Policy Evaluation



Announcements

HWO is out today (due March 2rd, 11:59 pm ET)
(Gradescope entry code: BP3B3N)

Office hours start this week:

Wen: Tuesday and Thursday, 10:55am - 11:30am
Wen-Ding: Friday 3pm-4pm
Hadi: Wednesday 2:30-3:30pm
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Recap: Definitions

M= {S,A,P,r,v}
P:SXA- AWN), r:S5xA-|[0,1], ye€]0,1)

Policy z:S+— A

Value function V*(s) = E lz Y'r(s,, a,) | sy = s, a, = w(s;), sp1 ~ P+ | sy, ah)]
h=0

Q function O%(s,a) = E lz yhr(sh, a,) | (s, ag) = (s,a),a, = n(sy), S, ~ P(C- |5, dh)]
h=0
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Recap: Optimal Policy

For Discounted infinite horizon MDP, 3 a deterministic policy 7* : S — A:
V*(s) > V*(s),Vs,Vx

Bellman Optimality (DP):

1. For V*, we have V*(s) = max [r(s, a) + yk S/NP(S’a)V*(S/)] , Vs

A

2. For V that satisfies V(s) = max [r(s, a)+vy

)V(S’)] , Vs,
we have V(s) = V*(s), Vs

—s'~P(s,a

In HWO, we will study Bellman Optimality for O*/0
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Recap: State-action distribution

P (s, a; sp) = Z P*(sg, Qgy - -5 Sy_1, 1S, = S, a4, = a)

aO,SI,al,. . .,Sh_l,ah_l

di(s,a) = (1=7) ), v"Pi(s,ai50)
h=0




Today: Policy Evaluation

Key Question:

Given MDP ./ = (S,A,r,P,y) &an: S — A,
how good is 7?

i.e., how to compute V*(s), Vs?



Motivation for Policy Evaluation

We want to evaluate our strategy

against some opponent
(we can abstract our strategy as

policy )
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Motivation for Policy Evaluation

B \\Ve want to evaluate our strategy

against some opponent
(we can abstract our strategy as

policy )

We want to evaluate our
recommendation strategy before
we release It to users



A more fundamental motivation...

Recall that we have A® many policies.
To select the optimal policy, we need to do evaluation



Outline:

1. Exact Policy Evaluation

2. Approximate Policy Evaluation via an Iterative Algorithm
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Exact Policy Evaluation

Setup: we have MDP ./ = (S, A, P, v, r), and policy z, we want to compute V”*

We know that for V*, we have Bellman equation:

Vs, Vi(s) = r(s, 7(5)) + YE pisas) V()

This gives us S many linear constraints
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Exact Policy Evaluation

Let’s form linear constraints. Denote V(s) as our estimator for s € S

Vs, V(s) = r(s, n(s)) + }/2 P(s’|s, n(s)) V(s

s'es

Denote V € RPI. R € R, where R, = r(s, n(s)), and
P € RPXIS \where P, = P(s'|s, n(s)),

we can combine all S many constraints together:

V=R+yPV



Vel

Exact Policy Evaluation

RIS where R, = r(s,n(s)),and P € |

SIXISI \where P, = P(s'| s, 7(s)),

we can combine all constraints together:
V=R+yPV

v = ol + Y

P(-1s, 7(s))

P |4



Exact Policy Evaluation

Since V = r + yPV, we can obtain V as:

V=(U-yP) 'R



Exact Policy Evaluation

Since V = r + yPV, we can obtain V as:

V=(U-yP) 'R

In HWO, we will show that (/ — yP) is full rank (thus invertible)



V(%)

Summary so far:

(S

) + Y [ PCIsat)




Summary so far:

v = ) + Y[ PC I a)

|4 R P |4

V=U-yP) 'R

Downside: computation expensive: matrix inverse is O(S>)




Outline:

1. Exact Policy Evaluation

2. Approximate Policy Evaluation via an lterative Algorithm

(An approximation solution could be enough, i.e., trade accuracy for computation)



Detour: fix-point solution
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Detour: fix-point solution

Consider x* = f(x*), f: [a,b] ~ [a,b]

Common approach to find x* :

Initialize x € [a, b], repeat: x'T! = A(x")

If fis a contraction mapping,
.e., Vx,x', | f(x) —f(x")| <y|x—x'|,forsomey € [0,]), then:
x!' = x*, ast — o0



V" is a fix-point solution:

Vs, V() = r(s, n(s)) +y 'SNP(S,JT(S))VE(S/)



V" is a fix-point solution:

Vs, V() = r(s, n(s)) +y 'SNP(S,JT(S))V”(S/)

V¥ =R+ yPV”"



Ilterative Policy Evaluation:

Algorithm (Iterative PE):

Start with some initialization V° € |0, 1/(1 — y) ! repeatfori=0....
Vil < R+ yPV!




