Exploration in Linear MDPs

CS 6789: Foundations of Reinforcement Learning
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Finite horizon time-dependent episodic MDP ./ = {S,A, H, {r},, {P};, o}
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Recap:

1. Linear MDP’s Q;; & Q7 are all linear functions wrt ¢
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Recap:

1. Linear MDP’s Q;; & Q7 are all linear functions wrt ¢

2. Since P,( - |s,a) = ,u;gb(s, a), we can estimate ,u; by via regression

Since given s, a, s' ~ P( - |s,a), we know Ey_ps (.5 »0(s) = P(- |5, ),

. i i i yn-l
Given dataset {s;, a;, s, . 1}/

Ridge Linear Regression:

n—1
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Today:

Regret bound for the UCBVI algorithm for Linear MDP and its proof sketch



Outline:
1. Model fitting and its guarantee (P(. |s,a) — P(.|s,a))"V, for some fixed V

2. Covering argument to bound (P(. | s,a) — P(.|s,a))"V,for ALLV € &

3. UCBVI revisit and its guarantee
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1. Model Learning in Linear MDPs

j)\Z( ’ |S7 Cl) — //’l\Z¢(S7 Cl)

Cannot directly bound || j’\”( - |s,a) — P(-|s,a)l||; since P(.|s,a)isin RIS
As in tabular-UCBVI and Generative Model, we care average model error:

Consider a fixed function V : S — [0,H], we-can bound:

‘(?Z( |s,a) — Py( - |s,a)>-V




1. Model Learning in Linear MDPs
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1. Model Learning in Linear MDPs
n—1 o
Ridge Linear Regression: min Z ||/fl¢(S;2, a;ll) — 5(S;,+1)||% + ||M||12r
nol
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P |s,a) = @h(s, a)

Lemma [Model Average Error under a fixed V:
Consider a fixed V : § — [0,H] . With probability at least 1 — o, for any s, a, h, n, we have:

Hdet(A")2det(A1)~1/2
et( h)(se( ) +H\//1_CZ
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1. Model Learning in Linear MDPs

Lemma [Model Average Error under a fixed VI]:
Consider a fixed V : § — [0,H] . With probability at least 1 — 6, for all s, a, n, h, we have:
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Lemma [Model Average Error under a fixed VI]:
Consider a fixed V : § — [0,H] . With probability at least 1 — 6, for all s, a, n, h, we have:
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Lemma [Model Average Error under a fixed VI]:
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1. Model Learning in Linear MDPs

Lemma [Model Average Error under a fixed V]:
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1. Model learning: summary

Lemma [Model Average Error under a fixed V]:
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1. Model learning: summary

Lemma [Model Average Error under a fixed V]:

(Pic1s0- i 150) V] = (13 /T8 0|

(AP~

Q: Can we get a uniform convergence argument for a function class & ?
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1. Model fitting and its guarantee (P(. |s,a) — P(.|s,a))"V, for some fixed V

2. Covering argument to bound (}A’(. |s,a) — P(.|s,a))"V,forALLV € F

3. UCBVI revisit and its guarantee



Detour: Covering Number

Considerthe ball ® = {0 : 0 € Rd,||9||2 < R}.
Denote ¢-Net as a subset /', C ©, such that VO € O:
10'e N, st. ||0'=0||, L e.

Denote e-cover as the smallest /',



Detour: Covering Number

Considerthe ball ® = {0 : 0 € Rd,||0||2 < R}.
Denote ¢-Net as a subset /', C ©, such that VO € O:
10'e N, st. ||0'=0||, L e.

Denote e-cover as the smallest /',

Lemma [Covering of ®] We have | /| < (1 + 2R/€)? and In( | N.|) <dIn(l +2R/e)



Detour: Covering Number

Considerthe ball ® = {0 : 0 € Rd,||0||2 < R}.
Denote ¢-Net as a subset /', C ©, such that VO € O:
10'e N, st. ||0'=0||, L e.

