Maximum Entropy IRL
(continue)
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Recap:

Constraint Optimization
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X
Introduce Lagrange multipliers w € Rd, we have:

min max f(x) + w'g(x), (g(x) := [g@). .... g1
x weR

=2(x,w)



Recap:

Constraint Optimization

minf(x) s.t.,8,(x) =0,g,(x)=0,...,8,x) =0
X
Introduce Lagrange multipliers w € Rd, we have:

min max f(x) + w'g(x), (g(x) := [g@). .... g1
x weR

=2(x,w)

We can optimize the dual max min £(x, w) instead using iterative approach:
weR* x



Recap:

Constraint Optimization

minf(x) s.t.,8,(x) =0,g,(x)=0,...,8,x) =0
X
Introduce Lagrange multipliers w € Rd, we have:

min max f(x) + w'g(x), (g(x) := [g@). .... g1
x weR

=2(x,w)

We can optimize the dua max in £(x, w) instead using iterative approach:
weRY x

& Raspeve
t o Pe Rasp

x" = afrg min Z(x, w’),
e Gurodrian  frsami

witl =w + nVWf()/c:, W
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Recap on Inverse RL setting:

Q: we want to find a policy 7 such that E, , (s, a) = E, ,_.~¢(s, a)
i ]

(Note linear cost assumption implies
But there are potentially many such policies...

5-&/'(\



Recap on Inverse RL setting:

Q: we want to find a policy 7 such that [E aNdZ,(ﬁ(s, a)=E, , ~¢(s,a)
5 1 D U

(Note linear cost assumption implies 7 is as good as 7*)
But there are potentially many such policies...

The principle of Maximum Entropy:

Find a policy & that maximizes some entropy while subject to the
constraint:



Recap on Inverse RL setting:

Q: we want to find a policy 7 such that [E aNdZ,(ﬁ(s, a)=E, , ~¢(s,a)
s f 9 (1

(Note linear cost assumption implies 7 is as good as 7*)
But there are potentially many such policies...

wmatedn

.
f}‘ﬂ Z 4"
The principle of Maximum Entropy: J*

Find a policy & that maximizes some entropy while subject to the

_ ™
constraint: wria M ”rv
u A

max [Es~d;; [entropy (7{( : |S))]

T

s.tEg 40 dﬁgl)(s, a) =E . dﬁ*d)(s, a)



Recap on Inverse RL setting:

Q: we want to find a policy 7 such that [E aNdZ,(ﬁ(s, a)=E, , ~¢(s,a)
s f 9 (1

(Note linear cost assumption implies 7 is as good as 7*)
But there are potentially many such policies...

The principle of Maximum Entropy:

Find a policy & that maximizes some entropy while subject to the
constraint:

This can be estimated
using expert data:

N
Y bisF.a¥)IN

i=1

|5)

max [Es~d;; [entropy (7{( :
T

s .1, [Es,arvd;fd)(s’ a)



Plan for Today:

1. The Iterative Algorithm framework

2. How to compute best response: Soft Value Iteration (DP again)

3. The MaxEnt-IRL algorithm
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Finite horizon MDP ./ = {S,A,H,c, P, u, n*}



Setting

Finite horizon MDP ./ = {S,A,H,c, P, u, n*}

*

*\M Ndﬂ'

We have a dataset D = (s, a)iL, ~ d]



Setting
Finite horizon MDP ./ = {S,A,H,c, P, u,n*}
— (oK M *
We have a dataset & = (s, a,)._; ~ d/’f

Key Assumption on cost: @\
c(s,a) = (0%, ¢(s, a)), linear w.r.t feature (s, a) < R

A & E ]
_—(\Cw-u\o’\ M 5.% (9 » > a-
|z (se1= B o b5, 21 - (5’ ) (‘;{*‘F@-J)
SO~ 7/\ ﬂ# . Sa~e‘7m Lib ’ )



Notation on Distributions

P (s, a; p): probability of visiting (s, a) at time step / following 7

H—1
d;f(s, a) = Z P> (s, a; u)/ H: average state-action distribution
h=0

d/’f(s) = 2 d;f(s, a): average state distribution

a



Maximum Entropy Inverse RL:

