Basics of Markov Decision
Process

Mello 1!



Announcement:

1. For wait list, we will need to prioritize CS students and seniors
(cs-course-enroll@cornell.edu)

2. Clarification on the attendance bonus (5%)


mailto://(null)cs-course-enroll@cornell.edu

Recap:

Learning

Agent Environment

n(s) — a
Policy: determine action based on state

O\

Multiple Steps

~_ __—

Send reward and next state from a
Markovian transition dynamics

r(s,a),s’ ~ P(-|s,a)
A



Recap:
M= {S,A,P,r,y}
P:SXA— AW), r:SxA-|[0,1], ye]0,1)

Policy z: S — (A)
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Recap:
M= {S,A,P,r,y}
P:SXA— AW), r:SxA-|[0,1], ye]0,1)

Policy z: S — (A)

Value function V*(s) = E [Z vir(s;, ay) | So = S, a, = 7(sp), Spyq ~ PC- | s, ah)]
h=0

Q function Q”(s,a) = E [Z y"r (s> ay) | (80> ap) = (5, @), ay, = 7(sp), Spyq ~ PC- | 5y ah)]
h=0



Bellman Equation for V/Q-function:

o0

Vis) =E Z vir(s,, a,) | So = S, ay, = 7(sy), 01 ~ P(C- |8y, ap)
h=0

vﬂ(S) = r(S, ﬂ(S)) + }/IES/NP('LS‘,]T(CZ))VE(S/) \/



Bellman Equation for V/Q-function:
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h=0
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Bellman Equation for V/Q-function:

Vis) =E [Z vir(s,, a,) | So =S, ay, = 7(sy), Sy ~ P(- |5y, ah)]
h=0

VA(s) = 15, 7(5)) + YEq - pe s.n(ay V()

O%(s,a) =E [Z yhr(sh, a,) | (S ag) = (s, a), a, = 7(sp,), Sppq ~ PC- | s ah)]

h=0

What is the BE for Q function??

Q"(s,a) = r(s,a) + yEg p(s.0) V()



Bellman Equation for Q-function:

Vs,a: O"(s,a) =r(s,a) + y[ES’NP(-|s,a)V”(S/) e
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Today:

1. We have AS many policies, which one is the optimal policy 7*?

2. Key property of the optimal policy T*
T VF

3. State-action distributions



Definition of Optimal Policy 7*

For infinite horizon discounted MDP, there always exists a deterministic policy

7S A st, VI (s) > VA(s),Vs, n

[Puterman 94 chapter 6, also see theorem@@ the RL monograph—no need to understand the proof]
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Definition of Optimal Policy 7*

For infinite horizon discounted MDP, there always exists a deterministic policy

7S A st, VI (s) > VA(s),Vs, n

[Puterman 94 chapter 6, also see theore in the RL monograph—no need to understand the proof]
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i.e., 7 dominates any other policy 7, everywhere!

We often denote V*, O* in short for V', Q"




Example of Optimal Policy 7*

Consider the following deterministic MDP w/ 3 states & 2 actions

do
O ()75

Reward: (s, ay) = 1, 0 everywhere else
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4o Let’s say y € (0,1)
Q What'’s the optimal policy?

Reward: (s, ay) = 1, 0 everywhere else
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Example of Optimal Policy 7*

Consider the foIIowmg deterministic MDP w/ 3 states & 2 actions
oo

V*(sp) =

Reward: (s, ay) = 1, 0 everywhere else

Let’s say y € (0,1)

«-- What’s the optimal policy?

*(s) = ag, Vs

1
— V*(s) = ——, V*(sy) =
-7 -y

/4
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Example of Optimal Policy 7*

Consider the following deterministic MDP w/ 3 states & 2 actions

% Let’s say y € (0,1)
Q What'’s the optimal policy?
*(s) = ag, Vs

1
@ ag a; V*(S()) — 1%7/, V*(Sl) = 1—_}/, V*(sz) = %_y

Q What about policy z(s) = a, Vs
@)

Reward: (s, ay) = 1, 0 everywhere else



Example of Optimal Policy 7*

Consider the following deterministic MDP w/ 3 states & 2 actions

% Let’s say y € (0,1)
Q What'’s the optimal policy?