Denote e-cover as the smallest /',

Lemma [Covering of ®] We have || < (1 + 2R/€)? and In( | N.|) <dIn(l +2R/€)

Now consider a function class & = {f,: 0 € O},
and forany fy . fo, € F, |Ify, — Jfollo < LII6; — 6l,



Detour: Covering Number

Considerthe ball ® = {0 : 0 € Rd,||9||2 < R}.
Denote ¢-Net as a subset /', C ©, such that VO € O:
10'e N, st. ||0'=0||, L e.

Denote e-cover as the smallest /',

Lemma [Covering of ®] We have || < (1 + 2R/€)? and In( | N.|) <dIn(l +2R/€)

Now consider a function class & = {f,: 0 € O},
and for any fy . fp, € F, |Ify, — Jfollo S LIIO, =6,

Then (e/L)—Net on © gives us an e—Net on F with d(fy , fy.) = |lfy, — fo.ll
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Detour: Covering Number and An Example

Consider a specific parameterization 6 = (w, 5, \),
© = (W, A) : Wl < L. f € [0.B, 5,(A) > 4}

in

Define the functionfw’ﬁ’A S - [0,H]

Jwpa($) := min {max (qub(s, a) + ﬂ\/ (s, a) T A™Lp(s, a)> , H }

Denote F = {f,, s LlIWll, £ L, f € [0,B], 6in(N)= 4}, what’s the

covering number of & under 7,

n



Detour: Covering Number
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Detour: Covering Number

fw,ﬂ,A 5 fwpa(s) == min {max (wT(/)(s, a) + ﬂ\/gb(s, a)T A~ (s, a)) ; H}

Lemma: Dgnote F = {f,, 5 : lIwll, < L, B € [0,B], 0,1,(A) > 1},
under £, we have: In| ./, |& dIn(1 + 6L/€) + 2d>In(1 + 18B%\/d/(4e?) = O (d?)
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Detour: Covering Number

fw,ﬁ,A Yy fwpa(S) 1= min {max <WT¢(S, a) + ﬂ\/gb(s, a)T A~ (s, a)) ; H}

Lemma: Denote # = {f,, 55 : W[, < L,/ € [0,B], 6,,;,(\) = 4},
under £, we have: In| ./, | < dIn(1 + 6L/€) + 2d*In(1 + 18B*\/d/(A€?)) = (d2)

Key step in the proof:

1) = 1505)| < lw = wlly +15 = BIVZ+ By IIAT = A7



Detour: Uniform Convergence

fw,ﬁ,A 5 fwpa(s) == min {max (ng{)(s, a) + ﬂ\/gb(s, a)T A~ (s, a)) ; H}

Lemma: Denote & = {f,, 51 : [[wll, £ L, f € [0,B], 6,;,(A) = A},
under 7 we have: In| ¥, | < dIn(1 + 6L/€) + 2d*In(1 + 18B%\/d/(Ae?)) = (d2)

Lemma [uniform convergence]: With probability at least 1 — ¢, for all s, a, 7;m,and ALL f € F
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fw,ﬁ,A Yy fwpa(S) = min {max <WT¢(S, a) + ﬂ\/gb(s, a)T A~ (s, a)) ; H}

Lemma: Denote # = {f,, 5 » : W[, < L,/ € [0,B], 6,,;,(\) = 4},
under £ we have: In|.¥ .| < dIn(l + 6L/€) + 2d*In(1 + 18B*\/d/(A€?)) = (d2)

Lemma [uniform convergence]: With probability at least 1 — o, for all 5, a, h,n, and ALL f € &F

(PiC 1.0 =P Is.0) -f| = OHd) - | dts.a) |
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Proof sketch: the model error we had for a fixed V + e-Net argument
(Same high level steps as the ones we used for HW1’s last question)



Detour: Uniform Convergence

fw,/)’,A Yy fwpa(S) 1= min {max <WT¢(S, a) + ﬂ\/gb(s, a)T A~ (s, a)) ; H}

Lemma: Denote # = {f,, 55 : W[, < L,/ € [0,B], 6,,;,(\) = 4},
under £, we have: In| ./, | < dIn(1 + 6L/€) + 2d*In(1 + 18B*\/d/(A€?)) = (d2)

