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1 Performance Difference Lemma

Consider an infinite horizon MDPM = {S,A, r, P, γ}. Consider any policy π : S 7→ ∆(A) and two policies,
π : S 7→ ∆(A) and π′ : S 7→ ∆(A).

Recall that Pπh(s, a; s0) is the probability of π reaching (s, a) at time step h starting from s0. Denote Pπh(s; s0)
as the probability of π reaching s at time step h from s0, i.e., Pπh(s; s0) =

∑
a Pπh(s, a; s0). Recall that dπs0(s, a) :=

(1− γ)
∑∞

h=0 γ
hPπh(s, a; s0), and we denote dπs0(s) =

∑
a d

π
s0(s, a).

Let us denote V π(s0) = E
[∑∞

h=0 γ
hr(sh, ah)|π, P

]
Lemma 1 (PDL (Kakade and Langford, 2002)). For any state s0 ∈ S, we have

V π(s0)− V π′
(s0) =

1

1− γ
Es∼dπs0

[
Ea∼π(·|s)Aπ

′
(s, a)

]
,

where Aπ
′
(s, a) = Qπ

′
(s, a)− V π′

(s).

Proof.

V π(s0)− V π′
(s0)

= V π(s0)− Ea0∼π(·|s0)
[
r(s0, a0) + γEs′∼P (s0,a0)V

π′
(s′)
]

+ Ea0∼π(·|s0)
[
r(s0, a0) + γEs′∼P (s0,a0)V

π′
(s′)
]
− V π′

(s0)

= Ea0∼π(·|s0)
[
r(s0, a0) + γEs′∼P (s0,a0)V

π(s′)
]
− Ea0∼π(·|s0)

[
r(s0, a0) + γEs′∼P (s0,a0)V

π′
(s′)
]

+ Ea0∼π(·|s0)
[
r(s0, a0) + γEs′∼P (s0,a0)V

π′
(s′)
]
− V π′

(s0)

= γEa0∼π(·|s0)Es1∼P (s0,a0)

[
V π(s1)− V π′

(s1)
]

+ Ea0∼π(·|s0)
[
r(s0, a0) + γEs′∼P (s0,a0)V

π′
(s′)
]
− V π′

(s0)

= γEa0∼π(·|s0)Es1∼P (s0,a0)

[
V π(s1)− V π′

(s1)
]

+ Ea0∼π(·|s0)
[
Qπ

′
(s0, a0)− V π′

(s0)
]

= γEa0∼π(·|s0)Es1∼P (s0,a0)

[
V π(s1)− V π′

(s1)
]

︸ ︷︷ ︸
term a

+Ea0∼π(·|s0)
[
Aπ

′
(s0, a0)

]
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For term a, note that by Markovian property, Pπ(s1; s0) =
∑

a0
π(a0|s0)P (s1|s0, a0) = Ea0∼π(·|s0)P (s1|s0, a0),

we can apply the same operation (i.e., recursion) for the term V π(s1)− V π′
(s1), we have:

term a = γEs1∼Pπ1 (·;s0)
[
V π(s1)− V π′

(s1)
]

= γEs1∼Pπ1 (·;s0)
[
γEa1∼π(·|s1)Es2∼P (s1,a1)

[
V π(s2)− V π′

(s2)
]

+ Ea1∼π(·|s1)A
π′

(s1, a1)
]

= γ2Es2∼Pπ2 (·;s0)
[
V π(s2)− V π′

(s2)
]

+ γEs1,a1∼Pπ1 (·,·;s0)A
π′

(s1, a1)

where last step we use the Markovian property again, i.e., Pπ2 (s; s0) =
∑

s1,a1
Pπ1 (s1; s0)π(a1|s1)P (s|s1, a1). Note

that at this stage, we can apply the same operation (i.e., recursion) to the term V π(s2)− V π′
(s2).

Now combine the above derivations, and repeat the recursion step for infinitely many times, we get:

V π(s0)− V π′
(s0)

= Ea0∼π(·|s0)A
π′

(s0, a0) + γEs1,a1∼Pπ1 (·,·;s0)A
π′

(s1, a1) + γ2Es2∼Pπ2 (·;s0)[V
π(s2)− V π′

(s2)]

...

=

∞∑
h=0

γhEs,a∼Pπh(·,·;s0)A
π′

(s, a)

=
1

1− γ
Es,a∼dπs0A

π′
(s, a).

Exercise: Derive a similar result for finite horizon MDPM = {S,A, P, r,H, s0}. We should have something
like:

V π
0 (s0)− V π′

0 (s0) =
H−1∑
h=0

Esh,ah∼Pπh(·,·;s0)A
π′
h (sh, ah),

where Aπh(s, a) = Qπh(s, a)− V π
h (s).
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