Optimal Control for
Linear Quadratic Regulators



Recap: Dynamic Programming

= A{n},nl, ..., w5}

~——

We use Dynamic Programming, and do DP backward in time; start at H — 1
Q]’;_](S7 Cl) = r(Sa a) 77,';_;_1(5') = arg max Q]j_](s’ Cl)

V;{(_l(S) = mfx Q;_l(s, a) = Q[:)[(_l(sa ”[5_1(5))



Recap: Dynamic Programming
= A{n},nl, ..., w5}
We use Dynamic Programming, and do DP backward in time; start at H — 1
Op_i(s,a) =r(s,a)  mj_i(s) = arg max O7_i(s,a)
Vi i(s) = max Op_1(s,a) = QF_ (s, mpy_ ()

Now assume that we have already computed V,:‘H, h<H-2

(i.e., we know how to perform optimally at 2 + 1)

Q;T(S, a) = r(s,a) + [ES/NP(.|S,a)V;T+1(S,)

7 (s) =@Qh*(s, Q)



Recap: The Linear Quadratic Regulator (LQR)

/ VR

H-1
min E [x,IQxH + Z (x, Ox, + uhTRu,l)]
h=0

OT‘AVO o o ?

700>+ + >t -1

SUCh that ’X/H-] - A.X/l + BLI/Z + W/?’ M/l - JTh(X/l) .X() ~ /«l(), M}/l ~ N(O,Uzl) N

Here, x, € R%, u, € R,

the disturbance w, € R4 is Gaussian noise

A € R™and B € R™,
0 € R and R € R are pd matrices



V/Q functions:

« Value function V7 : R4

~1
Viix)=E xp Oxy Z (T Ox, + u'Ru) Vn, x, = x],
t=h

« And OF : RYx R¥ — R as:

H-1
O, (x,u) = [E[XZQXH + Z O Ox, +u'Ru) | m,x, = x,u, = u],
t=h




Optimal Value functions:

4

H=1
V@)= min E [x}Oxy+ Z x, Ox, + u, Ru,
t=h

A Ty Oy 15+ > T

u, = m(x,), X, = X




Optimal Value functions:

H-1
V)= min E |[x}0x;+ Z X" Ox, + u Ru, | u, = 7(x,),x, = x
ﬂh’”h+1""7ﬂH—l t=h

d»h

WEP‘ e
Theorem: A N

V,f is a quadratic function, i.e., V,f(x) = xTPhx + py
and optimal policy is linear: . A
¥
X)) =—Kx  kyeR

and P, & K;* can be computed exactly



Optimal Value functions:

H-1
V)= min E |[x}0x;+ Z X" Ox, + u Ru, | u, = 7(x,),x, = x
T Tt 15+ - 5T -1 =h
Theorem:

V}f is a quadratic function, i.e., V/f(x) = xTPhx + py
and optimal policy is linear:
m(x) = — Kx,

and P, & K;* can be computed exactly

Today: we prove the above theorem and derive optimal policies



Key Steps to Deriving Optimal Control

Again, we will do dynamic programming backward in time, i.e., from H to 0
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Key Steps to Deriving Optimal Control

Again, we will do dynamic programming backward in time, i.e., from H to 0

1. Base case:
Show that Vlj(x) is quadratic for all x € R?

2. Inductive hypothesis: Assume ngrl(x) is quadratic Vx:

« show that Q(x, u) is quadratic in both (x, u)

. Derive the optimal policy 7z;*(x) = arg min Q;(x, ), and show that it’s linear
u



Key Steps to Deriving Optimal Control

Again, we will do dynamic programming backward in time, i.e., from H to 0

1. Base case:
Show that Vlj(x) is quadratic for all x € R?

2. Inductive hypothesis: Assume ngrl(x) is quadratic Vx:

« show that Q(x, u) is quadratic in both (x, u)

. Derive the optimal policy 7z;*(x) = arg min Q;(x, ), and show that it’s linear
u

3. Conclusion:
show V¥ (x) is quadratic for all x;



Base case at H

Recall our cost functions:

H-1
T T T
E [x50xy z (x, Ox, + u, Ruy,)
h=0



Base case at H O f e po mAT

Recall our cost functions:

H-1
~ T T T
min E {x,;0xy z (x, Ox, + u, Ruy,)
h=0

So, at time step H, given X, the|cost-to-go is xTQx regardless..

