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Average state-action distribution:

Π = {π : S ↦ A} ⊂ S ↦ A

Policy class: 

π⋆ = arg max
π∈Π

Vπ(ρ)

Trajectory distribution: 

Prπ(τ) = ρ(s0)π(a0 |s0)P(s1 |s0, a0)π(a1 |s1)…P(sH−1 |sH−2, aH−2)π(aH−1 |sH−1)
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Revisit Gradient Descent: 

θ = θ0 − η∇θℓ(θ0)

In other words: 

min
θ

∇ℓ(θ0)⊤(θ − θ0),  subject to ∥θ − θ0∥2
2 ≤ δ,

We in default are using Euclidean distance in the parameter  spaceθ

Different re-parameterization (scaling & translation) can lead to a quite different GD path



Θ ℓ : Θ ↦ ℝ



Ω Θ ℓ : Θ ↦ ℝ



Ω
w0

A−1

θ0

A Θ ℓ : Θ ↦ ℝ



Ω
w0

A−1

θ0

A Θ ℓ : Θ ↦ ℝ

g(w) := ℓ(Aw)
Map the loss function to  space:Ω



Ω
w0

A−1

θ0

A Θ ℓ : Θ ↦ ℝ

g(w) := ℓ(Aw)
Map the loss function to  space:Ω

w = w0 − η∇g(w0) θ = θ0 − η∇θℓ(θ0)

ℓ(θ)



Ω
w0

A−1

θ0

A Θ ℓ : Θ ↦ ℝ

g(w) := ℓ(Aw)
Map the loss function to  space:Ω

w = w0 − η∇g(w0) θ = θ0 − η∇θℓ(θ0)

ℓ(θ)

= A−1θ0 − η∇g(w0)



Ω
w0

A−1

θ0

A Θ ℓ : Θ ↦ ℝ

g(w) := ℓ(Aw)
Map the loss function to  space:Ω

w = w0 − η∇g(w0) θ = θ0 − η∇θℓ(θ0)

ℓ(θ)

= A−1θ0 − η∇g(w0)

(∇wg(w) = ∇wℓ(Aw) = A∇θℓ(θ) |θ=Aw )



Ω
w0

A−1

θ0

A Θ ℓ : Θ ↦ ℝ

g(w) := ℓ(Aw)
Map the loss function to  space:Ω

w = w0 − η∇g(w0) θ = θ0 − η∇θℓ(θ0)

ℓ(θ)

= A−1θ0 − η∇g(w0)

(∇wg(w) = ∇wℓ(Aw) = A∇θℓ(θ) |θ=Aw )

= A−1θ0 − ηA∇θℓ(θ0)



Ω
w0

A−1

θ0

A Θ ℓ : Θ ↦ ℝ

g(w) := ℓ(Aw)
Map the loss function to  space:Ω

w = w0 − η∇g(w0) θ = θ0 − η∇θℓ(θ0)

ℓ(θ)

= A−1θ0 − η∇g(w0)

(∇wg(w) = ∇wℓ(Aw) = A∇θℓ(θ) |θ=Aw )

= A−1θ0 − ηA∇θℓ(θ0)

θ′ = θ0 − ηA2 ∇θℓ(θ0)



Ω
w0

A−1

θ0

A Θ ℓ : Θ ↦ ℝ

g(w) := ℓ(Aw)
Map the loss function to  space:Ω

w = w0 − η∇g(w0) θ = θ0 − η∇θℓ(θ0)

ℓ(θ)

= A−1θ0 − η∇g(w0)

(∇wg(w) = ∇wℓ(Aw) = A∇θℓ(θ) |θ=Aw )

= A−1θ0 − ηA∇θℓ(θ0)

θ′ = θ0 − ηA2 ∇θℓ(θ0)

Linear transformation  makes the GD 
path different! 


i.e., not invariant wrt linear 
transformation (scaling, rotations, etc)

A
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What would happen if we use a different distance metric…

min
w

∇wg(w0)⊤(w − w0)
s.t., (w − w0)⊤(AA)(w − w0) ≤ δ

This gives us: 

w = w0 − ηA−2 ∇g(w0) (∇wg(w0) = ∇wℓ(Aw0) = A∇θℓ(θ) |θ=Aw0
)

w = A−1θ0 − ηA−1 ∇θℓ(θ0)

⇒ θ = θ0 − η∇ℓ(θ0)
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Back to Policy Optimization:

max
πθ

Vπθ(ρ)

s.t., KL (Prπθ0 | |Prπθ) ≤ δ

Sequential convex programming:

We linearize the objective function & quadratize the KL constraint

We know the first order Taylor expansion of Vπθ(ρ)

Vπθ0(ρ) + ∇Vπθ0(ρ)⊤(θ − θ0)

Q: How to do second-order Taylor expansion on the KL constraint? 
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Plain GD in  will move to  at a 
constant speed, while Natural GD can 
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max
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We have a closed form solution: 
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Self-normalized step-size 

(Learning rate is adaptive)



Summary

Natural Policy Gradient invariant to linear transformation 

(Trust region constraint in terms KL on trajectory distributions)

Second order Taylor expansion of  at  is ℓ(θ) := KL (Prπθ0 | |Prπθ) θ0 (θ − θ0)⊤Fθ0
(θ − θ0)


