Policy Gradient
(continue)



Recap: Policy Parameterization

Recall that we consider parameterized policy zy( - |s) € A(A), Vs

> L&.A:
1. Softmax linear Policy 2. Neural Policy: > [HtH} YIERUEN

(We will try this in HW2)

Feature vector ¢)(s, a) € R, and N?ugal n:twor[li ng e (-».00)
parameter § € R4 Jo: SXA -

o & g*i,/\g exp@ exp(fy(s, a

) @ g a)) R el )
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In high level, think about 7, as a classifier which has its parameters to be optimized




Recap: the REINFORCE Algorithm

T = {80, Qg S| A1 -3 S_1> Apy_1 )

Po(T) = p(sg)mglay | So)P(sy | So, ag)me(ay | sy). ..



Recap: the REINFORCE Algorithm

T = {80, Qg S| A1 -3 S_1> Apy_1 )

H-1
J(mg) =B, )0 [ Z r(sp, ah)]

Po(T) = u(sg)mglay | So)P(sy | So, ag)me(ay | sy). .. h=0

R(7)



Recap: the REINFORCE Algorithm

T= {So, ao, Sl’ al, ey SH—I’ aH_l}

Po(?) = p(so)my(g | So){)(s/ﬂio_".ﬂ)ﬂe(al |sp)...
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Recap: the REINFORCE Algorithm

H-1
VJ(zy) | o=, = Ec- Pa(® < 2 Voln my (ay, | sh)> R(7)

—— h=0

How to get an unbiased estimate of the PG?



Recap: the REINFORCE Algorithm

H-1
ng(ﬂe) |H=90 = [ETN/)HO(T) < 2 V()ln ﬂe()(ah | Sh)> R(T)

h=0

How to get an unbiased estimate of the PG?

e
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Recap: the REINFORCE Algorithm

H-1
VJ(zy) | o=, = Ec- Pa(® [( 2 Voln my (ay, | sh)> R(T)]

h=0

How to get an unbiased estimate of the PG?

T~ Pg,

H-1

g=y [vm (@3] Sh)R(T)]

h=0



Recap: the REINFORCE Algorithm

H-1
VJ(zy) | o=, = Ec- Pa(® [( 2 Voln my (ay, | sh)> R(r)]

h=0

How to get an unbiased estimate of the PG?

T~ Py
/r el 0
\/ﬁecm[ﬂ‘zﬂ o (9 %% y H—1
g=y [vm (@3] Sh)R(T)]

oy (%/%‘j h=0 5 s

We have: E[g] = V,J(y )



Recap: the REINFORCE Algorithm

H-1
Vo J(7y) |9:90 = [ETN%(T) < 2 Voln 7y (), | Sh)> R(7)
Jery) v h=0
— v szl - %%))

i i ?
How to get an unbiased estimate of the PG w) oo 5

o, 2 o= v
€ Eg ) T~ Py ely]
\ ©B po) =1 This formulation has
., A
(e 2 £ \a | 1, )" @) /Vl % large variance, i.e.,
. f Z N2 SROY  E [lg - VosmI2
G h=0 ~v ould be as large as 3

(In practice, no one

We have: E[g] = VJ(7y) uses it



Today’s Question:

How to reduce Variance in Policy Gradient?



Outline:

-«
1. A Q(s, a) based Policy Gradient

2. Variance Reduction via A Baseline
(i.e., an A*Es, a) based PG)
1 § Al
ASery— (L's-- VJ\G)

3. Algorithm: Put everything together



Notations

M= {P,r,y,u,S,A} where sy~ p

P

Vis) =E Z (s, a) s = s, a, ~ @ o
A h=0

Obijective: J(7) := [Es0~;4 [V”(SO)]



Notations

M= {P,r,y,u,S,A} where sy~ p

Vis) =E Z (s, a) s = s, a, ~ @
h=0

Obijective: J(7) := [Es0~;4 [V”(SO)]

di(s,a) = (1 =p) ), ¥"Pi(s, a; p)
h=0

A"(s,a) = OQ"(s,a) — V*(s,a)



Derivation of Policy Gradient w/ O”

Recall definition of value function V7*(s)
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Derivation of Policy Gradient w/ O”

Recall definition of value function V7*(s)

V() = VoE, ., [V7(sp)]



Derivation of Policy Gradient w/ O”