1

V7(sy) = 0,V(s,) = 0,V(s) = 0

Q What about policy z(s) = a, Vs
@)

Reward: r(s;, ay) = 1, 0 everywhere else 4Y pomawates K,



Summary so far:

Every discounted MDP has a deterministic optimal policy, that
dominates other policies everywhere (proof is out of the scope)

V*(s) > V*(s),Vrx, Vs

o\w(s 3 P,zf ‘)
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Outline

¢1We have A® many policies, which one is the optimal policy T*?

2. Key property of the optimal policy 7*
%-QHW\ awn OYESWII%—

S

<
3. State-action distributions <



Bellman Optimality

Theorem 1: Bellman Optimality

VA() = max lr(s, a) + y[ESINP(,|S’a)V*(S’)] Vs

A




Understanding Bellman Optimality
V*(s) = max [r(s, a) + y[Es’~P(-|s,a)V*(S/)] , Vs via DP:
a
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Q: If we know the optimal value at s’, s”, i.e.,
V*(s"), V*(s"), what we do at s?

e
Ve
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Understanding Bellman Optimality
V*(s) = max [r(s, a) +yE,. P(-|s,a)V*(S/)] , Vs via DP:
a

Q: If we know the optimal value at s', 5", i.e.,
V*(s"), V*(s”), what we do at s?

!/ ° 174

a a

1. Try a’, we get 2. Try a”, we get
Q*(s,a’) := ”(S,a’)j@ @ 0*(s,a”) :=r(s,a”) + yV*(s")

V*(s) = max {Q*(s.a). Q*(s.a")}



Proof of Bellman Optimality

Theorem 1: Bellman Optimality

V*(s) = max [r(s, a) + }/[ES,NP(,”’a)V*(s’)] R 4/5
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Denote 7(s) :=@ O*(s, a), we will prove V7 (s) = V*(s), Vs




Proof of Bellman Optimality

Theorem 1: Bellman Optimality

V*(s) = max [r(s, a) + y[ES,NP(,”’a)V*(S’)]

Denote 7(s) := arg max Q*(s, a), we will prove VZ(s) = V*(s), Vs
s PE for 1Y a
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Proof of Bellman Optimality

Theorem 1: Bellman Optimality

V*(s) = max [r(s, a) + y[Es’~P(-|s,a)V*(S/)]

(r\Ld’\\ a

V(% 27 Derte 7(s) ;= arg max O*(s, a), we will prove V7 (s) = V*(s), Vs

@ @"‘]/[ESNP(S *(s) V (S) f’@\j},&w{
< max r(s a) +vEgp, a)V*(s’)] = 1(s, 7(5)) + yEyp(s, m@
\/7/_—_\/
A
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Proof of Bellman Optimality

Theorem 1: Bellman Optimality

V*(s) = max [r(s, a) + y[ES,NP(,”’a)V*(s’)]

Denote 7(s) := arg max Q*(s, a), we will prove VZ(s) = V*(s), Vs
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Proof of Bellman Optimality

Theorem 1: Bellman Optimality

V*(s) = max [r(s, a) + y[ES,NP(,”’a)V*(s’)]

Denote 7(s) := arg max Q*(s, a), we will prove VZ(s) = V*(s), Vs

V*(s) = r(s, 7%(5)) + YE o p(spv(sy V(8"
< max [r(s, Q)+ y[Es/NP(s’a)V*(s’)] = 1(s, 2(5)) + YE s 55 V()
a
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/
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Proof of Bellman Optimality

Theorem 1: Bellman Optimality

V*(s) = max lr(s, a) + y[ES,NP(,”’a)V*(s’)]

Denote 7(s) := arg max Q*(s, a), we will prove VZ(s) = V*(s), Vs

V*(s) = 1(s, 7%(8)) + YE o p(s sy V(8)

< mfx [r(s, a) +yE,., P(s’a)V*(s’)] = 1(s, Z(5)) + YE;p(s. 25V (5"
= 1(s, 2(5)) + YE,ps 2060 [r(s’, 7*(s) + 7[ES,/~P(S/J*(S/))V*(s”)]

