Strategic Exploration in Large Scale MDPs
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Recap on Bellman Error and Bellman Operator
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Bellman error of f(s, a)
BE(s,a) = f(s,a) — <r(s, a) + By p(|s.a) mgxf(s’,a’))

If BE(s,a) = 0,Vs, a, then f(s,a) = Q*(s,a),Vs,a

Bellman Operator J of f

f £ Tf:SxA >R . [’(T(T(T}ﬁ)/)

[Fff](i, ﬁ) = 1(s,a) + Eyp(.|5q maxf(s',a’)
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Notations

Probability of z visiting (s, a) at time step h: d;(s, a)
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State space X, is extremely large:

Not acceptable: poly ( | X| )%

Q: can we generalize using function approximation
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Let’s set up function class in RL setting .
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Let’s set up function class in RL setting

We will consider Q function class for now (and model class later)

F CXXAr [0,1]

Realizability assumption:

0 e F

Define policy class: I1 = {7 : z(x) = argmax f(x,a),Vx € X|f € F}
acA

i.e., each Q-approximator finduces a policy (greedy w.r.t f)
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Learning Goal:

We will do PAC in this lecture rather than regret.
N

Given approximation error ¢ and failure prob 9,
can we learn € near optimal policy (i.e., V* > V* — €) in # of samples scaling
poly with all relevant parameters (here, we need poly in In(| % |))




How to check if a Q-approximator is good?
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How to check if a Q-approximator is good?

We define average Bellman error below:
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f: defines roll-in distribution over x;, a, at stage h.
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How to check if a Q-approximator is good?
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%} 5 é}/ We define average Bellman error below:
E(fifoh) = E, ama [T @) = 100 @) — By p1x,.a,) [mg;f 115 a)”
a
f: defines roll-in distribution over x;, a, at stage h.
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How to check if a Q-approximator is good?

We define average Bellman error below:
E(fif,h) = [Exh,ah~d;f S ap) — (g, ap) — lExh+1~P('|xh’ah) [fcflegf(xhﬂ’ a)]]
f: defines roll-in distribution over x;, a, at stage h.

Bellman error measures consistency in one-step Bellman backup, e.g., %(Q*;f, h)=0

Hence, any f'such that &(f; z, h) # 0, is an incorrect Q™ approximator
LA
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Initialize F, = F

Fort=0,...
<«
f, = arg max <maxf(x0, a)> S
feF, a
V7 — @J\i@ return
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Optimism Led Iterative Value Function Elimination (OLIVE)

Initialize F, = F
Fort=0,...

J; = arg max <maxf<xo, a))

feF, a

N < €, return 7 E/,‘W‘mm f /é’(jﬁ) JT:Y&)I/\D 7é

Version space update: L/ ”5 ( &);‘ T b ) 2 O

Fn={f€F, E(fim,h) <6 VhE (01,...H-1)}
T A T

V7 — max f,(xy, a)
a
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Estimating Bellman Error under a fixed Roll-in Policy:

Given a fixed 7 We can evaluate all f efficiently statistically (not computationally):
VirE(L LD =E, , g [f s ) = 10 @) = By p(ix,ap) [f;::;(f (Xn415 a)”
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Estimating Bellman Error under a fixed Roll-in Policy:

Given a fixed 7 We can evaluate all f efficiently statistically (not computationally):

Vi B(fifoh) = E, g7 [f s ) = 10 @) = By p(ix,ap) [fcfle%;(f (Xn415 a)”

= [Exh,ahfvd:f Xp1~PCx.a,) [f(xh’ ah) —r ('xh’ ah) - rﬂfle%;(f (xh+1’ Cl)]
_ Z [f(xh, ah) r(xh, ah) max f(xh 1 a)]

fi h#

f

. / A poly-size dataset allows us
& 7z, ) to fill up all entries




OLIVE Revisit (ignoring statistical error for simplicity)
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Initialize Fy, = F
Fort=0,...

f; = arg max max f(x,, a)
feEF, a

If

V7 — max fi(xp, @) | < €, return
a

Version space update: L/

Fip = {fe F, . g(ﬁﬂﬁ,h) =0,Vhe {0,1,....H— 1}}
V—T




OLIVE Revisit (ignoring statistical error for simplicity)

Initialize Fy, = F

Forf=0 1. Upon termination we succeed (due to optimism)
yeus — e
f; = arg max max f(x,, a) /
fe?l a A
If | V% — maxf(xy, a)| <€, return 7
a

Version space update:
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OLIVE Revisit (ignoring statistical error for simplicity)

Initialize Fy, = F
Fort=0,...

f; = arg max max f(x,, a)
feEF, a

If < €, return T

V7 — max f(xy, @)
a

Version space update:

Fin={f€F,: &(fim,h) = 0Vh € (0,1,

1.

LH- 1}}

Upon termination we succeed (due to optimism)

2. If not terminate, we make non-trivial progress

3. Total # of such non-trivial progress is bounded



feF, a

f; = arg max max f(s, a)
Quality of Returned Policy upon Termination: \/
If

V7 — max fi(xp, @) | <€, return
) .




f; = arg max max f(s, a)
fEF, a

Quality of Returned Policy upon Termination:

If | V% — max fi(xy, @) | < €, retufn z;
a J1

Note Q* € F, V1,
(we only eliminate things that are obviously wrong & O* has

zero bellman error everywhere) 3¢ | (X)) =D
Ne—— —~—— — &




(gmaxmaxf(so, a)

feF, a

Quality of Returned Policy upon Termination:
If

V7 — max fi(xp, @) | <€, return
) .

