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1 Performance Difference Lemma

Consider an infinite horizon MDP M = {S, A, r, P,~v}. Consider any policy 7 : S — A(A) and two policies,
7:S+— A(A)and 7’ : S — A(A).

Recall that P} (s, a; sg) is the probability of 7 reaching (s, a) at time step h starting from sg. Denote P} (s; s)
as the probability of 7 reaching s at time step h from sq, i.e., P} (s;50) = >, P} (s, a; s0). Recall that d (s, a) :=
(1 =7) 520" Py (s, a; s0), and we denote d (s) = >, dZ (s, a).

Let us denote V™ (so) = E [>°7% o v"r(sn, ap)|m, P]

Lemma 1 (PDL (Kakade and Langford, 2002)). For any state sg € S, we have

! 1 7.rl
V7(50) = V7 (50) = 7= Eona, [Banrio A7 (5,0)]

where A™ (s,a) = Q™ (s,a) — V™ (s).

Proof.

V7™(s0) — V™ (s0)

— VW(SO) _ ]E(LONTI'("SO) |:T(SO, (IO) + ’Y]ES/NP(S(),(LQ)VTF/(S/)} + ]E(J,ONTK'("SO) |:T(S(), CLO) + ’YES'NP(SO,QO)VTF

/

()] = V™ (s0)
= Ea()NTF("S()) [T(S(]a aO) + ’YES’NP(SO,aO)VW(S,)] - anf\ﬂr(-|so) |:T(807 aO) + VES’NP(so,ao)Vﬂl(Sl)}

()] = V™ (s0)
]ES1~P(S(),ao) _Vﬂ—(sl) - Vﬂ/(sl)_

+ Eagmr(-|s0) [7‘(80, a0) + VEg~P(sp.a0)V
= YEagm(-|s0)
+ Eggrrn(-|s0) [7“(80, ao) + ’Y]ES/NP(SO,aO)V”,(S/)] — V™ (s0)
= YEqgmr(-[50) Esi~P(s0,a0) :VW(Sl) - VW/(Sl): + Eagor(-|s0) [QW/(SO, ap) — VWI(SO)}
= Vg r(50)Esi~Pso,a0) :V“(81) - V“I(Sl): FEag o (|s0) [AW/(SOaCm)}

term a




For term a, note that by Markovian property, P (s1; 50) = >, m(aolso) P (5150, a0) = Eqgmn(.|so) P (51]50; a0),
we can apply the same operation (i.e., recursion) for the term V7 (s;) — V™ (s;), we have:

term a = 1B, g (sa0) [V (51) = V7 (51)]

= VEq,~P7 (50 [VEalw(-m)ESQNP(sl,al) [V”(82) — V™ (82)| + Eqyrn(isn A (51,a1)

= ’YQESQNPQ(-;SO) [VW(SZ) - Vﬂ/(32)} + 7E51,a1~P’1T(-,-;so)A7rl(517 ai)
where last step we use the Markovian property again, i.e., P5(s;50) = >_, ,, PT(s1;50)m(a1|s1)P(s|s1,a1). Note

that at this stage, we can apply the same operation (i.e., recursion) to the term V7™ (s3) — V™ (s3).
Now combine the above derivations, and repeat the recursion step for infinitely many times, we get:

V7(s0) = V™ (s0)
=E ag~ (- \so)Aﬂ-l(307 CL()) + VEsl,aleT(-,-;so)Aﬂ/(31; al) + 72E52~P’27(-;30)[Vﬂ(32) - VWI(SQ)]

00
= Z ’Vh]Es,aNIP’Z(-,-;sO)ATF (37 CL)
h=0
1 .
= ﬁES’aNd;rOA (S7 a).

O

Exercise: Derive a similar result for finite horizon MDP M = {S, A, P, r, H, sy }. We should have something
like:

H-1

V ( ) ‘/0 Esh,ahNP ° ,So)Ah (Sh7 ah)
h=0

where A7 (s,a) = Q} (s,a) — V7 (s).
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