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Recap: Bellman Optimality

M= {S,A,P,r,y}
P:SXA- AWS), r:SxA-1[0,1], yel[0,l])

Policyz:S+— A

Bellman Optimality —-the Q version (HWO problem)

Q*(s,a) = r(s,a) + YE . p(|s.a) [maX Q* (s, a’)]
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Recap: Bellman Optimality

M= {S,A,P,r, v}
P:SXA— AW), r:SxA-|[0,1], ye][0,1)

Policyz:S+— A
Bellman Optimality —-the Q version (HWO problem)

Q*(Sa Cl) = r(Sa Cl) + ylEs/NP(.|s’a) [n’/lég( Q*(S/, a/)]
a

Forany O : SXA - R,if Q(s,a) = r(s,a) + yEy_pij5.0) [max a(s’, a’)] for

all s, a, then O(s, a) = Q*(s,a), Vs, a
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Recap: Fixed-point solution

Find the fixed point solution of x* = f(x*), x € R

Start with some x, set x,,; < f(x,)

Suppose fis contraction, i.e., Vx, x’, | f(x") — f(x) | < y|x'— x|,y € [0,]),
then x, — x*

For Policy Evaluation (i.e., given .Z and =, compute V?)

Vi =R+ yPV” yitl « gyt
5
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Question for Today:

Given an MDP.Z = (S,A, P,r,y) , How to find z* : S — A (approximately)
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Motivation for Finding the Optimal Policy



Motivation for Finding the Optimal Policy

Find the strategy w/ the highest
prob of winning
(i.e., a policy that maps the board
position to the next move)
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Motivation for Finding the Optimal Policy

Find the strategy w/ the highest
prob of winning
(i.e., a policy that maps the board
position to the next move)

At last — a
an b
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Find the strategy (i.e., a mapping from
robot & ball configuration to torques)
that picks the ball and moves it to a

goal position ASAP




Outline:

1: An lterative Algorithm: Value lteration
(a fix-point iteration algorithm again!)

2: Convergence? How fast?
(Via the contraction argument again!)
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Example of Optimal Policy 7*

Consider the following deterministic MDP w/ 3 states & 2 actions

ao

7 (s) = ay, Vs

Reward: (s, ay) = 1, 0 everywhere else
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What about this one...

Let’s design an algorithm that
computes V*/Q™ for any given
re RISXIAl & p e RISIXUSIAD
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A Naive Approach (not computationally efficient)

Well, we know how to do policy evaluation for any given 7 : S — A, so...

Enumeration:
Ve S A, doPE, ie., V* = Exact-PE(n),
then pick the policy 7/, such that:
VZ(s) > V*(s),Vs, @

Computation time: O(A% - S?)

Can we do better? We definitely want to avoid A®...



Define Bellman Operator J :

Given a function 0 : S XA — R,
TO0:SXAP R,

A
@(S a) :=1(s,a) + 1By pis.0) max Q(S a),Vs,ae Sx A
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Define Bellman Operator J :

.- (5=
Given a function 0 : S XA — R, ©

TO:SxA R, s 7

v

(7Q)(s, a) :=r(s,a) + yEy _pi |5 max O(s’,a’),Vs,a € SX A
a'€eA

We can express Q € R4l s0 70 e RISIAI
o

/
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eflne/gellman Operator I :

(PfQ)(s, a) :=r(s,a) + yEy _piisa) H,lajf O(s’,a),Vs, a
€

—_— a
yAR

We can express Q € R’ so 70 € R

i.e., think about 9 as amapping that maps from RISHAL +o RISHIA]
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High Level idea for Algorithm Design

Fix-point iteration again!

Recall Bellman Optimality for Q*:
Q*(S, a) = r(S, Cl) + y[Es’NP(-|s,a) ma/X Q*(S/, a/)
a

T = Q“*”‘)
v 7 O~
We have Q* = 5’7Q*,L/

i.e., O™ is a fix-point solution of Q = I QO

ol



Value Iteration Algorithm:

1. Initialization: Q° : ||QY|, €

/7

=
0,——
-y

2. lterate until convergence: Q! <« T’

A




Value Iteration Algorithm:

1
1. Initialization: Q° : [|QY|l., € |0,——
1=y
2. lterate until convergence: Q! <« T’
A

Guarantee of VI:
The fix-point iteration converges, i.e., Q' - Q*,ast —



Summary so far:
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Summary so far:

Zooming in 0! « T0"

for

Pk
e s
Given Q', we set:

R;D(t
Vs,a ;) OF\(s,a) < r(s,a) + YEyp(|s.0)max Q'(s’, a’)
— a/




Outline:

1: An lterative Algorithm: Value lteration
(a fix-point iteration algorithm again!)

