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𝒟 ⊂ ℝd

Stochastic Linear Bandits

r(x) = θ⋆ ⋅ x, ∀x

Every episode n, learner picks xn ∈ 𝒟

Learner receives a scalar rn = θ⋆ ⋅ xn + ϵn, 𝔼[ϵn] = 0, |ϵn | < α

Regret = 𝔼 [
N

∑
n=1

θ⋆ ⋅ x⋆ −
N

∑
n=1

θ⋆xn]



Important Lemma:

Lemma [Self Normalized Bound for Vector-Valued Martingales] Suppose  
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Today’s question

We extended MAB to linear bandit so that we can deal w/ infinitely many actions…

Can we extend discrete MDPs to some kind linear MDPs?



Outline for this lecture:

1. Introduction of low-rank MDP

2. Planning in low-rank MDP (i.e., DP) and UCBVI algorithm

3.Non-parametric model learning in linear MDPs
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Decomposition:
poly(d) rather than poly(SA)



Linear MDP Definition

Feature map  is known to the learner! 
(We assume reward is known, i.e.,  is known)

ϕ
θ⋆

Finite horizon time-dependent episodic MDP ℳ = {S, A, H, {r}h, {P}h, s0}

 could be large or even continuous, hence poly(S,A) is not acceptableS & A

Ph(s′ |s, a) = μ⋆
h (s′ ) ⋅ ϕ(s, a), μ⋆

h ∈ S ↦ ℝd, ϕ ∈ S × A ↦ ℝd

r(s, a) = θ⋆
h ⋅ ϕ(s, a), θ⋆

h ∈ ℝd



Linear MDP Example

It generalizes tabular MDPs:  one-hot vectorϕ(s, a)

P( ⋅ |s, a) = Pϕ(s, a)

where  is the transition matrixP ∈ ℝ|S|×|SA|

P|S |

|S | |A |
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Large observation space  (hence any 
poly dependency on  is bad)

X
|X |

Each state s has an emission distribution , also  
and  have disjoint support for any  


(i.e, latent state is decodable)

μs ∈ Δ(X) μs
μs′ 

s ≠ s′ 

P(x′ |x, a) = ∑
s′ ∈{s1,s2,s3}

T(s′ |ω(x), a)μs′ 
(x′ ) = [μs1

(x′ ), μs2
(x′ ), μs3

(x′ )]
T(s1 |ω(x), a)
T(s2 |ω(x), a)
T(s3 |ω(x), a)



We only study Linear MDPs here (i..e, low-rank + known ).

Learning in Low-rank MDP is much harder (coming later!)

ϕ

= μhPh(s′ |s, a)|S |

|S | |A |

ϕ
Low-Rank 


Decomposition:
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UCBVI in Linear MDPs

1. Learn transition model  from all previous data { ̂P n
h}

H−1
h=0 {si

h, ai
h, si

h+1}
n−1
i=0

2. Design reward bonus bn
h(s, a), ∀s, a

3. Plan: πn+1 = Value-Iter  ({ ̂P n}h, {rh + bn
h})

At the beginning of iteration n:
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Norm bounds:
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As in tabular-UCBVI and Generative Model, we care average model error: 
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2. Reward Bonus Design

bn
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Lemma [Model Average Error under a fixed ]: 
V

Next lecture: reward bonus design + regret bound



Summary for today:

1. Introduction of low-rank / Linear MDPs (linear  in feature )Q⋆, Qπ ϕ

2. Model-fitting in low-rank MDP (non-parametric regression) 
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Summary for today:
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