4. (30) . _
0o Mg Recall definition of value function V(s)

)

V() = VE, ., [V7a(sy)]

W &

= [ES()N/‘ [Va[anNﬂa(So)Qﬁg(SO’ Cl()?]/

—T



Derivation of Policy Gradient w/ O”

Recall definition of value function V7*(s)

V() = VoE, ., [V7(sp)]

=E, - | VoEay~r,s0@ (505 ao)] = E, -, Z Vomg(ag | sp) - Q™(sp, a) + Z myag | sp) - VoQ™(s0, ag)

ag o



Derivation of Policy Gradient w/ Q" A
Yy CL s o) v”é

i cars i E, V)
=Ty Ttmeor
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L - b/;’%-f’(fn,a.) Vg\/ —SJ)
=By [Va[anwg(so)Q”"(So’ ao)] =E, Z Vomg(ag | sp) - Q"(sp, ap) + Z myag | sp) - VoQ™(s0, ag)

ag o

Recall definition of value function V7*(s)

?\/OOLV\-(J& @\vv\Q/,"
Vol (1) = VoE, ., [V7(sp)]

. Q”é}(so’ ao) + y 2 ﬂe(ao | So)[ESlNPsO,aO Vg V”e(sl) \/

do
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Derivation of Policy Gradient w/ O”

Recall definition of value function V7*(s)

Vo l(mg) =\ VoEs -, [V7(s0)]

= E, -, [Va[EaONng(so)Q”"(So’ ao)] = E, -, Z Vomg(ag | sp) - Q™(sp, a) + Z myag | sp) - VoQ™(s0, ag)
do

o
Vo (ay| sy)
= E, -, 2 mo(ag | s0) e E Q"(sy, ag) + VZ myag | s)Es wp. VoV7(s))
d"w rwlQ apEA 7ol | So) b — >

I —
’PD(QN\ = [Es0~/4 [[Ea0~ﬂg(a0|s0) VHIH ﬂe(ao | SO) : QHG(SO’ aO)] + yﬂzsp[]:‘”][ngﬁvﬂg(sm
‘_r =
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Derivation of Policy Gradient w/ O”

Recall definition of value function V7*(s)

V() = VoE, ., [V7(sp)]

= E, -, [Va[EaONng(so)Q”"(So’ ao)] = E, -, Z Vomg(ag | sp) - Q™(sp, a) + Z myag | sp) - VoQ™(s0, ag)

ag o

Vo (ay| sy)
= Eg 2 m(ag | sp) [M] - Q%(sy, ag) + VZ my(ay | SO)[ESINPSO’QO VoV*(s,)

apEA 71'9(610 | SO) ag

<« ‘ﬁQP‘Zﬂf sn th's ]LM\I/\/\
= [Es0~/4 [[Ea0~ﬂg(a0|s0) VHIH ﬂe(ao | SO) ' QHG(SO’ aO)] + ﬂEs1~P’][9V9V”9(Sl) ' p ‘(W&f

SR .
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Derivation of Policy Gradient w/ O”

Recall definition of value function V7*(s)

V() = VoE, ., [V7(sp)]

= E, -, [Va[EaONng(so)Q”"(So’ ao)] = E, -, Z Vomg(ag | sp) - Q™(sp, a) + Z myag | sp) - VoQ™(s0, ag)

ag o

= Ey 2 my(ag | o)

apEA

. Q”é}(so’ ao) + y 2 ﬂe(ao | SO)lESlNPsO,aO Vg V”@(Sl)

do

[ Vomy(ay | so)]

m(ap | so)
= [Es0~/4 I:[an’\‘ﬂg(aoljb) Veln 71'9(610 | SO) : QHG(SO’ aO)] + yﬂzs1~[]3"][9v9vﬂg(sl)
= [ESONM [[an~ﬂ9(ao|so) Vﬂln ﬂa(ao | SO)QHH(SO’ aO)] + y[Es]~P7f9 [[Ea|~ﬂ9(611|5‘1) Vﬂln ﬂﬁ(al | sl)Qﬂg(Sl’ al) + 72[ES2~P§9 vﬂvﬁg(sz)
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h=0



Derivation of Policy Gradient w/ O”

Recall definition of value function V7*(s)

V() = VoE, ., [V7(sp)]