V;(x) = x'Qx, Vx € R?



Base case at H

Recall our cost functions:

H-1
min E [x;QxH + z (thQx,l + uhTRu,Z)]
-1

TT()se v s Ty h:()

So, at time step H, given X, the cost-to-go is xTQx regardless..

Vi(x) =x"0x, Vx € R? o Nt Yy
v *

we write V(x) = X Pyx + py

(Goal: derive recursive formulation of P,, & p;)



Assum Vh

*

+

1 ()

Induction Step:

H-1
- o min - E [x;0x,+ z (x, Ox;, + u, Ruy,)
ey =0

T dxd preNe-
X P, 1 x+pyy, forallx, where P, ., € R, p, . €R N

—> \/\,\(7():/



Induction Step:

H-1
min  E |x;0xy + Z (x, Ox;, + u, Ruy,)
. h=0

SUCh that xh_H - A.xh + Bl/lh + Wh’ l/lh - ﬂh(.xh) .XO ~ //{0, Wh ~ N(O,O-ZI) N

Assume V;_i_l(x) = XTPh+1x +ph+1’ for all x, where Ph-l-l € RdXd,ph+l eR

x(x, u) = c(x, u) + Eypeu +1(x)



Induction Step: v

61/
H-1 C/J‘/XNNQOJVB
min  E |x;0xy + o~ N9 ¢ 6 )
ﬂo,...,ﬂ'H_l h:O .

Assume V< (x) = xTP,, X+ pjyq foral x, where P, € R™4 p, , € R

) = €0 0) + E i Vi @) W w06 T)

65
‘;C,C)(‘\)\> @ ?(7(_\/\7 T/W

@ v . (T 7<) A V\,\k\
Ve cx= & K

o AT S

E Tw Mrctro ‘(\7\“\4’\3‘5\3



Induction Step:

H-1
- T T T
min E | x;0xy + Z (x, Ox;, + u,, Ruy,)
" h=0

SUCh that Xh_H - Axh + Bl/lh + Wh’ l/lh - ﬂh(.xh) .XO ~ //{0, Wh ~ N(O,O-ZI) N

Assume V +1(x) =X Ph+1x + P4, forall x, where Py, | € R4X ,ph+1 eR

* [
Qh(x u)—c(x u)+[Ex~P(xu) +1(x) / Pr/X/(@V\'*‘\rJ/ w,-NUhg I

=x'Qx+u'Ru+E, PGy Vi1 &)

=x"Ox+u'Ru+ e v 0.021) [fo+1 (Ax + Bu + w)]



Induction Step: Y

H-1
min  E |x;0xy + z (x, Ox;, + u, Ruy,) %%}T_/ é(‘
" h=0
SUCh that .xh+1 - A.xh + Bl/lh + Wh’ l/lh - ﬂh(.xh) .XO ~ ﬂo, Wh ~ N(O,O-21> N

(({Y Q:f
Assume V5 (x) = x TP, X + ppyps forall x, where P, ., € R4 p, . € R Q‘b@) - c o4
= (),c,) I
Oy (x, u) = c(x,u) + Evpeeu h+1(x) & 17,7
- = \7(* €t /(/ \{5 P
/ Y= ) X
=x"Ox +u"Ru+ E,pen Vi (X )/ Vo &7 "
\ \/l ?{l/\ - -
=x"Ox+u'Ru+E,_ 0. |V Ax+ Bu+w)| peduifioe )

«

(— x+u Ru+E,. . y0.020) [(Ax+Bu+w) P, (Ax + Bu + w) +ph |
-— s
(N e EXO9

/(
- f/;\(?\he\ X X u\%g\w\%\/\f w ?\,\A\V\) Z—’@w\—@;\[\ 2 R,,ar\ AX*’ZWIWQVL



Induction Step:

H-1 \/,\ % ﬁ&»:i
min  E |x;0xy + Z (x, Ox;, + u, Ruy,) “ A
Tyse s T =0
SUCh that xh_H - A.xh + Bl/lh + Wh’ l/lh - ﬂh(.xh) .XO ~ //{0, Wh ~ N(O 0-21) N
/(
Assume V5 (x) = x TP, X + ppyps forall x, where P, ., € R4 p, . € R EvJ VX
OF (6, u) = ¢y ) + Eyypr Vi () st ) <
;e TRt K
l; < W —
=x"QOx+u'Ru+ EvrenV, () 7 . \? SN .
4 W ?—7 V‘k\/<7 % W // P
— T T * < \ - KO /g
=x Ox+u Ru+E,_ yoq [Vh (AX+ Bu+w) x 74 K \:2(/7)7: Tt M/{/

= xTOx + UuTRU + B,y 0,1y (A + But+ W) Py (Ax + Bu+ W)+ pral «&\//

=x" (Q+A™P, A)x+u" (R+B"P, . B)u+2x"ATP, \Bu+E,_ oW Ph+1w] + Ppst
n A . _ A ———— & —_ —

C’; T\)‘QGL:L R*L)




Induction Step: ¢ . v T

o) <o “)
~A \

H-1 _ TC w
min E X;QXH + Z (thQxh + ”hTR”h) \Tq(o a”ﬁ)
> h=0 v ’

~
SUCh that x/‘t-‘r] - A.Xh + Bl/lh + Wh’ M/‘t - ﬂh(.xh) .XO ~ //lo, W/‘L ~ N(O,O-ZI) "’l \[\TVJ ?\/\*\>
- \

>
Assume V5, [(x) = x" Py x + pj,,, forall x, where P, € R, p, | € R ,«N("’;ﬂ P
7( w\ ?\/\&\
Q}T(x u) = C(x u) + [E P(x,u) +1('x) p 64(1)
~ T | K®) SRS A/
- - / \//(\( (% / l
=x' Ox+u Ru+E, p Vi &) s ot
S T
=x"Qx+u"Ru+ Epom 0021 [fo+1 (Ax + Bu + w)] < Lév \7vx’<\>
=x"Ox+u"Ru+ Eyomr0.020 [(Ax +Bu+w)"P,, (Ax + Bu +
=x' (Q + ATPh+1A) x+u' (R + BTPh+1B) u+2x"ATP,, Bu Epomv0.021) [WTP + Ppiq

=xT(Q+A P, A) x+u" (R+BTP,,,B) u+2x"ATP,, Butr (6*P,, )+ pri



Induction Step (continue)

OF (e, u) = c(x,u) + Eyppray [ Vi 0]

=x' (Q + ATPh+1A) x+u' (R + BTPh+1B) u+2x"ATP,, Bu+tr (02Ph+1) + Pput



Induction Step (continue)

Q}T(-xa I/l) - C(x, l/l) + [EX'NP(X,M) I:V}:I-l(xl)]
=x" (Q+ATP A)x+u" (R+B'Py B)u+2x"ATP,, \Bu+tr (6°Ppyy) + Py

L—
D) i oy €T &

n,f(x) = arg rnuln Q;T(xa u) e, O



Induction Step (continue)

Oy (x,u) = c(x,u) + Epopiey) [V;H(x’)]

=x' (Q + ATPh+1A) x+u' (R + BTPh+1B) u+2x"ATP,, Bu+tr (02Ph+1) + Pput

m(x) = arg muln O (x, u)

SetV, 0 (x,u) = 0, and solve for u:



Induction Step (continue)

Q}T(-xa I/l) - C(.x, l/l) + [EX'NP(X,M) I:V}:I-l(xl)]
=x" (Q+ATP, A)x+u" (R+B'P, B)u+2x"ATP, Bu+tr (6°Ppyy) + Py
—_— -~ (R L L B ——
~y
§ \Ok \ jP( X = 0

”;T(X)—argm% 2 (Re® > ®) W 2%
- /% V\-{\P\Q(
Q%)(Q) 7\4&\6’>V\- \

SetV,0/(x,u) = 0, and solve for u:

=K



Induction Step (continue)