Let’s simplify the objective max [, _ ;. [entropy(ﬂ( - s))] :
V3 . ~—) ——

e > %‘EL%\‘;)

ATl (‘]63



Maximum Entropy Inverse RL:

Let’s simplify the objective max [, _ ;. [entropy(ﬂ( - s))] :
T H

[Es~d;; [entrOpY(ﬂ( . |S))] == [Es~d;;[Ea~zz(-|s) Inz(a|s) = - [Es,aNd;; Inn(als)
L/B—/\/

A b e

Lo V‘]




Maximum Entropy Inverse RL:

Let’s simplify the objective max [, _ ;. [entropy(ﬂ( - S))] :
V4 s

[Es~d;f [entropy(ﬂ( : |S))] = - [EsNdﬁ[EaN”(.m In ﬂ(a | S) = — [Es,afvd;{ In JZ'(a | S)

arg max E s [entropy(yz( - s))] = argmin [ Inz(a|s)

s,a~d;}



Maximum Entropy Inverse RL formulation

We arrive at the following constraint optimization problem:

In z(a | s)

arg min [Es,aNdﬁ
T

s .1, [ES,QngQﬁ(S, a) = [Es’aNdﬁ*g{)(s, a)



Maximum Entropy Inverse RL formulation

We arrive at the following constraint optimization problem:

argminl, , . Inna(als)
s,a~ds
T

ed
S .1, [Es,aNd;;Q')(Sa a) = [Es,arvd;{*d)(s’ a) R

Introduce the Lagrange multiplie’_@m have d many constraints),
consider the -min dual version:



Maximum Entropy Inverse RL formulation

We arrive at the following constraint optimization problem:

argmink , ;. Inz(als)
n H wamy Cowst Yo TS

S . t, |ES,Cl~dﬁ¢(S’ a) — [Es,arvdﬁ*¢(s’ a) 4} £ P\

Introduce the Lagrange multiplier w € R4 (we have d many constraints),
consider the max-min dual version:

max minE; , ;. In 7(a |s) + w <[E9 amdi®P(S, a) — E; (s, a))
weR? =« o ! ' K

=L (m,w)



Maximum Entropy Inverse RL formulation

We arrive at the following constraint optimization problem:

argminlE ;4 Inz(als)
T
S .1, [Es,aNd;;d)(Sa a) = [ES,aNdﬁ*q/)(s, a)

Introduce the Lagrange multiplier w € R4 (we have d many constraints),
consider the max-min dual version:

maxminE, . Inz(a|s) +w' <[E9 amdi (s, a) — E (s, a)>
weR? 7z 9> H 9> H ’ H

=L (m,w)

Let’s solve it by the iterative procedure!



Maximum Entropy Inverse RL Algorithm framework
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weR? x ! H M

=L (m,w)
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=L (m,w)

Initialize w° € R?



Maximum Entropy Inverse RL Algorithm framework

max minE, , .. Inz(als)+w' <UES’aNd,,¢(S, a)—E, @, a)>
weR? 7z H H ’ H

=L (m,w)

Initialize w° € R?

Fort=0->T-1



Maximum Entropy Inverse RL Algorithm framework

maxminE, . Inz(a|s) +w' <UES amdi® (s, a) — E (s, a)>
WERd T ’ H ’ H ’ H

=C(7,w)
Initialize w° € R4
Fort=0->T-1

n' = arg min Ey s [(wt)Tgl)(x, a)+ Inz(al s)]



Maximum Entropy Inverse RL Algorithm framework

L e

— ~
/
max min [ s Inz(als)+w <[Es,aNd,,q§(s, a)—E (s, a)>/
weR? rn n W \ . s
=L (m,w) -
e 0 d T
Initialize w" € R YWM Q(u,\/\) >(7 WJ\ Bdﬂ [@k) Ci;@@] */szﬂ(o\s)]
Sa