= E, -, [Va[EaONng(so)Q”"(So’ ao)] = E, -, Z Vomg(ag | sp) - Q™(sp, a) + Z myag | sp) - VoQ™(s0, ag)

ag o

= Ey 2 my(ag | o)

apEA

. Q”é}(so’ ao) + y 2 ﬂe(ao | SO)lESlNPsO,aO Vg V”e(sl)

do

[ Vomy(ay | so)]

m(ag | o)
= [Es0~/4 [[Ea0~ﬂg(a0|s0) VHIH 71'9(610 | SO) : QHG(SO’ aO)] + yﬂzs1~[]3"][9v9vﬂg(s1)
= [ESONM [[an~ﬂ9(ao|so) Vﬂln ﬂa(ao | SO)Q”H(SO’ aO)] + y[Esw[P”fg [[Ea1~ﬂ9(a1|s1) Vﬂln ﬂﬁ(al | sl)Qﬂa(Sl’ al)] + 72[ES2~P1219 VHV’IG(SZ)

o0
1
_ h : ,
o 2 v I[E"'/z,a/,NPZ{) Vﬁln ﬂﬁ(ah | ‘Sh) ’ Qﬂ(}(‘sh’ a/z) - Tywv(}ln JT()(CI | S) . Q”"(S, Cl)
h=0



Summary so far:

Product rule + Important weighting + Recursion:



Summary so far:

Product rule + Important weighting + Recursion:

Vﬁj(ﬂﬁ) = Z yh[Es,QNPZ‘qvf)ln ﬂﬁ(a | S) ’ Qﬂg(s, Cl)

h=0

?‘Al

IT[ES a~azo | Volnzgals) - Q7(s, a)]



Summary so far:

Product rule + Important weighting + Recursion: T s deRerus)

o0 el 1, ooty
V()J(ﬂp) - Z yh[ES,ClNPZH Vgln ﬂg(a | S) . Q”‘)(S, Cl) J o, = se_

h=0

1 T,

= 1f[ES Mng[ Jnmals)-Q H(S a)]
s
For finite horizon setting, we have: - 0
H-1

V(1) = Z[EshahNPna[Vlnﬂg(ahlsh) Q sy ah)]
h=0



Outline:

V 1. A Q(s, a) based Policy Gradient

2. Variance Reduction via A Baseline
(i.e., an A(s, a) based PG)

3. Algorithm: Put everything together



Intuition behind Q-based PG:

H-1
Vg.](ﬂa) = Z ﬂzshyah,\,pze I:Valn ﬂa(ah | Sl’l) . Q;ZTH(Sh, ah)
h=0

We want to slowly adjust policy,
such that my(a | ) is large at action a with large Q™(s, a)



Intuition behind Q-based PG:

H-1
V@J(ﬂ'a) = Z ﬂzshﬂh,\,pze I:V(gln ﬂe(ah | Sl’l) . Q;:g(sh’ ah)
h=0

We want to slowly adjust policy,
such that my(a | ) is large at action a with large Q™(s, a)

Maybe we can slowly adjust policy,
such that my(a | ) is large at action a with large A™(s, a)?



Intuition behind Q-based PG:

H-1
V@J(ﬂe) = Z [Eshvah"'[ng I:Valn ﬂa(ah | Sh) . Q;ZTQ(Sh, ah)
h=0

We want to slowly adjust policy,
such that my(a | ) is large at action a with large Q™(s, a)

Maybe we can slowly adjust policy,
such that my(a | ) is large at action a with large A™(s, a)?

After all, recall PI, we know that arg max A”™(s, a) can work Ay
a M = ""ZW'W/J( 5+

(subject to knowing A”™ everywhere)



The Advantage-based PG:

1
Vol (rg) = ———E; i [Volnmyals) - A%(s,a)|



The Advantage-based PG:

1
Vol (rg) = ———E; i [Volnmyals) - A%(s,a)|
- S ‘/7‘@9\

We will prove a more general version, denote b(s) as a state-dependent baseline, we have:
—_— —
( A ction— I\V\D"‘L(-"e""a(‘k"'I¢ >



The Advantage-based PG: :

1

Vol () = ——E, 4 g0 | Volnm(als) - A%(s, a)] B
1 - Y S9A- lp

\0\5)1 V (_5)

We will prove a more general version, denote b(s) as a state-dependent baseline, we have:




The Advantage-based PG:

