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• Idea:

• Travel faster and faster when approaching to the corners of the simplex 

(as opposed to the log-barrier which keeps us away)



Today:

Global Convergence
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• Lemma:  We have that  

The NPG direction is the weights 

Fμ(θ)† ∇θVθ(μ) =
1

1 − γ
w⋆,

w⋆



Proof
• The first order optimality conditions for  imply 

 
w⋆

Es∼dπθ
μ , a∼πθ(⋅|s)[(Aπθ(s, a) − w⋆ ⋅ ∇θlog πθ(a |s))∇θlog πθ(a |s)] = 0



Proof
• The first order optimality conditions for  imply 

 
w⋆

Es∼dπθ
μ , a∼πθ(⋅|s)[(Aπθ(s, a) − w⋆ ⋅ ∇θlog πθ(a |s))∇θlog πθ(a |s)] = 0

• Rearranging 
 Es∼dπθ

μ , a∼πθ(⋅|s)[Aπθ(s, a)∇θlog πθ(a |s)] = Es∼dπθ
μ , a∼πθ(⋅|s)[∇θlog πθ(a |s)∇θlog πθ(a |s)⊤]w⋆



Proof
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Es∼dπθ
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μ , a∼πθ(⋅|s)[∇θlog πθ(a |s)∇θlog πθ(a |s)⊤]w⋆

• By the definition of  and : ∇θVθ(μ) Fμ(θ)
(1 − γ)∇θVθ(μ) = Fμ(θ)w⋆
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• and this leads to the update: 

 

where .

π(t+1)(a |s) = π(t)(a |s)
exp(ηA(t)(s, a)/(1 − γ))

Zt(s)
,

Zt(s) = ∑a π(t)(a |s)exp(ηA(t)(s, a)/(1 − γ))
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• Proof: Recall NPG update is  where 

 

1
1 − γ w⋆

w⋆ ∈ argminwEs∼dπθ
μ

Ea∼πθ(⋅|s)[(Aπθ(s, a) − w ⋅ ∇θlog πθ(a |s))2]
• What is a minimizer for the the softmax?
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Global convergence for NPG
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log A
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• Setting , NPG finds an -opt policy when .η ≥ (1 − γ)2log A ϵ T ≥
2

(1 − γ)2ϵ
• Iteration complexity has:

• No dimension dependence (no dependence on )

• No dependence on start state measure  (and no “dist mismatch factor”)

• No ‘flat gradient’ problem

S, A
ρ
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Improvement Lower Bound
• Lemma: For the iterates  generated by the NPG, we have for all distributions : 

 

π(t) μ
V(t+1)(μ) − V(t)(μ) ≥

(1 − γ)
η

Es∼μ log Zt(s) ≥ 0.

• Proof: First, let us show that . To see this, observe: log Zt(s) ≥ 0
log Zt(s) = log∑

a

π(t)(a |s)exp(ηA(t)(s, a)/(1 − γ))

≥ ∑
a

π(t)(a |s)log exp(ηA(t)(s, a)/(1 − γ))

=
η

1 − γ ∑
a

π(t)(a |s)A(t)(s, a) = 0.

(using Jensen’s inequality on the concave function .)log x



Lemma Proof: continued….
By the performance difference lemma, 

 

where the last step uses that  and that .

V(t+1)(μ) − V(t)(μ) =
1

1 − γ
Es∼d(t+1)

μ ∑
a

π(t+1)(a |s)A(t)(s, a)

=
1
η

Es∼d(t+1)
μ ∑

a

π(t+1)(a |s)log
π(t+1)(a |s)Zt(s)

π(t)(a |s)

=
1
η

Es∼d(t+1)
μ

KL(π(t+1)
s | |π(t)

s ) +
1
η

Es∼d(t+1)
μ

log Zt(s)

≥
1
η

Es∼d(t+1)
μ

log Zt(s) ≥
1 − γ

η
Es∼μ log Zt(s),

d(t+1)
μ ≥ (1 − γ)μ log Zt(s) ≥ 0
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NPG Conv. Proof, Part 1
•  as shorthand for ;   as shorthand for the vector of d⋆ d⋆

ρ πs π( ⋅ |s)
• By the performance difference lemma, 

Vπ⋆(ρ)−V(t)(ρ) =
1

1 − γ
Es∼d⋆ ∑

a

π⋆(a |s)A(t)(s, a)

=
1
η

Es∼d⋆ ∑
a

π⋆(a |s)log
π(t+1)(a |s)Zt(s)

π(t)(a |s)

=
1
η

Es∼d⋆ (KL(π⋆
s | |π(t)

s ) − KL(π⋆
s | |π(t+1)

s ) + ∑
a

π⋆(a |s)log Zt(s))
=

1
η

Es∼d⋆ (KL(π⋆
s | |π(t)

s ) − KL(π⋆
s | |π(t+1)

s ) + log Zt(s)),



NPG Conv. Proof, Part 2
• By the  improvement lemma .  Hence, 

 

V(t+1)(ρ) ≥ V(t)(ρ)

Vπ⋆(ρ)−V(T−1)(ρ) ≤
1
T

T−1

∑
t=0

(Vπ⋆(ρ) − V(t)(ρ))

=
1

ηT

T−1

∑
t=0

Es∼d⋆(KL(π⋆
s | |π(t)

s ) − KL(π⋆
s | |π(t+1)

s )) +
1

ηT

T−1

∑
t=0

Es∼d⋆ log Zt(s)

≤
Es∼d⋆KL(π⋆

s | |π(0))
ηT

+
1

ηT

T−1

∑
t=0

Es∼d⋆ log Zt(s) .
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Es∼d⋆(KL(π⋆
s | |π(t)

s ) − KL(π⋆
s | |π(t+1)

s )) +
1
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T−1

∑
t=0

Es∼d⋆ log Zt(s)
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1

ηT

T−1

∑
t=0
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• By the improvement lemma (applied with  as the distribution), we have: 

 

which gives us a bound on .

d⋆

1
η

Es∼d⋆ log Zt(s) ≤
1

1 − γ (V(t+1)(d⋆) − V(t)(d⋆))
Es∼d⋆ log Zt(s)



NPG Conv. Proof, Part 3

Vπ⋆(ρ) − V(T−1)(ρ) ≤
Es∼d⋆KL(π⋆

s | |π(0))
ηT

+
1

ηT

T−1

∑
t=0

Es∼d⋆ log Zt(s)

≤
Es∼d⋆KL(π⋆

s | |π(0))
ηT

+
1

(1 − γ)T

T−1

∑
t=0

(V(t+1)(d⋆) − V(t)(d⋆))
=

Es∼d⋆KL(π⋆
s | |π(0))

ηT
+

V(T)(d⋆) − V(0)(d⋆)
(1 − γ)T

≤
log A

ηT
+

1
(1 − γ)2T

.