2: Convergence? How fast?
(Via the contraction argument again! )




Convergence of Value lteration:

Lemma [contraction]: Given any O, O//we have: 0
/ / 0
170 -7 0 <70 -0l o
e =
; Proof: S
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Convergence of Value lteration:

Lemma [contraction]: Given any O, O, we have:
170 -T 0 <70 -0l
\ 4.0 Proof:
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Convergence of Value lteration:

Lemma [contraction]: Given any O, O, we have:
170 -T 0 <70 -0l
Proof:

| (gQ)(S7 a) - (gQ/)(S9 a) | = FW[ES/NP(S,(O malx Q(S/’ Cl/) - (rWyEs’NP(s,a) mE/lX Ql(slv a/))

< }/[Es/~P(- |s.a)

a
———

(ma}x O(s’,a’) — max o'(s', a’)) |



Convergence of Value lteration:

Lemma [contraction]: Given any O, O, we have:

170-90, <710 -0l
Proof:

(T O)s,a) = (TONs,a)| =

r(s,a) + ]/[ES/NP(M) max O(s’,a’) — (r(s, a) + 7[Es’~P(s,a) max o'(s a/)>
a a

S }/[Es/~P(- |s,a)

a
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Convergence of Value lteration:

Lemma [contraction]: Given any O, O, we have:

170-90, <710 -0l
Proof:

(T O)s,a) = (TONs,a)| =

r(s,a) + ]/[ES/NP(M) max O(s’,a’) — (r(s, a) + 7[Es’~P(s,a) max o'(s a/)>
a a

< }/[Es/~P(- |s,a)

a

< @%@x [ (0s'a) - 01s%a) |
Pve, £ M O < @na}x | (0(s',a") = Q'(s",a)) |

(ma}x O(s’,a’) — max o'(s', a’)) |



Convergence of Value lteration:

Lemma [contraction]: Given any O, O, we have:

170 -0 <710 -0l
g 5 Proof:

| (T 0)(s,a) — (TO)s,a)| = |r(s,a) + YEspis.a) max O(s',a’) — (r(s, a) + YEgpis.a) max Q'(s’, a’))

/
\/S }/[ES/NP(~|s,a) (ma}x Q(sla a’) - mE/lX Q/(S/, (1/)> | \\ f 2= /( Q H 29

z ¥ N ea-&

\/S }/lES/NP('ls,LI) mE[lX ‘ (Q(S/, a/) _ Q/(S” a/))
a

Y <y maxma | (06 a) - 06a)) | = Q-0
L




Convergence of Value lteration:

Lemma [Convergence]: Given QO, we have:
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Convergence of Value lteration:

Lemma [Convergence]: Given QO, we have:

10" = 0"l < 7'I0° = 0%l £ =7 o
— S
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Convergence of Value lteration:

Lemma [Convergence]: Given QO, we have:

10" - 0™l < 7'10° - Ol

Proof ??

10" = 0"l = 170" = T Q|| < 7IIQ" = Ol

o
LSyt - 0%l



Summary so far:

VI (a fix point iteration alg):
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Summary so far:

VI (a fix point iteration alg):
Qt—i—l “— th

VI convergence (via contraction)

e, |0 = 0|l <7'110° — 0%l
0

22

BS

Next: what about the policy? Ultimately, we do want z*...



From Q functions to policies...

We know that 7*(s) = arg max Q*(s, a)
a

Recall that VI ensures that Q'(s, a) ~ Q*(s,a),Vs, a, ...



From Q functions to policies...

We know that 7*(s) = arg max Q*(s, a)
a

Recall that VI ensures that Q'(s, a) ~ Q*(s,a),Vs, a, ...

then maybe 7(s) := arg max Q'(s, a) is a good choice?
a
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The Quality of Policy:
@.

r': 7'(s) = arg max Q'(s, a) wX s
n

a
' 2y
Theorem: V" (s) > V*(s) —IQHQO —Q0*|| Vs €S
-7
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The Quality of Policy:

7' 7'(s) = argmax Q'(s, a)

t 2
Theorem: V™(s) > V*(s) — l—yllQO _Q*||VsES
-7

", Proof: o~ &)




The Quality of Policy:
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The Quality of Policy:

7' 7'(s) = argmax Q'(s, a)

, 2y
Theorem: V™(s) > V*(s) — 1—y||Q0 _Q*||VsES
—y

Proof:
VZ(s) — V*(s) = Q™ (s, 7'(5)) — Q*(5, 7*(s))

= Q7 (5.7(5)) — Q*(5. '(5)) + Q* (5. 7(5)) — Q* (5. 7*(s))
© <) & %)