1
Vol (rg) = ———E; i [Volnmyals) - A%(s,a)|

We will prove a more general version, denote b(s) as a state-dependent baseline, we have:

1
Vol(a) = ——E, 0oz [Vgln nials) - (Q%(s.a) — b(s))]
Vs
Er 1) Voln mo(a] )b(s) =7



The Advantage-based PG:

1
VJ(1y) = l—yEW;g [Volnmyals) - A%(s,a)|
We will prove a more general version, denote b(s) as a state-dependent baseline, we have:

1
V() = ——F, 4gqm | Volnzy(a|s) - (Q™(s, a) — b(s))
1 [

7 ched~ Rl
In b
oln my(a | s)b(s) Vel )

—Zﬂm)wéjg() 50>

E

a~my(-|s)



The Advantage-based PG:

1
VJ(1y) = 1_yE“’“Nd5” [Volnmyals) - A%(s,a)|

We will prove a more general version, denote b(s) as a state-dependent baseline, we have:

1
V() = ——F, 4gqm | Volnzy(a|s) - (Q™(s, a) — b(s))
1 [

E y Voln zg(a | s)b(s) =4

a~my(-|s
\Y ng(a | s)

= 2 ol |$)— = b

=b(s)V my(als)




The Advantage-based PG:

1
Vol (rg) = ———E; i [Volnmyals) - A%(s, a)|

We will prove a more general version, denote b(s) as a state-dependent baseline, we have:

1
Vod(mg) = ——F, 4o | Volnmyals) - (Q%(s, a) — b(s))
1 b

E \Voln my(a | $)b(s)> ©

a~my(-|s

my(als)
—2”9( B 0(9 " b(s) =b(s)ZV7z9(a|s)=b(s)V[Zﬂg(als)] =b(s)V1=0



Summary so far:

By a Baseline (proof undoes the importance weighting trick), we have:

1
Vol(m) = ——E, g0 | Volnmfal ) - (Q(s.a) - b(s)) |

@- E Vo dhn T3> kL)



Summary so far:

By a Baseline (proof undoes the importance weighting trick), we have:

—_

IIB
¢ au)= |/

This holds for any baseline as long as it is action-independent
(thus we can set b(s) = V™(s)—the most common thing)

_ T
\7[95 (T[‘b\): \i/b/ ga%d?i{vg Q\aﬂ“o@[))ﬁ Q\Qﬁ)

1
Vol (7)) = I—[Es,mdﬁ lveln mo(als) - (Q™(s,a) —ﬂ{))]
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Summary so far: Q “(5<)
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By a Baseline (proof undoes the importance weighting trick), we have:l

1 S —
Vod(m) = ——E, 0 gz lvgln mals) - [07(s, )

)

’rlB T
: : L o G =) -\
This holds for any baseline as long as it is action-independent A )
(thus we can set b(s) = V™(s)—the most common thing)

Baseline helps variance reduction (formal proof out of scope)




Outline:

V 1. A O(s, a) based Policy Gradient

¢2. Variance Reduction via A Baseline
(i.e., an A(s, a) based PG)

3. Algorithm: Put everything together



Algorithm that relies on Stochastic Gradient Ascent

1
Recall the PG:  V /(1) = I_Es,arvd”" lveln mg(als) - (Q”H(S, a) — b(s))]
—y “u

5
xvy somple>



Algorithm that relies on Stochastic Gradient Ascent

1
Recall the PG: /() =~ o lvgln 7ials) - (Q™s,a) — b(s))]
To get unbiased estimate of gradient, recall we can
roll-in (s, a) ~ d;fe, and roll out to get y w/ E[y] = Q™(s, a)
A

—_—



Algorithm that relies on Stochastic Gradient Ascent

1
Recall the PG:  V /(1) = I_Es,arvd”" lveln mg(als) - (Q”H(S, a) — b(s))]
—y fl

To get unbiased estimate of gradient, recall we can
roll-in (s, a) ~ d;f(’, and roll out to get y w/ E[y] = Q™(s, a)

h=0 If terminate (W/ p 1 — ),

we return
So ~ Ho, Ay ~ 71'( . |SO) (Sh7 ah)7 rh y — 2 .
h oc‘}/]:‘\

1

i=h
A "(St’a;)a l"t
CSo V) st g d™
M s

*T/Utg'] = @ s



Algorithm that relies on Stochastic Gradient Ascent

I
Recall the PG: /() =~ o lvgln 7ials) - (Q™s,a) — b(s))]

