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: the maximum value we could possibly achieveV⋆(s)



Question for Today and Wed:  

Given an MDP  , How to find  (approximately)


 

ℳ = (S, A, P, r, γ) Q⋆ and π⋆
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Motivation for Finding the Optimal Policy

Find the strategy w/ the highest 
prob of winning


(i.e., a policy that maps the board 
position to the next move)

Find the strategy (i.e., a mapping from 
robot & ball configuration to torques) 
that picks the ball and moves it to a 

goal position ASAP



Outline:

2: An Iterative Algorithm: Value Iteration  

1: Bellman optimality



Example of Optimal Policy π⋆

Consider the following deterministic MDP w/ 3 states & 2 actions
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What’s the optimal policy?
γ ∈ (0,1)
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Example of Optimal Policy π⋆

Consider the following deterministic MDP w/ 3 states & 2 actions

s0

s1

s2

a0

a1

a0 a1

a0

a1

Reward: , 
0 everywhere else

r(s1, a0) = 1
If we were told , 

how to compute 
V⋆(s1) & V⋆(s2)

V⋆(s0)
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could possibly achieve
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V⋆(s) = max
a [r(s, a) + γ𝔼s′ ∼P(⋅|s,a)V⋆(s′ )]

Bellman Optimality

Recall that Q⋆(s, a) = r(s, a) + γ𝔼s′ ∼P(⋅|s,a)V⋆(s′ )

This implies that  is an optimal policyarg max
a

Q⋆(s, a)

Bellman Optimality

An optimal policy should pick 
this action at s
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a [r(s, a) + γ𝔼s′ ∼P(⋅|s,a)V⋆(s′ )]

We now know:

What’s the Q version?
Q⋆(s, a) = r(s, a) + γ𝔼s′ ∼P(⋅|s,a) max

a′ 

Q⋆(s′ , a′ )

To estimate , we will use the fix-point iterative approach againQ⋆
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Q : S × A ↦ ℝ

𝒯Q : S × A ↦ ℝ

(𝒯Q)(s, a) := r(s, a) + γ𝔼s′ ∼P(⋅|s,a) max
a′ ∈A

Q(s′ , a′ ), ∀s, a ∈ S × A

We can express , so Q ∈ ℝ|S||A| 𝒯Q ∈ ℝ|S||A|

i.e., think about  as a (non-linear) mapping that maps from  to 𝒯 ℝ|S||A| ℝ|S||A|



High Level idea for Algorithm Design

Fix-point iteration again!



High Level idea for Algorithm Design

Fix-point iteration again!

Recall Bellman Optimality for :
Q⋆

Q⋆(s, a) = r(s, a) + γ𝔼s′ ∼P(⋅|s,a) max
a′ 

Q⋆(s′ , a′ )



High Level idea for Algorithm Design

Fix-point iteration again!

Recall Bellman Optimality for :
Q⋆

Q⋆(s, a) = r(s, a) + γ𝔼s′ ∼P(⋅|s,a) max
a′ 

Q⋆(s′ , a′ )

We have , 

i.e.,  is a fix-point solution of 

Q⋆ = 𝒯Q⋆

Q⋆ Q = 𝒯Q



Value Iteration Algorithm:

1. Initialization:  Q0

2. Iterate until convergence: Qt+1 ⇐ 𝒯Qt



Value Iteration Algorithm:

1. Initialization:  Q0

2. Iterate until convergence: Qt+1 ⇐ 𝒯Qt

We hope Qt → Q⋆, as t → ∞



Exercise
Q0(s, a) = 0,∀s, a

1. Compute 
Q1(s, a), Q2(s, a), ∀s, a

s0

s1a0

a1

a1

Reward: , 
0 everywhere else, 

r(s1, a1) = 1

γ = 0.5

a0 2. Compute 
∥Qi − Q⋆∥∞ for i ∈ {0,1,2}

3. How does  
behave as  increases

∥Qi − Q⋆∥∞
i

Qt+1(s, a) = r(s, a) + γ𝔼s′ ∼P(⋅|s,a) max
a′ 

Qt(s′ , a′ )
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Convergence of Value Iteration:
Lemma [Convergence]: Given , we have:
Q0

∥Qt − Q⋆∥∞ ≤ γt∥Q0 − Q⋆∥∞

∥Qt+1 − Q⋆∥∞ = ∥𝒯Qt − 𝒯Q⋆∥∞ ≤ γ∥Qt − Q⋆∥∞

… ≤ γt+1∥ ̂Q 0 − Q⋆∥∞



Summary so far:

VI (a fix point iteration alg): 

 Qt+1 ⇐ 𝒯Qt

VI convergence (via contraction) 

i.e., ∥Qt − Q⋆∥∞ ≤ γt∥Q0 − Q⋆∥∞



Summary so far:

VI (a fix point iteration alg): 

 Qt+1 ⇐ 𝒯Qt

VI convergence (via contraction) 

i.e., ∥Qt − Q⋆∥∞ ≤ γt∥Q0 − Q⋆∥∞

What about the policy? Ultimately, we do want …π⋆