Q;f (x,u) = c(x,u) + [Ex'NP(x,u) [V;H(x’)]
=x" (Q+ATPA) x+u' (%B) w+2x APy B+ tr (6°Pyyy) + Py
‘% gD

m(x) = arg m”m O (x, u)

SetV, 0 (x,u) = 0, and solve for u:

=K}
= —K*x
h \<+0’\

e R



Concluding the Induction step:
0F@,u) =xT (Q+ATP A x+u" (R+BTP,,\B) u+2xTATP,, Bu+1tr (6°Pyy) + Ppss

m'(x)=—R+B"P,,,B'B'P,,Ax

=K}



Concluding the Induction step:
Of(x,u) =x" (Q+ATP, A)x+u" (R+BTP, B)u+2x"ATP,, \Bu+1r(6°Py, ) + Phyy

m'(x)=—R+B"P,,,B'B'P,,Ax

=K}

Vi) = Op(x, my (x))



Concluding the Induction step:

Or(x,u) =x" (Q+A™P, A)x+u' (R+BTPy B) u+2x"ATPy \Bu+1tr (6°Pyy,) + pjy

1

”;(x) =—-(R+ BTPh+lB)_lBTPh+1Ax /\< -7 /Kf“ /xé\j’")(

=K}

Vi) = Op(x, my (x))

We can express V*(x) as V*(x) = x'P,x + p,;, where:



Concluding the Induction step:
Ore,u) =x" (Q+ATP, A) xFu" (R+ B Py B) u+2xTATPy, Bu+1tr (6°Ppyy) + Py

m'(x)=—R+B"P,,,B'B'P,,Ax

=K}
Vy¥(x) = O (x, my(x))

AEOTV\/\ §oc Oow?mtﬂ

We can express V*(x) as V*(x) = x'P,x + p,;, where: Qe “N “
/
<«

P,=Q0+A"P, ,, A—A"P, ,BR+B'P, ,B'B"P,, A,

pp=1r (UZPhH) + Ppy1
—_——



Concluding the Induction step:

Of(xu) =x" (Q+ATP, A)x+u' (R+B'P, B)u+2x"ATP, \Bu+tr (6*Py, ) + Ppis

7 (x) = — (R+ BTPhHB)‘lBTPhHA;)\//

=K}
=

Vi) = Op(x, my (x))

We can express V*(x) as V*(x) = x'P,x + p,;, where:
~~—— O

VP,=Q+A'P,, A—A"P, \BR+B'P,,B)"'B"P, A, Ricatti Equation
Jp,=1r (UZPhH) t Ppy1

e

et A -¥L - - Ky



Summary:
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, define P y:
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’pH =
=0



Summary:
V;;(X) = xTQx, define Py = Q,py =0,

We have shown that V*(x) = x'Px + p;,, where: / g A SN
P,=Q+A"P,, A—A"P,,BR+B'P, B'BTP,, A,

pp=1r (02Ph+1) + Ppy1



Summary: >~ (D to

V;I((x) = x"Ox, define Py =0Q,py =0,

* T D Sonmse P\m\ * PD
We have shown that V*(x) = x ' P,x + p;,, where:

2
pp=1r (0' Ph+1) + Ph+1
Along the way, we also have shown that 7,7 (x) = — K*x where:

mf(x)=—(R+B"P,, B'B"P, Ax

=K}

5*%‘& SFWW‘ R’/@ V\—\-’/O
N on= v 0 e \O\;\ ) fv. &« ey



SU| nmary. .
y w62
V;I((x) = x"Ox, define Py =Q,py =0,

We have shown that V}f(x) =x' A +@, where:

pp=1r (Uzphﬂ) + Ppy1

Along the way, we also have shown that 7,7 (x) = — K*x where:

mf(x)=—(R+B"P,, B'B"P, Ax

(JK;

Optimal control has nothing to do with initial distribution, and the noise!




