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Recap: Policy Evaluation

Given a policy 7 : S = A, compute V*:
1. Solve a linear system:

Vs : V(s) = r(s, n(s)) + yz P(s'| s, n(s)V(s")

2. Fix-point iteration

Vs : VIt (s) < r(s, n(s)) + }/Z P(s’| s, n(s))V'(s")

Q: once we get V”, how to get OQ”? g
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Recap: Value lteration

1. VI
(a fix point iteration alg):
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Recap: Value lteration

1. Vi Contraction -
(a fix point iteration alg): 2. VI convergence: exponentially fast,

>
QH—I — th l.e., ”Qt - Q*”oo S yt”QO - Q*”oo

7'(s) := arg max Qt(s,a)\\
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3. Policy Performance: V7 (s) > V*(s) —
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Note that O’ € R!SIAlis our estimator from VI,
it does not correspond a Q™!
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tion for Today:
Question for Today =

Given an MDP.Z = (S,A,P,r,y) ,Howtofind z* : S — A
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3: A new model: Finite horizon MDP
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Algorithm: Policy Iteration

1. Initialization: 7° : S > A(A)
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3. Policy Evaluation: Q”t(s, a),Vs,a



- - - =
Algorithm: Policy Iteration K) N
1. Initialization: 7¥ : S — A(A) S
= a,(.'t p'\ : a’
2.Fort=0... = s 9//:}\\/

? / «L/ at
. . t \/(-) / \/C')
3{Policy Evaluation: Q" (s,a), Ys, a
/

4. Policy Improvement JZ'H_l(S) = arg max 07 (s, a),Vs
gl
N 7

“/ -

ut %ar\)
N—

-4




Outline:

1: An Iterative Algorithm: Policy Iteration
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2. Convergence? How fast?

3: A new model: Finite horizon MDP
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1. Monotonic improvement:
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2. Convergence:
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Monotonic Improvement

Recall: Policy Improvement z'*!(s) = arg max Q" (s, a), Vs
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Let us compare Q”IH(S, a) & Q”t(s, a):
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Monotonic Improvement

Recall: Policy Improvement z'*!(s) = arg max Q" (s, a), Vs
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Recall: Policy Improvement 7' 1(s)

Lemma: Monotonic improvement Q”HI(S, a) > Q”I(S, a),Vs,a
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Recall: Policy Improvement z'*!(s) = arg max Q" (s, a), Vs
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Monotonic Impro

Recall: Policy Improvement 7' (s) = arg max Q" (s, a),
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Convergence analysis via Monotonic Improvement
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Convergence analysis via Monotonic Improvement

Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs
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Summary of Policy Iteration

lterate between Policy Evaluation and\Policy Improvement;
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Summary of Policy Iteration

lterate between Policy Evaluation and Policy Improvement:

7*1(s) := arg max Q% (s, a), Vs
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Value lteration vs Policy Iteration

How many iterations (computation complexity) need to find thé o
EXACT optimal policy?
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We will explore this problem in HW1
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Finite horizon Markov Decision Process

MM = {S,A,r,P,H,/,tO},
r:SxA - [0,1,HENT,P:SXA A(S), sy~ Uy

i.e., the task always starts from s, ~ 1, and lasts for H total steps

Very common in control,
e.g., keep tracking a pre-specified trajectory with fixed length and fixed initial state
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Finite horizon Markov Decision Process

MM = {S,A,r,P,H,,uO},
r:SxXA - [0,1,HENT,P:SXA A(S), sy~ Hy

Note that in finite horizon setting, we will consider time-dependent policies, i.e.,
= {71'0,7[1, ...,JZ'H_l}, S A Vh

Policy interacts with the MDP as follows:

7 = {8y, ag, Sy, Ay, ...,M},SO ~ U, Qg = JE(SO),SI ~ P(-|sg, ap),a; = my(sy), ...
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V/Q functions in Finite horizon MDP
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V/Q functions in Finite horizon MDP

H-1
Vi(s)=E [ Z r(s,a)|s,=s,a,=ms,),s.. ~ P(s, aT)]
=h

H-1
J(s,a) =E [ Z r(s,, a) | (sp. a,) = (s,a),a, = ns,), P]

t=h

Bellman Equation:

O(s,a) = r(s,a) + Ey_p(s.0) [VE ()]
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Compute Optimal Policy via DP

= A{n},nl,...1}_}

We use Dynamic Programming, and do DP backward in time; start at H — 1
Q]’;_](Sa Cl) = r(Sa a) ﬂ]’;_l(s) = arg max Q]j_](s’ Cl)

V;[(_l = max Q;-;_l(sa a) = Q[)-;_](Sa ﬂf}_l(s))
a
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Compute Optimal Policy via DP
= A{n},nl,...1}_}

We use Dynamic Programming, and do DP backward in time; start at H — 1
Of_1(ssa) =r(s,a)  mj_\(s) = argmax Of_,(s, @)
V;_;_l = max Qé_l(S, a) = Q[);_](Sa ﬂ[;(_l(s))

Now assume that we have already computed V,:‘H, h<H-2

(i.e., we know how to perform optimally starting at 2 + 1)

Q],T(sa Cl) = r(S, a) + IES/NP(.@



Compute Optimal Policy via DP )
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We use Dynamic Programming, and do DP backward in time; startlat H — 1
Qf_((s,a) =r(s,a) mj;_(s) =argmax Q}_(s,a) e )
a4 2
) 0\>
V;-;_l = max Q;_l(s’ a) = Qg_l(S, ﬂ;—l(s)) g
—— a d-1—
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Now assume that we have already compute Vh+ NW<H-2 ¢ \‘”/
(i.e., we know how to perform optimally starting at 2 + 1) ZT ﬁ”

Oy (s,a)=r (S’a)"'[Es/~P(~|s,a)fo+1(S,)S =7 \/i(ﬁ)

me(s) = arg mslx Qyx(s,a)



Summary on Finite horizon MDP

M= {S,A,r,P,H, py},
r:SXAwe[0,11,HENY,P:SXA - AS), sy~ H

Comparing to the infinite horizon MDP:

Policy will be time dependent
Value lteration takes H steps (DP from H — 1 — 0)

Compute exact 7*—-no need to use y! argument
No more discount factor

o=