Ilterative Policy Evaluation:

Algorithm (Iterative PE):

Start with some initialization V° € |0, 1/(1 — y) ! repeatfori=0....
Vil < R+ yPV!

V! (3) g 7R Y | PCIs26)

Vt+ | R P Vt



Ilterative Policy Evaluation:

Algorithm (Iterative PE):

S
Start with some initialization V° € |0, 1/(1 — y)]‘ repeatfori=0...

Vil < R+ yPV!

P(-|s, n(s))

P

Vt

Q: What’s computation complexity
per iteration?



Ilterative Policy Evaluation:

Vit < R+ yPV'

V*L(s) = r(s, ai(s)) + Y 'S'NP(s,ﬂ(s))Vt(S/)

Vi(s) = r(s, n(s)) +y _S'NP(S,n(S))Vﬂ(S )



Convergence of Iterative PE

Theorem:

Recall y € [0,1). After t iterations, we have:
Vs, [ Vis) = V)| <y | Vo-vr ]
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Vs,

Convergence of Iterative PE

Theorem:

Recall y € [0,1). After t iterations, we have:
Vs, [ Vis) = V)| <y | Vo-vr ]

VH_I(S) _ V?Z'(S)

r(s, n(s)) +y _S’Np(.|s,ﬂ(s))Vt(S,) — (’”(Sa n(s)) + v _S’Np(.|s,ﬂ(s))vﬂ(s,)>



Vs,

Vi (s) — VA(s)

r(s, n(s)) +v

Convergence of Iterative PE

Theorem:

Recall y € [0,1). After t iterations, we have:
Vis) = Vi) | < v | Vo-vr

Vs,

‘Spr(.|S,,,(S))Vt(S’) — <r(s, 7(s)) +vy

= spClsaisnV () = Bgop( s agsy V()

—5'~P(-|5,7(5)) VE(S ,) )




Vs,

|
&

VH_I(S) _ VE(S)

r(s, n(s)) +v

Convergence of Iterative PE

Theorem:

Recall y € [0,1). After t iterations, we have:
Vis) = Vi) | < v | Vo-vr

Vs,

_S’NP(-ls,ﬂ(s))Vt(S,) _ <7'(S, E(S)) Ty

= spClsaisnV () = Bgop( s agsy V()

C b sty | V() = V(s

P Clsa(s)V (S '))




Convergence of Iterative PE

Theorem:

Recall y € [0,1). After t iterations, we have:
Vs, [ Vis) = V)| <y | Vo-vr ]

Vs, | VITL(s) = VE(s)

r(s, 7(s)) +y _S’Np(.|s,ﬂ(s))Vt(S,) — <r(S9 (s)) +y _S’Np(.|s,ﬂ(s))vﬂ(s,)>
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Convergence of Iterative PE

Theorem:

Recall y € [0,1). After t iterations, we have:
Vs, [ Vis) = V)| <y | Vo-vr ]

Vs, | VITL(s) = VE(s)

r(s, n(s)) +y _S’Np(.|s,ﬂ(s))Vt(S,) — <r(S9 (s)) +y _S’Np(.|s,ﬂ(s))vﬂ(s,)>

= spClsaisnV () = Bgop( s agsy V()

|
&

Vi(s') = V(s

S YEyp(Is,a(s))

SyHVt_VﬂHOO N |Vz+1_Vn||OOSy || Vz_Vn”OO



Summary so far:

Vi) « ) + Y [ PCIs.at)

Vi 1 R P V4

Convergence:

| vt —ve |l <y ve=ve]| <t v —ve|
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1. Exact Policy Evaluation

2. Approximate Policy Evaluation via an Iterative Algorithm
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Summary

Key Question today: Given MDP ./Z, and a policy 7, How to compute V*(s), Vs?

1. The exact algorithm V = (I — yP)~ 'R requires matrix inverse O(S°)

1. For iterative PE algorithm, to find a € accurate value function, we need :

| vo—vr|
In o / In(1/y)

€

Computation wise, we need O (52 In (

€

)

E of Iterations:

:
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Summary

Key Question today: Given MDP .Z, and a policy 7, How to compute V*(s), Vs?

Bellman Equation

|

o A fix-point equation:

A\
e V" =R+ yPV”
fheorem OV PVENS Aig: terative PE
IV = V7l < VIIVO = V7|, Vitl = R4+ yPV!
\ Fix-point iteration /

framework



Next two lectures:

Given MDP .Z, how to compute the optimal policy 7*, and V*



