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Recap on Bellman Error and Bellman Operator

Bellman error of f(s, a)

BE(s, a) = f(s, a) − (r(s, a) + 𝔼s′ ∼P(⋅|s,a) max
a′ 

f(s′ , a′ ))
If , then BE(s, a) = 0,∀s, a f(s, a) = Q⋆(s, a), ∀s, a

Bellman Operator  of 𝒯 f

[𝒯f ](s, a) = r(s, a) + 𝔼s′ ∼P(⋅|s,a) max
a

f(s′ , a′ )

𝒯f : S × A → ℝ



Notations

Probability of  visiting  at time step : π (s, a) h dπ
h (s, a)



Setting

Finite horizon episodic MDP {{Xh}H
h=0, {Ah}H−1

h=0 , H, x0, r, P}

State space  is extremely large: Xh

x =

Not acceptable: poly ( |X |)
Q: can we generalize using function approximation
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Let’s set up function class in RL setting

We will consider Q function class for now (and model class later)

ℱ ⊂ X × A ↦ [0,1]

Realizability assumption: 

Q⋆ ∈ ℱ

Define policy class: Π = {π : π(x) = arg max
a∈A

f(x, a), ∀x ∈ X | f ∈ ℱ}

i.e., each Q-approximator  induces a policy (greedy w.r.t  )f f



Learning Goal: 

We will do PAC in this lecture rather than regret. 

Given approximation error  and failure prob ,   
can we learn  near optimal policy (i.e., ) in # of samples scaling 

poly with all relevant parameters (here, we need poly in ) 

ϵ δ
ϵ V ̂π ≥ V⋆ − ϵ

ln( |ℱ | )
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How to check if a Q-approximator is good?

We define average Bellman error below: 

ℰ( f; f̄, h) = 𝔼xh,ah∼d
πf̄
h [f(xh, ah) − r(xh, ah) − 𝔼xh+1∼P(⋅|xh,ah) [max

a∈𝒜
f(xh+1, a)]]

: defines roll-in distribution over  at stage h.f̄ xh, ah

Bellman error measures consistency in one-step Bellman backup, e.g., ℰ(Q⋆; f̄, h) = 0

Hence, any  such that  is an incorrect  approximatorf ℰ( f; π, h) ≠ 0, Q⋆
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Optimism Led Iterative Value Function Elimination (OLIVE)

Initialize ℱ0 = ℱ

For t = 0,…

ft = arg max
f∈ℱt

(max
a

f(x0, a))
If  return Ṽ πft − max

a
ft(x0, a) ≤ ϵ, πft

Version space update:

ℱt+1 = {f ∈ ℱt : ℰ̃ ( f; πft, h) ≤ δ, ∀h ∈ {0,1,…, H − 1}}



Estimating Bellman Error under a fixed Roll-in Policy:

Given a fixed , we can evaluate all  efficiently statistically (not computationally):πf̄ f

∀f : ℰ( f; f̄, h) = 𝔼xh,ah∼d
πf̄
h [f(xh, ah) − r(xh, ah) − 𝔼xh+1∼P(⋅|xh,ah) [max

a∈𝒜
f(xh+1, a)]]



Estimating Bellman Error under a fixed Roll-in Policy:

Given a fixed , we can evaluate all  efficiently statistically (not computationally):πf̄ f

∀f : ℰ( f; f̄, h) = 𝔼xh,ah∼d
πf̄
h [f(xh, ah) − r(xh, ah) − 𝔼xh+1∼P(⋅|xh,ah) [max

a∈𝒜
f(xh+1, a)]]

= 𝔼xh,ah∼d
πf̄
h ,xh+1∼P(⋅|xh,ah) [f(xh, ah) − r(xh, ah) − max

a∈𝒜
f(xh+1, a)]



Estimating Bellman Error under a fixed Roll-in Policy:

Given a fixed , we can evaluate all  efficiently statistically (not computationally):πf̄ f

∀f : ℰ( f; f̄, h) = 𝔼xh,ah∼d
πf̄
h [f(xh, ah) − r(xh, ah) − 𝔼xh+1∼P(⋅|xh,ah) [max

a∈𝒜
f(xh+1, a)]]

= 𝔼xh,ah∼d
πf̄
h ,xh+1∼P(⋅|xh,ah) [f(xh, ah) − r(xh, ah) − max

a∈𝒜
f(xh+1, a)]

≈
1
N

N

∑
i=1

[f(xi
h, ai

h) − r(xi
h, ai

h) − max
a∈𝒜

f(xi
h+1, a)]



Estimating Bellman Error under a fixed Roll-in Policy:

Given a fixed , we can evaluate all  efficiently statistically (not computationally):πf̄ f

πf̄

f1 f|ℱ|

ℰ( fi; πf̄, h)

∀f : ℰ( f; f̄, h) = 𝔼xh,ah∼d
πf̄
h [f(xh, ah) − r(xh, ah) − 𝔼xh+1∼P(⋅|xh,ah) [max

a∈𝒜
f(xh+1, a)]]

= 𝔼xh,ah∼d
πf̄
h ,xh+1∼P(⋅|xh,ah) [f(xh, ah) − r(xh, ah) − max

a∈𝒜
f(xh+1, a)]

≈
1
N

N

∑
i=1

[f(xi
h, ai

h) − r(xi
h, ai

h) − max
a∈𝒜

f(xi
h+1, a)]