Fort=0—->T-1

(# best response: 7' = arg min £(rz, w'))
T

L,?/_v_/——-

n' = arg min [Es,a~d;; [(wt)T¢(5, a)+ Inn(a s)]
T oy L



Maximum Entropy Inverse RL Algorithm framework

max minE, , .. Inz(als)+w' <[Es’aNd,,q§(S, a)—E, @, a)>
weR? x ! H M

=L (m,w)
Initialize w° € R4
Fort=0—->T-1

r . NT
T =arg m;n Es amdg [(W ) §(x.a) + Inn(a| S)] (# best response: 7' = arg min £(r, w'))

4{\’ "
D\
witl = w! + n <[Es,a~¢§§¢(s’ a) — [Es,afvd;{*qs(s’ a)>
-

(# gradient update: w't! = w! + 'V _A(x', w")
R S

“ = k/




Maximum Entropy Inverse RL Algorithm framework

max minE, , .. Inz(als)+w' <UES’aNdﬂq§(s, a)—E, @, a)>
weR? 7z H H ’ H

=L (m,w)
Initialize w° € R4
Fort=0->T-1

‘_ ~ N
= atgmin Es ards ()¢, @) +Inn(als)] (# best response: 7' = arg min £(r, w'))
T

with = w! +7 <[Es,a~dg¢(s, a) — [Es,afvd;{*qs(s’ Cl))

Return % = Uniform(a®, ... #7-) (# gradient update: w't!l = w! + 'V _£A(x', w")



Maximum Entropy Inverse RL Algorithm framework

maxminE, . Inz(a|s) +w' <[EY amdi® (s, a) — E (s, a)>
weR? 7z 9> H 9> H s H

=L (m,w)
e 1 0 d
Initialize w* € R This is like an RL problem w/ cost
Fort=0->T-1 c(s,a) := W) (s, a), but w/ an additional In z(a | 5)

r . nNT
7= arg m; [ES’aNdff [(W ) ¢x,a) +Inzlals) (# best response: 7' = arg min £(r, w'))

with = w! +7 <[Es,a~d;j¢(s’ a) — [Es,afvd;{*qs(s’ a)>

(# gradient update: w't!l = w! + 'V _£A(x', w")

Return 7 = W—l)g/

e i Qo)



Maximum Entropy Inverse RL Algorithm framework

maxminE, . Inz(a|s) +w' <[EY amdi® (s, a) — E (s, a)>
weR? 7z 9> H 9> H s H

=L(m,w)

- 0 d
Initialize w™ € R This is like an RL problem w/ cost

Fort=0->T-1 c(s,a) := W) (s, a), but w/ an additional In z(a | 5)

S
r . nNT
7= argmi Es grds ()7 ¢@ a) +In2(als) (# best response: 7' = arg min £(r, w'))
T

W= (b 5.0) ~ By g 6. 0))./

Return 7 = Uniform(2®. ... #7) (# gradient update: w't!l = w! + 'V _£A(x', w")



Plan for Today:

w . The Iterative Algorithm framework

2. How to compute best response: Soft Value Iteration (DP again)

argmin kg, [c(x, a)d Inn(als
z T

_
f
Ojs-f -Fwwt)m: T Bl s C/Ls\a);@/{) 72)(/9‘“)

3. The MaxEnt-IRL algorithm




Maximum Entropy RL: Soft Value lteration

argminlEg ds [c(s, a)+ Inn(a| s)]

= 1 E ) [ C L4 — Euttopy (T(" 93))




Maximum Entropy RL: Soft Value lteration

argminEg g [c(s, a)+ Inn(a| s)]

Soft Value Iteration for finite horizon MDP (Dynamic Programming again):

¥ (/l/l ]
\/ (9) = MmN % [ Z C (%, ae) /rﬂj\,‘ﬁ%tﬂw[%) Su= S
\'1 fn/h’ﬁh,el ‘t;l’\ ﬁ'(,"';[lf

— ﬂ\’]’]



Maximum Entropy RL: Soft Value lteration

argminEy g [c(s, a)+ Inzn(al s)]

Soft Value Iteration for finite horizon MDP (Dynamic Programming again):

