Basics of Markov Decision
Process




Announcement:

1. For wait list, we will need to prioritize CS students and seniors
(cs-course-enroll@cornell.edu)

2. Clarification on the attendance bonus (5%)


mailto:cs-course-enroll@cornell.edu

Recap:

in '
Learning Environment

7n(s) = a

Policy: determine action based on state

O\

Multiple Steps

~_

Send reward and next state from a
Markovian transition dynamics

r(s,a),s’ ~ P(-|s,a)



Recap:
M= 1{S,A,P,r,v}
P:SXAm AW), r:S5xA-1[0,1], ye][0,1)

Policy 7: S — (A)



P:SXA— A(S),

Value function V*(s) =

Recap:
M = {S,A,P,r,y}

r . SXA —> [091]9 )4 & [091)

Policy 7z : S — (A)

o0

- Z }/hr(sh, a,)

h=0

SO — S,Clh — ﬂ(Sh),Sh_l_l ~ P( ) ‘Shaah)



Recap:
M= 1{S,A,P,r,y}
P:SXAm AW), r:S5xA-1[0,1], ye][0,1)

Policy 7: S — (A)

Value function V*(s) = E lz Y'r(s,, a) | sg = s, a, = 7(s;), 5,1 ~ P( |5, ah)]
h=0

Q function Q%(s,a) = E lz yhr(sh, a,) | (g, ag) = (s, a), a, = 7(sy), S,.1 ~ P(- |5y, Clh)]
h=0



Bellman Equation for V/Q-function:

Vi(s) = [ Z yhr(sh, a,) | so = s,a, = n(sy), s, ~ P(-|sy,a;)
h=0

VE(S) — I"(S, ﬂ(S)) —+ 4 _S’NP(°‘S,7T(CZ))V7T(S/)
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Bellman Equation for V/Q-function:

Vi(s) = [ lz yhr(sh, a,) | so =S, a, = 7(sy), .1 ~ P(- |5y, ah)]
h=0

Vﬂ(S) — I/'(S, ﬂ(S)) —+ 4 _S'NP(-‘S,JZ(CZ))VE(S,)

O”"(s,a) = E [Z yhr(sh, a,) | (89, ag) = (s, a), a, = 7(sy), .1 ~ P(- | sy, ah)]

h=0

What is the BE for Q function??

Q"(s,a) = r(s,a) + Yk piis.0)V"(S)




Bellman Equation for Q-function:

Vs,a: QFs,a) =r(s,a)+yEg piis.a)V ()



Today:

1. We have A many policies, which one Is the optimal policy T*?

2. Key property of the optimal policy T*

3. State-action distributions



Definition of Optimal Policy 7*

For infinite horizon discounted MDP, there always exists a deterministic policy

75 : S A, st, VT (s) > V(s), Vs,

[Puterman 94 chapter 6, also see theorem 1.7 in the RL monograph—no need to understand the proof]
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Definition of Optimal Policy 7*

For infinite horizon discounted MDP, there always exists a deterministic policy

75 : S A, st, VT (s) > V(s), Vs,

[Puterman 94 chapter 6, also see theorem 1.7 in the RL monograph—no need to understand the proof]

i.e., 7* dominates any other policy 7, everywhere!

We often denote V*, O™ in short for V”*, Q”*
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Example of Optimal Policy 7*

Consider the following deterministic MDP w/ 3 states & 2 actions

Let’s say y € (0,1)
What’s the optimal policy?

7 (s) = ay, Vs
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Example of Optimal Policy 7*

Consider the following deterministic MDP w/ 3 states & 2 actions

Let’s say y € (0,1)
What’s the optimal policy?

7 (s) = ay, Vs

14 1 14
’ V*(Sl) — ’ V*(Sz) —

V*(sy) =
O 1 —y 1=y

What about policy z(s) = ay, Vs

VEi(sp) = 0,V(s)) = 0,V%(sp) = 0

Reward: r(s;, ay) = 1, 0 everywhere else



Summary so far:

Every discounted MDP has a deterministic optimal policy, that
dominates other policies everywhere (proof is out of the scope)

V*(s) > V*(s),Vr,Vs



Outline

¢1We have A many policies, which one is the optimal policy T*?
2. Key property of the optimal policy >

3. State-action distributions



Bellman Optimality

Theorem 1: Bellman Optimality

V*(s) = max lr(s, a) + YEy p(is.a)V )|, Vs
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Understanding Bellman Optimality
V*(s) = max [r(s, a) + yEg p. S,a)V*(S/)] . Vs via DP:
a

Q: If we know the optimal value at s/, s”, i.e.,
V*(S ), V*(S”), what we do at 57
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“ 2. Try a”, we get
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1. Try a’, we get
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Understanding Bellman Optimality
V*(s) = max [r(s, a) + yEg p. S,a)V*(S/)] . Vs via DP:
a

Q: If we know the optimal value at s/, s”, i.e.,
V*(S ), V*(S”), what we do at 57