< #(s, 2(5)) + VEyopis 2000 [r(s’, () + Vg opis: ﬁ(s/))v*(s”)]
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Proof of Bellman Optimality

Theorem 1: Bellman Optimality

V*(s) = max lr(s a) + YEgpcs. a)V (s)

j Denote 7(s) : @we will prove Vﬂ (s) = V*(s)

V() = r(s: 27()) + 1Eyepis prsn V(5 \ [574 V oy \/ (9), ¥,
ax | r(s, g) +yE,.. P(s’a)V*(s’)] = 1(s, Z(5)) + YE;p(s. 25V (5" 8 ¢
a & {777 Ol/f/ ‘r}/—,(

= 1(s, 2(5)) + YE,ps 2060 [r(s’, 7*(s) + 7[Es,/~P(s/’ﬂ*(sf))V*(s”)]

< 75, RO + VE g |15 RO + P i)V (57|
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Proof of Bellman Optimality

Theorem 1: Bellman Optimality

V*(s) = max [r(s, a) + y[ES,NP(,|S’a)V*(s’)]

Denote 7(s) := arg max Q*(s, a), we just proved V7 (s) = V*(s), Vs
a




Proof of Bellman Optimality

Theorem 1: Bellman Optimality

V*(s) = max [r(s, a) + y[ES,NP(,|S’a)V*(s’)]

Denote(7(s) := arg max Q*(s, a), we just proved V7 (s) = V*(s), Vs
This implies thaf arg max Q*(s, a) i$ an optimal policy
a
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Proof of Bellman Optimality

Theorem 1: Bellman Optimality

V*(s) = max [r(s, a) + y[ES,NP(,|S’a)V*(s’)]

Denote 7(s) := arg max Q*(s, a), we just proved V7 (s) = V*(s), Vs
a

This implies that arg max Q*(s, a) is an optimal policy
a

Q: why?




Summary so far:

Bellman Optimality and DP

Theorem 1: Bellman Optimality

V*(s) = max lr(s, a) + YEgpjsa)V ()|, Vs



Summary so far:

Bellman Optimality and DP

Theorem 1: Bellman Optimality

V*(s) = max lr(s, a) + }’[Es'NP(-|s,a)V*(S’) ,Vs
o 3

Next:
Any function V(s) that satisfies Bellman Optimality, MUST be equal to V*



Bellman Optimality

Theorem 2:

Forany V: § — R, f V(s) = max |r(s,a) + YE,._p.|s.4)V(s) | forall s,
A a
then V(s) = V*(s), Vs




Bellman Optimality

Theorem 2:
Forany V:S§ — R, if V(s) = max [r(s, a) + }/[Es’~P(-|s,a)V(S/)] for all s,
then V(s) = V*(s), Vs

Bellman Opt allows us to focus on just one step,
i.e., to check if V= V*,

we only need to check if | V(s) — max lr(s, a) + }/[ES’NP(-ls,a)V(S,)] ‘ =0,Vs,
a




Bellman Optimality

Theorem 2:
Forany V:§ — R, if V(s) = max [r(s, a) + y[Es’NP(-|s,a)V(S,)] for all s,
then V(s) = V*(s), Vs




Bellman Optimality

Theorem 2:
Forany V:§ — R, if V(s) = max [r(s, a) + y[Es’NP(-|s,a)V(S,)] for all s,
then V(s) = V*(s), Vs

oS-
| V(s) = VX(s)| = | max(r(s, a) + YE . p¢.o)V(s") — max(r(s, a) + yE,._p(; ) V*(s")
Ll ¢ —
Condiks < Q7,<Z,”W°‘V\/ O‘f‘k Lo V




Bellman Optimality

Theorem 2:
Forany V:§ — R, if V(s) = max [r(s, a) + y[Es’NP(-|s,a)V(S,)] for all s,
then V(s) = V*(s), Vs

|V(s) = V()| =

@rcv, @) + 7E, ps VI5) —@(r(s, @) +7E, p(s)V*(5)

L
@ | (5, @) + 7By ) VD) = (15, @) + 7o V()|
a
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Bellman Optimality

