, ah, sh+1} sh ∼ dπf
h , ah ∼ U(𝒜), sh+1 ∼ Ph( ⋅ |sh, ah)

∀g : 𝔼𝒟[ℓ(sh, ah, sh+1, g)] is an unbiased est of ℰ(g; f, h)
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1. When the batch size ( ) is large, |𝒟h,i |

𝔼𝒟h,i
ℓ(sh, ah, sh+1, g) → ℰ(g; fi, h)

2. We know that 
t−1

∑
i=1

ℰ( f ⋆; fi, h) = 0

3. By properly setting batch size and R, we eliminate wrong hypothesis, but keep f ⋆

4. This gives optimism: Vft(s0) ≥ Vf⋆(s0) := V⋆(s0)

3. Optimism allows explore and exploit tradeoff!



Outline for Today

1. The Bilinear-UCB algorithm (BLin-UCB)

2. Theoretical Guarantee and analysis of BLin-UCB
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Uniform convergence style assumption on our hypothesis class :ℱ

Given any distribution , and  i.i.d samples  from , 
w/ probability at least 

ν ∈ Δ(S × A × S) m {si, ai, s′ i} ν
1 − δ,

∀g : 𝔼νℓ(s, a, s′ , g) − 𝔼𝒟ℓ(s, a, s′ , g) ≤ εgen(m, ℱ, δ)

Example: when  is discrete (for B-rank loss), Hoeffding + union bound over  implies:ℱ ℱ

εgen(m, ℱ, δ) := 2H
ln( |ℱ | /δ)

m



Analysis of BLin-UCB

After running BLin-UCB for  many iterations, there exists a 
policy among  many policies, such that:

T = Õ (Hd)
T

V⋆(s0) − Vπ(s0) ≤ Õ (εgen (m, ℱ, δ/(TH)) ⋅ dH3)
(# of trajectories used: ) mHT



Analysis of BLin-UCB

W/ prob  BLin-UCB learns a policy with  w/ # of 
trajectories:

1 − δ, V⋆ − Vπ ≤ ϵ,

Õ (
H6d2 ln ( |ℱ | /δ)

ϵ2 )

Example: discrete (but large) hypothesis class  for Q-Bellman rankℱ
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Step 2: Using optimism to upper bound per-episode regret:
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(We will complete the proof in HW)
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Summary for today

1. The BLin-UCB algorithm:  

Optimism driven; analysis uses the standard linear bandit style analysis 

2. The BLin-UCB has poly sample complexity wrt B-rank 

It means that this algorithm works for tabular MDPs, linear bandits, linear Bellman-completion, LQRs, 
Linear , Low-rank MDP, latent variable MDPs, reactive POMDPs, etcQ⋆ & V⋆



Starting from Thursday:

RL & Optimization: 


How to do gradient ascent in RL?

Can gradient ascent find global optimality, despite RL usually has non-convex objective functions?