1. Try a’, we get a a 2. Try a”’, we get
O*(s,a’) == r(s,a) +yV*(s) (¢ @ O*(s,a”) :=r(s,a”) + yV*(s")

V*(s) = max { Q*(s,a’), 0*(s,a")}

/ /!

a',a
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Theorem 1: Bellman Optimality

V*(s) = max |r(s,a) + yEg_p., S,a)V*(S/)]

Denote 7(s) := arg max Q*(s, a), we will prove % (s) = V*(s), Vs

V*(S) — T(S, 71'*(5)) —+ 14 _S’NP(S,E*(S))V*(S,)

< max [F(S, Cl) + 14 _S'NP(S,a)V*(S,) — I”(S, ;T\(S)) + 4 _S'NP(SJZ'\(S))V*(S/)

a

= r(s, ;T\(S)) T —s'~P(s,7(5)) r(s’, ﬂ*(sl)) TV _s”NP(S’,Jz*(S’))V*(S”)
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Proof of Bellman Optimality

Theorem 1: Bellman Optimality

V*(s) = max |r(s,a) + yEg_p., S,a)V*(S/)]

Denote 7(s) := arg max Q*(s, a), we will prove % (s) = V*(s), Vs

A

V*(S) — T(S, 71'*(5)) —+ 14 _S’NP(S,E*(S))V*(S,)

< max [r(s, a)+vy

a

= 1(5, 7(9)) + VEgpis (s | 185 75(N) +7

= oopisa)V ()| = r(s, T(9) + YEg o ps 25V (8

—s"~P(s", 7% (s")) V*(S ”)

S V(S, ;T\(S)) + }/ _S'NP(S,fz'\(S)) r(Sla ;T\(S,)) + }/

<r(s, w(s) +y

= s'~P(s,7(s)) | T (s, m(s) +y

* (ol
S”NP(S’,%\(S’))V (s )]

_S”NP(S,,%\(S,)) |:}/‘(S’/, ;Z.\(S//)) n }/

<F [r(s, 7(s)) + yr(s’, 7(s) + ] = V7 (s)

S”/NP(S”, ;Z'\(S

) V* ( ¢ ///) |
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Proof of Bellman Optimality

Theorem 1: Bellman Optimality

V*(s) = max |r(s,a) + yEg_p, S,a)V*(S/)]

Denote 7(s) := arg max Q™ (s, a), we just proved Ve (s) = V*(s5), Vs
a

This implies that arg max Q*(s, a) is an optimal policy
a

Q: why?



Summary so far:

Bellman Optimality and DP

Theorem 1: Bellman Optimality

V*(s) = max lr(s, a) + YEy p(is.a0)V )|, Vs



Summary so far:

Bellman Optimality and DP

Theorem 1: Bellman Optimality

V*(s) = max lr(s, a) + YEy p(is.a0)V )|, Vs

Next:
Any function V(s) that satisfies Bellman Optimality, MUST be equal to V*



Forany V:§ — |

Bellman Optimality

Theorem 2:

,if V(s) = max [r(s, a)+vy
then V(s) = V*(s), Vs

"S'NP(-\s,a)V(S,)] for all s,



Bellman Optimality

Theorem 2:

Forany V: S — R, if V(s) = max [r(s, a) + }/‘S/NP(,‘S,G)V(S’)] for all s,

then V(s) = V*(s), Vs

Bellman Opt allows us to focus on just one step,

i.e., to check if V = V*,

we only need to check if

V(s) — max [r(s, a) + ylE

d




Forany V:§ — |

Bellman Optimality

Theorem 2:
,if V(s) = max [r(s, a)+vy
then V(s) = V*(s), Vs
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Bellman Optimality

Forany V:§ — |

[V(s) = V*(s)| =

,if V(s) = max [r(s, a)+vy

Theorem 2:

then V(s) = V*(s), Vs

max(r(s,a) + vy
a

_SNP(S,CZ)V(S /)) T mjx(r (S ) Cl) + 4

_S'NP(°‘S,CZ)V(S,)] for all s,

—s~P(s,a) V*(S /))




Bellman Optimality

Forany V: § — R, if V(s) = max |r(s,a) +y

Theorem 2:

then V(s) = V*(s), Vs

| V(s) — V*(s)| = |max(r(s,a) +y

a

< max | (r(s,a) + yEy_p V() — (r(s,a) +y

a

_S'NP(°‘S,CZ)V(S,)] for all s,

= s, V(8)) — max(r(s, a) + YE,pi )V (s")

—s~P(s,0) V*(S I))




Bellman Optimality

Theorem 2:

Forany V: § — R, if V(s) = max |r(s,a) +y

then V(s) = V*(s), Vs

_S'NP(°‘S,CZ)V(S,)] for all s,

[V(s) = V*(s)| = |max(r(s,a) + YE . p¢,o)V(s)) — max(r(s, @) + yE,. p( 0V *(5))

a

<max |[(r(s,a) + vy

a

= rea V() = (F(s,a) + 7

< maxy —s'~P(s,a) V(S ,) — V*(S /)

a

—s~P(s,0) V*(S ,))