To get unbiased estimate of gradient, recall we can
roll-in (s, a) ~ d;fe, and roll out to get y w/ E[y] = Q™(s, a)

h=0 If terminate (W/ p 1 — ),

\\ ) we return
So ~ Ho, Ay ~ 71'( . |SO) (Sh7 ah ) rh !
h o y" =

‘D‘(St’ a), 1,

Repeat roll-in & roll-out N times, with the mini-batch {si, ai,yi fil,



Algorithm that relies on Stochastic Gradient Ascent

1
Recall the PG: /() =~ o lvgln 7ials) - (Q™s,a) — b(s))]
To get unbiased estimate of gradient, recall we can
roll-in (s, a) ~ d;fe, and roll out to get y w/ E[y] = Q™(s, a)

h=0 If terminate (W/ p 1 — ),

we return
So ~ Ho, Ay ~ 71'( . |SO) (Sh7 ah)7 rh y — 2 .
h oc‘}/;‘.\

1
Repeat roll-in & roll-out N times, with the mini-batch {s’, ai,yi}ﬁil,
_,[/

g = Z_[Velnﬂg(alsl) }’] F 1y & ) ;>

i=h
"(Sta Clt), l"t
J v b(e® )



Algorithm that relies on Stochastic Gradient Ascent

Initialization 6,

Fort=0, ...
sample {s,a’,y'} |, w/ s',a’ ~ d", E[y'] = Q™(s',a")
— 5%

Form gradient estimate: g, = Z Vyln net(ai |s") - y'/N V wunbosed
=1 bt

Stochastic GA: 6, = 0, + ng,
V. _
[N E E?‘l—/ V@j({(ﬁ)/g > Q¢



In practice, we often use supervised learning to estimate Q7

1
VolO) = T Euma [Vgln 7i(a| $)(Q™(s. a) — V”H(s))]
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In practice, we often use supervised learning to estimate Q7
1
VolO) = T Euma [Vgln 7i(a| $)(Q™(s. a) — V”H(s))]

A : 2
f = argmin [EsNd:o a~U(A) (f(s, a) — Q%(s, a)) (e.g., regression oracle!)
f b

—
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In practice, we often use supervised learning to estimate Q7
1
VolO) = T Euma [Vgln 7i(a| $)(Q™(s. a) — V”“(s))]
- . 2
f=arg m]}n [Es~d;0,a~U(A) (f(s, a) — Q%(s, a)) (e.g., regression oracle!)

We can form an approximated Gradient (could be unbiased) using f:

Vol 7@y 50) (Ao @) = Bt 510 @)
_ R P ———
~ G .
NSNS V")



A (Ao V— Cyi e

N
In practice, we often use supervised learning to estin}ate Q7% T

~

SR

1
VO = T vt [Vgln 7i(a| $)(Q™(s. a) — V”H(s))]
A : 2
f = argmin [ESNd:() a~U(A) (f(s, a) — Q%(s, a)) (e.g., regression oracle!)
f b

We can form an approximated Gradient (could be unbiased) using f:

V,In 7y(a; | 5;) ( P @) = B ats 51 a’)) )
. ’:/5, ¢ 9o
Bisa-variance tradeoff 3)”@4&( N

(our f'is a function now, we no-longer rely on a roll-out)
4



Summary for PG:

Three common PG formulations:

-.‘n’{@""_‘ we: 4
REINFORCE « 2/ S

VJO) =,y K D Vol my(a, | sh)) R(r)]

h=0



Summary for PG:

Three common PG formulations:

REINFORCE

VJO) =,y K D Vol my(a, | sh)) R(r)]

h=0

PG w/ Q function

|Es,a~d”‘91 [ Vyln 759[(“ | $) <Qﬂ9’(s, Cl))]

1
VoJ(0) = —,



Summary for PG:

Three common PG formulations:

REINFORCE

VJO) =,y K D Vol my(a, | sh)) R(r)] v

h=0

PG w/ Q function

Es.amam [ Volnmy(als) (Q”ﬁt(s, a)) ]

1
V,J(0,) = —,

PG w/ A function (use V*(s) as a baseline)

1
Vol(0) = ——E,0-0n [Veln 7y(a]5) (A (s, a))]



Next lecture:

Trust-region policy optimization (Natural Policy Gradient)
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