Vals)=0 , s
A



Maximum Entropy RL: Soft Value lteration

argminEg g [c(s, a)& Inn(als ]
T

Soft Value Iteration for finite horizon MDP (Dynamic Programming again):
Vi(s) =

QZ((S, a) = c(s,a) + ES'NP(.|S’G)V;T+1(SI)
A

—_—

NS

\/\-)\/\0\{\5 Y\ ,ﬂ):\/(' ]§> NN

éﬂ@)
V%‘”é“w[ 2 0@ [uww&mi(& >+ M]J
’&/k 4

@*b\(é~“>



Maximum Entropy RL: Soft Value lteration

argminEg g [c(s, a)+ Inn(a| s)]

T

Soft Value Iteration for finite horizon MDP (Dynamic Programming again):
Vi(s) =
QZ((S’ a) = c(s,a) + ES'NP(.|S’Q)V;T+1(S/)
7+ ) = arg min Zp(a)Q,,*(s a)+ Y p@)ln p(a)

P

Z) — Euwyrsey (P)
Z (=1

5«



Maximum Entropy RL: Soft Value lteration

argminEy g [c(s, a)+ Inzn(al s)]

Soft Value Iteration for finite horizon MDP (Dynamic Programming again):
Vi) =0

Q;T(S’ a) = c(s,a) + ES'NP(.|S’Q)V;T+1(S/)

7+ ) = arg min Za‘,pm)Qh*(s, a) + za‘,pm)lnp(a)

Use Lagrange (we have a constraint here Z p(a) = 1), we can show:

a



2 P(a) @\Num 2 fese)
w2 ]

L-m

Qe w)

Maximum Entropy RL: Soft Value Iteratlon@

argminEg g [c(s, a)+ Inn(a| s)]

T

Soft Value Iteration for finite horizon MDP (Dynamic Programming again):

V\Mi; m:j'x ﬂ({(o/ w)

Vi(s) =

Oy (s,a) = c(s,a) + Egp(.s.0)Vier () = V{, 1 pw)—p
‘/Fd r sS.ot \[\ - L
(- |s) = arg min [Z p(@)Q) (s, a) + Z p(a)n p(a ijcﬂ w)=o
s~ pEA@A) a — a =
€ACA 4 1 sollye For 19
Use Lagrange (we have a constraint here Z p(a) = 1), we can show: \

exp(— Q;T (s,a))

m,(als) = S exp(—07 )




Maximum Entropy RL: Soft Value lteration

argminEg g [c(s, a)+ Inn(a| s)]

T

Soft Value Iteration for finite horizon MDP (Dynamic Programming again):
Vi) =0

N - QZ((S, a) = c(s,a) + ES'NP(.|S’Q)V;T+1(SI)
@ Al @, ) |

N e (v~ " x . — . *
{\h(.\q// L/W:f’ ™ ﬂh2 | $) argprenAl&) lgp(a)Qh (s,a) + ;,o(a)lnp(a)
Us@e have a constraint here Z p(a) = 1), we can show: of et )z
O ¢ 7 J RL
5\\1\ (4. ~1= D .
exp(—Qy (s, a))

(contrast this to
2 exp(=0p(s,a’))

S Ls.a)z x B my(als) arg min Q*(s,a) )

a

2 =4



Maximum Entropy RL: Soft Value lteration

argminEy g [c(s, a)+ Inzn(al s)]

Soft Value lteration for finite horizon MDP (continue)

Q< (s,a) = c(s,a) + Eypiis.a) Vi (89

exp(— 0y (s, a))
2, exXp(=Qf (s, a))

my(als) =



Maximum Entropy RL: Soft Value lteration

argminEy g [c(s, a)+ Inzn(al s)]

Soft Value lteration for finite horizon MDP (continue)

Q< (s,a) = c(s,a) + Eypiis.a) Vi (89

exp(— 0y (s, a))

7 (als) = Z ,exp(—Qp(s,a’)

V() = Egupcpy [N 7@l ) + Qf(s.a)] = <Z exp (- Q) (s, a) )



