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1 Simulation Lemma

Consider two infinite horizon MDP M = {8, A,r, P, ~} and M = {S, A, r, P,~v}. Consider any policy 7 : S — A(A) (note
that here we consider stochastic policy, i.e., a policy that maps from a state to a distribution over .A).

Recall that P7 (s, a; so) is the probability of 7 reaching (s, a) at time step h starting from sg. Denote P7 (s; so) as the
probability of 7 reaching s at time step i from s, i.e., P} (s;s0) = >, P} (s, a; 50).

Let us denote V7 (sq) = E [220:0 Vi (sp, ap)|m, 13} cand V™ (s) = E [Yp2 o 7" 7 (sn, an)|m, P]
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Proof. Using Bellman equation for V™ and V™, we have:

V™ (50) = V7 (50) = VEagrrm(-Is0) {Emﬁ(so,%)V”(S’) - Es/NP(SO,a())V”(S')}
= YEqpmr([s0) {Eszwﬁ(so,ag)ﬁﬂ(sl) — Egmp(so,a0) V™ (8) + Egrmp(s0,00) V™ (8) = Egr p(sgsa0) VT (8')
= YEqgnr(-]50) {ES/NJS(SWO)‘A/W(SI) - ES’NP(Sg,ao)‘/}W(S/)}

+ ’YE%NWHSO) [ES/NP(SO,GO)VW(S/) - ]ES/NP(SOVGO)VW(SI)}

term a

For term a, note that by Markovian property, P™(s1;50) = >, 7(ao|so)P(s1(s0,a0) = Eqgr(-s0)P(51]50, a0), we can
apply the same operation (i.e., recursion), we have:

term a = YE, pr (.50 [17”(31) - V”(sl)}
= VEq, ~P7 (150 [WEMW(.M)[Esfwﬁ(sl,al)ffﬂ(s/) — Eap(sr.an)V(8)] + VEay (o) [EamP(sr.a0) VT (8") = Bgrop(sy.an V(5]
=V Ea a1n81 (550 [BarnB(s1,n) V7 (5) = Botnp(or,an) V()]
9By pg(in0) [V (52) = V7 (5)]
PT(s1,a1; s0)P(s|s1,a1).

where last step we use the Markovian property again, i.e., P5(s;s0) = >_, o,



Now combine the above derivations, we get:
‘A”(So) — V7™(s0)
= YEag~r(-|s0) [ES/Nﬁ(SO,ao)f}W(S/) - ES’NP(so,ao)‘?ﬂ<sl)}
+ Y Esy a1 BT (-,-350) |:]Es’~13(31,a1)‘7ﬂ—(8/) - Es’NP(sual)‘A/ﬁ(S/)}

+ Y Eoynpy (-150) [‘7”(52) - V”(Sz)}

= Z’}/h+1EsvaNP2('7'?SO) [Es’~ﬁ(s,a)vw(3/) _ ]ES/NP(Sya)Vﬂ'(SI)}
h=0

= o Beanar [Es/Nﬁ(s,a)V”(s’) - Espr(s,a)W(s')} ,

Lastly, let us add absolute value on both sides, we get:
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The second part of the lemma uses the fact that V™ (s) € [0,1/(1 — ~)] for all s (since our reward r € [0, 1)), and the
inequality that:

[Erpf (@) = Exnqf(2)] < sup[f(2)] [P = Qlly

for any distributions P and () and any function f(z).
Exercise: Derive a similar result for finite horizon MDP M = {S, A, P,r, H, so}. We should have something like:
H-1 R
VOW(SO) - VE)W(SO)‘ < Z ESh,ahNPZ{(w';SO) ES,NP(Shtah)‘/}ZrJFl (Sl) - Es/wﬁ(sh,,ah)vfﬁ-l (5/)
h=0

where we should understand ‘A/H”(s) = 0 (as the episode ends at H — 1), i.e., we can abstract this additional step H where we
do not have any reward.
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