The Quality of Policy:

7' 7'(s) = argmax Q'(s, a)

, 2y
Theorem: V™ (s) > V*(s) — 1—7/||Q0 —Q0*|| Vs €S
-7

X
a

Proof: S '/ \ N
VE(s) = V*(s) = Q7 (5, '(5)) — Q*(s, 7*(5)) \
Q™ (s, 7'(5)) = O* (s, #'($)) + Q* (s, 7'(5)) — Q* (5, 7*(5)) >

= VE et (VF) = VA6 ) + 05 7(5) = 05, 7(5)

—
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The Quality of Policy:
” <%
7' :(7'(s) = argmax Q'(s,a v/ OWJ/ r
(SL o.M <4)>
t /f<\§)
Theorem: V" (s) > V*(s) — 12—7/||Q0 —O*|| Vs €S ” & Lo )
-y

Lo ¥
- Qj(/\ﬁ, )+ & s 5))
=%

Proof:
VI (s) = V*(s) = Q" (s, 7'(s)) — Q*(s, 7*(s))
= Q0" (s, 7'(5)) — Q*(s5, 7'(5)) + Q* (s, 7'(s)) — Q* (s, 7*(s))
= YEyp(s.ni(s) (V”’<s'> — V*<s'>) + Q*(s, m'(s)) — Q* (s, 7*(s))

2 1oty (VV(5) = VA) ) + Q%6 (5D = s, #(9) + 0165, 74(5) = 0*(5,74(5)




The Quality of Policy:

7' 7'(s) = argmax Q'(s, a)

, 2y
Theorem: V™(s) > V*(s) — 1—y||Q0 _Q*||VsES
—y

Proof: \| & —< N )
VZ(s) = V*(s) = Q7 (s, 7'(5)) — Q*(s5, 7*(5)) 2§ no-—cly
= Q% (s, '(s)) — O*(5, 7'(5)) + Q* (s, 7'(5)) — Q*(s, 7*(5))
= ¥E, (s 21(s) (V”’<s'> - V*<s'>) + Q*(s, 7'(5)) — Q*(s, 7*(5))

> Vi ( VF(5) = VA ) + Q¥(5,7(9) = 015, #(9) + Q15,7 (5)) = 0*(5,7(5)

0
> YEop(s.ais)) =210 - 0™l
Neapaok)/ B




The Quality of Policy: )
7' 7'(s) = argmax Q'(s, a) 7//\;/ N -l €5

: 27(; - Gova foor £
Theorem: V" (s) > V*(s) — 1—_)/||Q0 — 0|l Vs €S

Proof: | 57(, «%1)— & 11, ot ))
VZ(s) = V*(s) = Q% (s, 7'(5)) — Q*(5, 7*(5)) ¢ e dlle
= Q7 (5, 7'(5)) = Q* (s, () + Q* (5, 7'(5)) — Q* (5, 7*(5))
= Yy mp(onis) (V”’<s'> - V*<s'>) + Q*(s, 7(5)) — Q*(s, *(5))
> YEyp(s.a(s) (V”’(s') - V*(s')) +M+ Q'(s, 7*(s)) — Q*(s, *(5))
éy[Es,NP(W(S» (V)= V() =2/10° = 0*lc ---Recursion
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Summary for VI:

1.V Contraction : :
(a fix point iteration alg): 2. VI convergence: exponentially fast,

>
Qt+1 “« tc‘i’Qt l.e., ”Qt — Q*”oo < }/IHQO _ Q*”oo

7'(s) := arg max Q'(s, a)



Summary for VI:

1.V Contraction : :
(a fix point iteration alg): 2. VI convergence: exponentially fast,

>
Qt+1 “« tc‘]‘“Qt l.e., ”Qt — Q*”oo < }/IHQO _ Q*”oo

7'(s) := arg max Q'(s, a)

=0, *¥7

/7

: .y * {27/% 0 *
3. Policy Performance: V*(s) > V*(s) — | 10" — O0™|| Vs €S
-7V
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Summary for this week

A2 209" Bellman Equation: lterative PE:
OV~ VI=R+yPV"T T~ V' <R+ PV

IV = V7l < YIIVO = V”Iloo\
Fix-point Iteration

/ framework
VI:
10" = 0"l < 7'1Q° = 0%l Bellman Optlmallty

t+1 O" t
l o (Q-version): / Q0 70
O/”/_ Of Q* O"Q*
/

n' = arg max Q'(s, a)
a s

)9‘/
S eV



Next week:

1. One more algorithm (Policy lteration) for computing 7 *

2. A continuous control model: Linear Quadratic Regulator