Maximum Entropy RL: Soft Value lteration

argminEg g [c(s, a)+ Inn(a| s)]

T

Soft Value lteration for finite horizon MDP (continue)

Q< (s,a) = c(s,a) + Eypiis.a) Vi (89

exp(— 0y (s, a))
2, exp(=0j(s,a’)

my(als) =

(contrast this to

Vi (s) = Eqerrip) [Inz}@als)+ Qf(s.a)] = - <Z exp (—Q}(s, a) ) min Q*(s, a))

a



Maximum Entropy RL: Soft Value lteration

argminEg g [c(s, a)+ Inn(a| s)]

T

Soft Value lteration for finite horizon MDP (continue)

Q< (s,a) = c(s,a) + Eypiis.a) Vi (89

exp(— 0y (s, a))

) S 0 .a)

(contrast this to

Vi (s) = Eqerrip) [Inz}@als)+ QF(s,a)] = <Z exp (—Q}(s, a) ) min Q*(s, a))

a

Oy ((s,a) = c(s,a) + Egp(.s.0) Vi (8)



Plan for Today:

1. The Iterative Algorithm framework ,jll\m‘& N

[ 7=

2. How to compute best response: Soft Value Iteration (DP again)
N

argminlEy ;. [c(x, a) + Inz(a| s)] N

d e \ r; C (_(4\) — Efrory (ﬂ(*/ﬁ)

— n 2
=> > s’avﬂ’?a -

3. The MaxEnt-IRL algorithm



Maximum Entropy Inverse RL Algorithm framework

maxminE, . Inz(a|s) +w' <[ES amar®(s,a) — E. (s, a))
weR? x | s | s ’ s

=L (m,w)
Initialize w® € RY  _, § Mo -~ T’W‘S
<1 vr

soft-V (c(s, a) = (WI)T@QL (# best response: 7' = arg min £(r, w'))
) g

Return % = Uniform(a®, ... #7-) t Ko (# gradient update: w't!l = w! + 'V _£A(x', w")

H T L?@”Q/ QJ;‘;“F%'M ’(z/c’ 5

90.v4/m S o~




Maximum Entropy IRL: Calculate Trajectory Likelihood



Maximum Entropy IRL: Calculate Trajectory Likelihood
Given a trajectory 7 = {y, dg, -+ > Sg_1> Agy_1 }

What’s the likelihood of 7 being generated by expert?



Maximum Entropy IRL: Calculate Trajectory Likelihood
Given a trajectory 7 = {y, dg, -+ > Sg_1> Agy_1 }

What’s the likelihood of 7 being generated by expert?
H-1

In (p*(r)) = Z [In P(Sjyt | 53 @) + In (et | 53)]
h=0



Maximum Entropy IRL: Calculate Trajectory Likelihood
Given a trajectory 7 = {y, dg, ---» Sg_1, Agy_1 }

What'’s the likelihood of 7 being generated by expert?
H-1

n (pﬁ(r)) = Z [ln P(spqq |8 ap) + I0(7(ay, | s3,)
h=0

State space: grid, D (S [ Swdn) 'S Aetormaisti o
action space: 4 actions

V-,




Summary for Today:

1. Maximum Entropy IRL framework
max E,_ . lentropy (n( - |S))]
Ja H

S.t, [Es,a~d;;¢(sa a) = [Es’aNdﬁ*gb(s, a)

,\FM{’WM W c—l’(/Lwlvé/




Summary for Today:

1. Maximum Entropy IRL framework
max E,_ . lentropy (7[( - |S))]
Ja [
S.t, [Es’aNdﬁgb(s, a) = [Es’aNdﬁ*gb(s, a)

(_/ F}Q}bi ‘RQ/)G)\’)VL&O\ v Sojl‘t Uo\\A,Q 1{%?@‘{'.Lf

2. Inside MaxEnt-IRL, we perform Maximum Entropy RL.:
Nota_

H-1
min [E [ Z (c(sh, a,) — entropy(z,( - |Sh))) |'sg ~ p,a), ~ my( - |sh)]

TTys -+ s W1 h=0 — — —m—