Forany V: § — R, if V(s) = max |r(s,a) +y

| V(s) — V*(s)| = |max(r(s,a) +y

a

< max
da

< maxy
a

< maxy
a

Bellman Optimality

Theorem 2:

then V(s) = V*(s), Vs

(r(s,a) +v

—s'~P(s5,0)

V(s") — V*(s)

_S’NP(S,CZ) (mE}X }/ _S”NP(S,,CZ,)

= rea V() = (F(s,a) + 7

a

_S'NP(°‘S,CZ)V(S,)] for all s,

= s, V(8)) — max(r(s, a) + YE,pi )V (s")

—s~P(s,0) V*(S ,))

V(s") = V*(s"), )




Forany V: § — R, if V(s) = max |r(s,a) +y

| V(s) — V*(s)| = |max(r(s,a) +y

a

< max
da

< maxy
a

< maxy
a

< max yk

Bellman Optimality

Theorem 2:

then V(s) = V*(s), Vs

(r(s,a) +v

—s'~P(s5,0)

_S’NP(S,CZ) (ma’X }/ _S”NP(S,,CZ,)

a1,0y,. . .Ay_q

V(s") — V*(s)

= rea V() = (F(s,a) + 7

a

= | Vs = V(sp) |

_S'NP(°‘S,CZ)V(S,)] for all s,

= s, V(8)) — max(r(s, a) + YE,pi )V (s")

—s~P(s,0) V*(S ,))

V(s") = V*(s"), )




Summary so far:

1. V* satisfies Bellman Optimality:
V*(s) = max |r(s,a) + E s’NP(S,a)V*(S/)] Vs

A

2. Any V that satisfies Bellman Optimality, i.e., V(s) = max [r(s, a) + _S’NP(S,a)V(S/)] , Vs,

A

MUST be that V(s) = V*(s), for all s



Outline

¢1We have A many policies, which one is the optimal policy T*?

2. Key property of the optimal policy 7*: Bellman Optimality

3. State-action distributions

What'’s the probability of & visiting a particular state s7
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Discounted State (action) Occupancy Measures

Assume we start at s, following 7z to step £, what’s probability of seeing a trajectory:

(Sg> Qs S15 A1y -5 Spy A1) 7

1, a= n(s),

Let’s write & as a delta distribution, i.e., m(a|s) =
0, else

Q @ @ .. P*sg.aq, ..., a)
[N

o = r(ay | sg)P(sy | sg, apg)m(a, | s))P(s, | sy, ay)...P(sy|s,_1, an_)r(ay, | s;,)




State-action distribution at time step /

/ \ = r(ay | sg)P(sy | sg, apg)m(a, | s))P(s, | sy, ay)...P(sy,|s,_1, an_)r(ay, | ;)

Q: what’s the probability of & visiting state (s,a) at time step h?



State-action distribution at time step /

/ \ = r(ay | sg)P(sy | sg, apg)m(a, | s))P(s, | sy, ay)...P(sy,|s,_1, an_)r(ay, | ;)

Q: what’s the probability of & visiting state (s,a) at time step h?

P (s, a; sy) = 2 P*(s, gy -5 Sp_1,Ap_1S), = S, a4, = a)

AsS1sQ s+ 931,851



Discounted Average State-action distribution

Probability of r visiting (s, a) at A, starting from s,

P7(s, a; sp) = Z P*(sg, Ggs - --s 15 Ay 1Sy, = S, ay, = a)

ao,Sl ,al 90 o ,Sh_ 1 ,ah_l
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Discounted Average State-action distribution

Probability of r visiting (s, a) at A, starting from s,

P7(s, a; sp) = Z P*(sg, Ggs - --s 15 Ay 1Sy, = S, ay, = a)

Clo,Sl ,al 90 o ,Sh_ 1 ,ah_l

0
_ h :
di(s,a) = (1 =) ), v"P7(s. a; )
h=0
Can you show that this is a valid distribution??

1
V(sy) = 1—_}/ ds’(’) (s, a)r(s, a)

Can you show the above is true?

S.a



Discounted Average State-action distribution

Probability of r visiting (s, a) at A, starting from s,

P7(s, a; sp) = Z P*(sg, Ggs - --s 15 Ay 1Sy, = S, ay, = a)

Clo,Sl ,al 90 o ,Sh_ 1 ,ah_l

0
_ h :
di(s,a) = (1 =) ), v"P7(s. a; )
h=0
Can you show that this is a valid distribution??

Vi(sg) = —— Z (S ,a)r(s,a) HWO questions!

Can you show the above is true?
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Summary for today:

1. 7% dominates other policies, i.e., V*(s) > V*(s),Vs,

2. Key property of the optimal policy 7*: Bellman Optimality

(BE and B-Opt allow us to focus on one step)

3. State-action distribution: d;f)(s, a)

RL is notation heavy! But we will see these over and over f? &
again during the semester. , -}L