Some Basic Extension:

Time dependent costs and transitions:

H-1 Z
. T T T
min E | xgOpxy + 2 , (x, Opxy + uy Ryuy,)
71'()....,72'[_1_1 A— /1:0 o A

SUCh that x/H—l == Ahxh + Bhl/th + W/?’ I/lh — 72'/7()(/1) .XO ~ //lo, Wh ~ N(O,Gzl) )
A B



Some Basic Extension:

Time dependent costs and transitions:

H-1

I E [x;0 + (x, Qpx;, + ) Ryuy,)
min XgYuXh X CpXp T Wy, Ky,
7[()....,77]_[71 /Zzo

— — , 2
such that Xpt1 = A/le’z + Bhuh + Wy, U, = ﬂlv(x/’z) Xo ~ Ho» Wi ™~ N(O’O- 1) ’

Same derivation, we will have the following Ricatti Equation:
PR XTI A
— T T T ~1pT
P, =0y +A, PpAy— Ay Py By(Ry + B, P By~ By Py Ay,

pp=1r (O'ZPhH) + Pht1



Some Basic Extension:

More generally... o\
1\«1 SRR Cw 6&
=,
(e

H-1
: T T T T T T T
min E | xgOuxy + Xyqy + cy + E X, Opxp) Hwy, Ryuy, Y u, Myx;, + x, qp + uy, 1y + ch)]
Ty vy T

—  h=0 7Y am 7 A

SUCh that .xh_+_1 == Ah.xh + B/’lul’l + Vh + Wh’ I/th - ﬂh(.xh) .XO ~ //lo, Wh ~ N(O,GZI) N

=
Ve R



Some Basic Extension:

More generally...

H-1
- T T T T T T T .
min E | xyOpxy + Xgqy + cy + 2 (x, Opx), + uwy, Ryuy, + uy, Myx;, + x, g, + u,, rj, + ¢3,)
h=0
2
SUCh that th == Ah.xh + Bhuh + Vh + Wh, I/th — ﬂh(.xh) .XO ~ //lo, W/’l ~ N(O,G ]) N

v ¥ ka/
’L’\\ALX\‘—— - Kw" J(/“,

Same DP idea and similar derivation
(HW1 question)



Some Basic Extension:

Tracking a pre-defined trajectory: - vi-)

< A w. \)\yk") W=D

H-1
min  E [(XH —x5) " Oy — X7 + 2 (5, = 50 Q40 = ) + (uy, — ) "Ry (uy, — )
Ty s

h=0

SUCh that xh+1 - Ahxh + Bhuh + Wh’ l/lh — ﬂh(.xh) .xO ~ l/lo, Wh ~ N(O,GZI) N

& YL D ON, Cy“”*i)

.

. N
< (
= N w &AX\/\’Z7<“ &,\’7(\,\

-
x Xl At




Some Basic Extension:

Tracking a pre-defined trajectory:

H-1

- T T T
min  E |y — 35 Qe — x5 + D (5, — 5T, — 1) + (uy, — u) TR, (wy, — 1)
Ty s
h=0

. 2
SUCh that xh+1 = Ahxh + Bhl/lh + Wy, U, = ﬂ'h(xh) Xo ~ Ko Wy~ N(0,0_ I) ,

We can simply complete the square
and we reduce back to the setting in the previous slide!



Known transition versus black-box access

So far, we studied Policy Evaluation, Policy Iteration, Value Iteration, and DP-based approach,

we have assumed that transition is unknown,
i.e., P(s’|s,a),Vs,a,s’is known, or A, B, N (0,621) are known
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Known transition versus black-box access

So far, we studied Policy Evaluation, Policy Iteration, Value Iteration, and DP-based approach,

we have assumed that transition is unknown,
i.e., P(s’|s,a),Vs,a,s’is known, or A, B, N (0,621) are known
Starting from this Thursday, we start considering unknown transition:
We start w/ black-box access to P, or f(x, u, w):

We can reset the system to any (s, a), and observe s ~ P( - | s, a),

Or we can reset to any (x, 1), and observe x" = f(x, u, w)
(w being some unknown noisy disturbance)



Summary today:

1. We use DP to derive the optimal control for LQR (Ricatti equation)!

2. Never try to remember the exact form!
Only need to understand the way we derive it (again DP!)



Next Lecture:

Control for Nonlinear system w/ black-box access to f(x, u)
(In general, very hard, we will study approximate algorithm
and only aim for locally optimal solutions)
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