Theorem 2:
Forany V:§ — R, if V(s) = max [r(s, a) + y[Es’NP(-|s,a)V(S,)] for all s,
then V(s) = V*(s), Vs

|V(s) = V()| =

max(r(s, a) + yE,_p(.4V(s") — max(r(s,a) + y[EsNP(s,a)V*(s’))

< max | (s + 7E, i V) = (@7 7,y V()|
a Farg

A

< max yEy Jpo g | V() = V()|
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Bellman Optimality

Theorem 2:

Forany V:§ — R, if V(s) = max [r(s, a) + y[Es’NP(-|s,a)V(S,)] for all s,

max(r(s, a) + yE,_p(.4V(s") — max(r(s,a) + y[EsNP(s,a)V*(s’))

then V(s) = V*(s), Vs
| V(s) = V*(s)V =

< max | (1(5, @) + VB, V() = (5, @) + 7B piy ) V*()) |
a

c~ R= Ff/“f
< max y[Es’NP(s,a V(s') — V*(S/) ~
a = R
S max }/[ES,NP(S,CZ) <max }/[ESNNP(SI,Q/) V(s//) _ V*(s//) )




\)\’157 f(to, \)//5/1 Bellman Optimality

Theorem 2:
Forany V:§ — R, if V(s) = max [r(s, a) + y[Es’NP(-|s,a)V(S,)] for all s,
then V(s) = V*(s), Vs

| V(s) — V*(i)l = |max(r(s, a) + yE, . p(. o V() — max(r(s, a) + yE, _p o V*(s")
N a a

Qnax | (r(s, @) + YE, p(s.0) V() = (r(s, @) + YE, p(s )V (5") |

Y € XU) }

Qnax YEgpis.af] V) = V*(s) >
/7 0

V(s//) V*(s//) |>/

< max @ V(s — V*(s KH eq \ Vo=V 9)/ -0

a] ,(12, .. .ak_ A’

< max Z[ES '~P(s,0) <max yE, "~P(s"a’)
a



Summary so far:

1. V* satisfies Bellman Optimality:
V*(s) = max |r(s,a) + E, /NP(S’a)V*(s’)] Vs

\)
a
2. Any V that satisfies Bellman Optimality, i.e., V(s) = max [r(s, a) + [ES/NP(S’a)V(S/)] , Vs,
a

MUST be that V(s) = V*(s), for all s T
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Outline
¢1We have A® many policies, which one is the optimal policy T*?
2. Key property of the optimal policy 7 *: Bellman Optimality

3. State-action distributions

What’s the probability of x visiting a particular state s?



Discounted State (action) Occupancy Measures

Assume we start at s, following 7 to step A, what’s probability of seeing a trajectory:
(Sgs Ay S1> Aps -5 Sy Ap)?
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Assume we start at s, following 7 to step A, what’s probability of seeing a trajectory:
(Sgs Ay S1> Aps -5 Sy Ap)?
I, a= n(s),

Let’s write 7 as a delta distribution, i.e., #(a|s) =
0, else



Discounted State (action) Occupancy Measures

Assume we start at s, following 7 to step A, what’s probability of seeing a trajectory:
(Sgs Ay S1> Aps -5 Sy Ap)?

. o 1, a=axls),
Let’s write 7 as a delta distribution, i.e., #(a|s) =

v(.\@g,"”") f(,\§(7&|>

0, else




Discounted State (action) Occupancy Measures

Assume we start at s, following 7 to step A, what’s probability of seeing a trajectory:
(Sgs Ay S1> Aps -5 Sy Ap)?
I, a= n(s),

Let’s write 7 as a delta distribution, i.e., #(a|s) =
0, else




Discounted State (action) Occupancy Measures

Assume we start at s, following 7 to step A, what’s probability of seeing a trajectory:
(Sgs Ay S1> Aps -5 Sy Ap)?
I, a= n(s),

Let’s write 7 as a delta distribution, i.e., #(a|s) =
0, else

= MP(sl | 50> ag)(ay | s))P(sy | 81, ay)...P(sy | 8,—1, ap_)nlay, | sy,)



State-action distribution at time step /1

@—@ "t P7(s0» s ---» Sp» A4)
/ \ = 72'((10 | So)P(Sl |Soa do)ﬂ(al |s1)P(s2 | S15 al). . .P(sh | Sh—1s ah—l)ﬂ(ah | Sh)

?(A.%) Y (P"’WD 7 (ﬁ;a\> = ilo\? Uﬁf//”"/ BﬂD)

Q: what’s the probability of r visiting state (s,a) at time step h?