Estimating Bellman Error under a fixed Roll-in Policy:

Given a fixed , we can evaluate all  efficiently statistically (not computationally):πf̄ f

πf̄

f1 f|ℱ|

ℰ( fi; πf̄, h)

∀f : ℰ( f; f̄, h) = 𝔼xh,ah∼d
πf̄
h [f(xh, ah) − r(xh, ah) − 𝔼xh+1∼P(⋅|xh,ah) [max

a∈𝒜
f(xh+1, a)]]

= 𝔼xh,ah∼d
πf̄
h ,xh+1∼P(⋅|xh,ah) [f(xh, ah) − r(xh, ah) − max

a∈𝒜
f(xh+1, a)]

≈
1
N

N

∑
i=1

[f(xi
h, ai

h) − r(xi
h, ai

h) − max
a∈𝒜

f(xi
h+1, a)]

A poly-size dataset allows us 
to fill up all entries
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OLIVE Revisit (ignoring statistical error for simplicity)

Initialize ℱ0 = ℱ

For t = 0,…

ft = arg max
f∈ℱt

max
a

f(x0, a)

If  return Vπft − max
a

ft(x0, a) ≤ ϵ, πft

Version space update:

ℱt+1 = {f ∈ ℱt : ℰ( f; πft, h) = 0,∀h ∈ {0,1,…, H − 1}}

1. Upon termination we succeed (due to optimism)

2. If not terminate, we make non-trivial progress

3. Total # of such non-trivial progress is bounded
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ft = arg max

f∈ℱt

max
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f(s0, a)

If  return Vπft − max
a

ft(x0, a) ≤ ϵ, πft

Note 

(we only eliminate things that are obviously wrong &  has 

zero bellman error everywhere)

Q⋆ ∈ ℱt, ∀t,
Q⋆

max
a

ft(x0, a) ≥ max
a

Q⋆(x0, a) = V⋆(x0)

|Vπft − max
a

ft(x0, a) | ≤ ϵ ⇒ Vπft ≥ max
a

ft(x0, a) − ϵ ≥ V⋆(x0) − ϵ

Optimism ensures that once termination happens, we are done! 
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We need to argue how many episodes we have before termination

∀h : ℰh ∈ ℝ|ℱ|×|ℱ|

Rank of this Matrix is defined as Bellman Rank
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Other Examples it captures:

Low rank MDP (requires a small modification in definition)

Reactive Predictive State Representation (PSRs)

Reactive POMDP

Examples it does not capture:

Factored MDPs

Linear  (?)Q⋆



Model-based RL: Function Approximation in Model
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𝒫 ⊂ X × A ↦ Δ(X)

1. Realizability assumption: 

P⋆ ∈ 𝒫
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4. Induced Policy, Value function, and Q function class:
Indeed you can 

run OLIVE w/  !𝒬
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f(x)

 => Total Variation Distance; ℱ = {f : ∥f∥∞ ≤ 1}
 => Wasserstein Distance; ℱ = {f : f is 1-Lipschitz}

Assumption (for analysis simplicity): , where recall 𝒱 ⊆ ℱ 𝒱 = {V⋆
P : P ∈ 𝒫}

ℰ(P⋆; π, h) = 0,∀π, h
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𝒫t+1 = {P ∈ 𝒫t : ℰ(P; πt, h) = 0,∀h ∈ {0,1,…, H − 1}}

πt := π⋆
Pt
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Optimism Led Iterative Model Elimination (OLIM)

Initialize 𝒫0 = 𝒫

For t = 0,…
Pt = arg max

P∈𝒫t

V⋆
P (x0)

If  return Vπt − V⋆
Pt

≤ ϵ, πt

Version space update:
𝒫t+1 = {P ∈ 𝒫t : ℰ(P; πt, h) = 0,∀h ∈ {0,1,…, H − 1}}

πt := π⋆
Pt

1. Terminate means we succeed

2. If not terminate, we make progress

3. Total progress is upper bounded 



Rank of this Matrix = Witness Rank

π⋆
P

P

.


.


.

… …

ℰP;π⋆
P ,h

Progress on Model Elimination

MDP +  +  determines the following matrix: 𝒫 ℱ ℰ ∈ ℝ|𝒫|×|𝒫|



Sample complexity of Optimism Led Iterative Model Elimination:

Under some assumption of discriminators  (i.e., ),  

Witness rank <= Bellman Rank ( )

ℱ 𝒱 ∈ ℱ
𝒬



Sample complexity of Optimism Led Iterative Model Elimination:

Poly (H,
1
ϵ

, Witness-Rank, ln( |𝒫 | |ℱ | ))
Under some assumption of discriminators  (i.e., ),  


Witness rank <= Bellman Rank ( )
ℱ 𝒱 ∈ ℱ

𝒬
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Comparison of Witness Rank and Bellman Rank

Let us compare under a specific setup: 

We start with model class , we convert models to Q functions 𝒫 𝒬 = {Q⋆
P : P ∈ 𝒫}

 => Witness Rank and OLIME𝒫
 => Bellman Rank and OLIVE𝒬

Theorem[Exponential Separation]:  
 MDPs (Factored MDP!) and realizable model class , s.t: 

 Witness-Rank( ) is exponentially smaller than Bellman-rank( ) in horizon H
∃ 𝒫

𝒫 𝒬

(More Broadly, Model-based Versus Model-free)