Lemma [uniform convergence]. With probability.at least

(P 1.0 =P Is.0) - f(SJOHD - | dis.a |

(AP~

This will be our bonus term

Proof sketch: the model error we had for a fixed V + e-Net argument
(Same high level steps as the ones we used for HW1’s last question)

a,h,n,and ALL f € F



Summary of Covering Argument

Covering allows us to build a uniform convergence result (i.e., Vf € F)
over a infinite hypothesis class
(Intuitively, log of covering number scales w.r.t to the # of parameters)



Outline:

1. Model fitting and its guarantee (P(. |s,a) — P(.|s,a))"V, for some fixed V
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1. Learn transition model { P Z}fz_ol from all previous data via Ridge linear regression
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Algorithm: UCBVI in Linear MDPs

At the beginning of iteration n:

1. Learn transition model { P Z}fz_ol from all previous data via Ridge linear regression
n—1

# comment: min E ||,uq/)(S;;, Cl;;) — 5(5;;“)”% + /1”/4”%
uo-
=1

2. Design reward bonus b (s, a) = ﬂ\/ (s, a)(AZ)_lqb(s, a)

#Comment: ff = 5(Hd), reward bonus upper bounds (ﬁ’;l( | s,a) — P,(-|s,a)) - f|,VfeF

3. Plan: "1 = Value-Iter ({ j’\"}h, {r,+ b;f})

4. Execute ! for H steps



Regret bound for UCBVI in linear MDP

n

N

1

(v -V

< 5(H2d1'5\/177)

No S or A polynomial dependence!



2. Value Iteration in the Learned Model w/ Reward Bonus
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2. Value Iteration in the Learned Model w/ Reward Bonus
71 = Value-lter ({ Py, + b;;})
Vi(s) = 0,Vs,

/Q\h(s a) = r,(s,a) + by(s,a) + Ph( |s,a) - Vthl

=0 - ¢(s,a) +ﬁ\/¢(8 a) (A~ P(s, a) + (15h(s. C‘)) i1

o~ T
= B[ #s. T A Pis. ) + (67 + DTV 1)) s )

= By (s, 0N b5, @) + Pl @) W

a

h(s) min {max <¢(s a)TA” + ﬁ\/ (s, a)T(A )~ 1gb(s a)) }, m(s) = arg max /Q\Z(s, a)
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3. Prove Optimism

Lemma [Optimism]: with high probability, for all n, A, s:
Vi) = Vi(s)

Proof Sketch: let’s do induction here with Inductive hypothesis: T/\Z_H(S) > V,’;l(s), Vs

Q1(s,a) — QF(s,a) = bj(s,a) + P (- |s,a)- VI —Py(-|s,a)- Vi,

NOTE this is different from what

> by(s,a) + Pj(-1s,0) - V=P Is;a)- Vi, we did in tabular MDP!!!

> s - |(PiC s - 1s.0) - T,

>0
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4. Regret Decomposition

Conditioned on history up to the end of episode n-1:
Vi(sg) = Vi (sp)'< V(s — Vi (sp)

(apply Simulation Lemma here)
H-1

< Y E, o [b;;(sh, a,) + ( P s ay) = Pyl |55 ah)> - v;;H]
h=0

H=1

S 2 [Esh’ah’“dgn [b;z1 (Sp» ah)]

h=0

H-1

= [Esh,ahfvd,’[” [ﬂ\/ ¢(Sha ah)T(AZ)_1¢(Sh’ ah)]
0

h=
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N N N
E [ (VO*(SO) — Vgn(so))] =E ll[good event holds] 2 (V(;((SO) — Vgn(so))] +E ll[good event doesn't hold] Z (VO*(SO) — V(’)’"(so))

[ N H-1

SPE | D) XA ol A Gs;: a;;)] + SNH

| n=1 h=0

H-1 N
SPE| Y ANLY dispay (A~ iy, ap) | +SNH
h=0 n=1

S ’-5(H2d15\/ﬁ)