State-action distribution at time step /1

@—@ o P"(0s @gs - -+ S A1)
= m(ay | so)P(s1 | Sg» ag)(ay | s))P(sy | 51, ay)...P(sy | 851> ap_alay, | s,)

Q: what’s the probability of r visiting state (s,a) at time step h?

Pr(s, a; s9) = Z P (So, Ggs - - s Sp—1> A5, = S, 4y, = @)

Ag,S15Q15- - Sp_1>0p_1




Discounted Average State-action distribution

Probability of x visiting (s, a) at A, starting from s,

P (s, a; sp) = Z P (S, Ags -+ -» Sp_1> Ap_ 1S, = S, Q) = Q)

ao,sl,al,. . .,Sh_l,ah_l



Discounted Average State-action distribution

Probability of x visiting (s, a) at A, starting from s,

PZ(S, a, So) = Z PE(SO, ags -5 Sp_1Ap_15, = S, 4y = a)

Clo,sl,al,. . .,Sh_l,ah_l

d(s,a) = (1 —y) ). y"P(s, a; 5p)
h=0

o gl bl
Q/?r>( ?O L9 &) X?,LH-@\) x X‘%i Co-m )+ )



Discounted Average State-action distribution

Probability of x visiting (s, a) at A, starting from s,

PZ(S, a, So) = Z PE(SO, ags -5 Sp_1Ap_15, = S, 4y = a)
AyS15015 - s 1501
(6}
/1 — h .
di(s.a) = (1 =7) ) v"Pi(s. asso) p
h=0 d . \s.n)7,0

o id distribution?
Can you show that this is a valid distribution s Ai(w)‘ 1
Sv



Discounted Average State-action distribution

Probability of x visiting (s, a) at A, starting from s,

PZ(S, a, So) = Z PE(SO, ags -5 Sp_1Ap_15, = S, 4y = a)

Clo,sl,al,. . .,Sh_l,ah_l

(6}
h .
dr(s,a) = (1 =) ) y"P(s. a; 5p)
h=0
Can you show that this is a valid distribution?

Vﬂ(so) —Zd”(s a)r(s,a) = ”b/ 5@,41 & 0\)}



Discounted Average State-action distribution

Probability of x visiting (s, a) at A, starting from s,

P (s, a; sp) = Z P (S, Ags -+ -» Sp_1> Ap_ 1S, = S, Q) = Q)

Clo,sl,al,. . .,Sh_l,ah_l

(6}
h .
di(s.a) = (1 =7) ), 7"Pi(s. i)
h=0
Can you show that this is a valid distribution?

1
VZ(sy) = 1—_}/ Z d;(’) (s,a)r(s,a)

Can you show the above is true?



Discounted Average State-action distribution

Probability of x visiting (s, a) at A, starting from s,

2

Clo,sl,al,. . .,Sh_l,ah_l

Pr(s, a;s0) =

[IJ)JT(SO, ags -5 Sp_1Ap_15, = S, 4y = a)

h
awes_di(s, D= 1=7 Y Pis.as)
¢
\Pzd\v\w“‘ h=0
~Eq- Can you show that this is a valid distribution?

g
/%01” 0\50 (C)W\)

fwo questions!

)|

Can you show the above is true’? 5Ma



Summary for today:

1. 7* dominates other policies, i.e., V*(s) > V*(s), Vs, x

2. Key property of the optimal policy #*: Bellman Optimality

(BE and B-Opt allow us to focus on one step)

3. State-action distribution: ds’(’)(s, a)



Summary for today:

1. 7* dominates other policies, i.e., V*(s) > V*(s), Vs, x

2. Key property of the optimal policy #*: Bellman Optimality

(BE and B-Opt allow us to focus on one step)

3. State-action distribution: ds’(’)(s, a)

RL is notation heavy! But we will see these over and over f?.
again during the semester. ,&,