Note Q* € F, V1,

(we only eliminate things that are obviously wrong & O* has
zero bellman error everywhere)

max f,(xp, @) > max Q*(xp, @) = V*(xp) _/
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f; = arg max max f(s, a)
fe7, a

Quality of Returned Policy upon Termination:

If < €, return T

V7 — max f,(xy, a)
a

Note Q* € F, V1,

(we only eliminate things that are obviously wrong & O* has
zero bellman error everywhere)

max f,(x,, @) > max Q*(x,, a) = V*(x,)

A

| V% — max f(x, a) | < € = V% > max fi(xy,a) —e > V*(x,) — €

A 4 — &/




f; = arg max max f(s, a)
fEF, a

Quality of Returned Policy upon Termination:

If | V% — max fi(xy, @) | < €, return 7,
a J1

Note Q* € F, V1,

(we only eliminate things that are obviously wrong & O* has
zero bellman error everywhere)

max f,(x,, @) > max Q*(x,, a) = V*(x,)
| V% — max fi(xy, @) | < € = V% > max fi(xy, a) —e > V*(xy) — €
a a

Optimism ensures that once termination happens, we are done!



No termination means we found a bad Q*-approximator:

Claim [performance difference lemmalj:

H-1
max f,(xy, a) — V(x,) = 2 E, o i JiO ap) — v, a) — By p(in,a) lmax f,(xh+/l,a)1
a ! a
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Proof: a straight telescoping sum 2 (5'*} /V%«b > V")
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No termination means we found a bad Q*-approximator:

Claim [performance difference lemmalj:
H-1

max f,(xy, a) — Vi(xy) = E [EXM]N 4 JiO ap) — v, a) — By p(in,a) [max JACTARR a)]
a ! a
h=0

% s fed proof: a straight telescoping sum

]Ct(.xO, ﬂft(x())) - r(-X(), ﬂ'fz(x())) W C( h= i

n

B OB = 1060 B (30)) = B ) MAX (1, a)]
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No termination means we found a bad Q*-approximator:

Claim [performance difference lemmalj:
H-1

max f,(xy, a) — Vi(xy) = E E, o i JiO ap) — v, a) — By p(in,a) [max JACTARR a)]
a ! a
h=0

Proof: a straight telescoping sum

t(.xO, ﬂﬁ(XO) - r(xO, ﬂﬁ(XO)) —-[E : xO?”fl(XO)) maXﬁ(xl, a)
A a
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No termination means we found a bad Q*-approximator:

Claim [performance difference lemmalj:
H-1

max f,(xy, a) — Vi(xy) = 2 E, o~ 4 JiO ap) — v, a) — By p(in,a) [max JACTARR a)]
a ! a
M h:o l""

= Z 6«(5—’”} ’\Tf*i\'}}
g sum

h=0Proof: a straight telesco
Ji(Xos ﬂft(xo)) — 1(Xops ﬂﬁ(xo)) - EXINP('IX()JL}'Z(XO)) mfxﬁ(xp a)

+ [EXINdlﬂft [ﬁ(xl, ﬂﬁ(xl)) - r(.xl, ﬂfﬂ;(—xl)) - IExz"’P('lesﬂ'ft(xl)) mlef;(XZ, a)]

+ IEx2~d2”f’ k(xZ, ﬂﬁ(.Xz)) — r(X2, ﬂﬁ(Xz)) — IEX3~P('|x2’77:ft(x2)) ijf;(.Xé, a)]

= fi(xo, ﬂﬁ(xo)) ]



No termination means we found a bad Q*-approximator:

H-1

max fi(x, @) = Vi) = 3 By g |G m05)) = 10 m03)) = By vy a
a
h=0

max fi(X,, 1 a)]
a

If we do not terminate, i.e.,

V7 — max f,(xy, @)
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No termination means we found a bad Q*-approximator:

H-1

max fi(x, @) = Vi) = 3 By g |G m05)) = 10 m03)) = By vy a
a
h=0

max fi(X,, 1 a)]
a

If we do not terminate, i.e.,

V7 — max f,(xy, @)
a

A
= %/o @C&U ﬂﬂt"htl)en:

2 €,

H-1

maXfl:(xO, Cl) - V”ff(xo) z Z IE)Ch,ahNd;ft [ﬁ(xh, ah) - r(.xh, ﬂ'f[(.xh)) - [Exh+l~P('|xhvah) [maXﬁ(.xh+1, a)] Z €
a h=0 a



No termination means we found a bad Q*-approximator:

H-1
max f(xy, @) — V"i(xy) = Z [E,th L SO e (x3)) — 1O, (X)) — B p(e ) [MAXS (X1 a)]
a Pt a
If we do not terminate, i.e.,
V7% — max f(xy, a) | > e,
a
then:
mf‘xft(xo’ a) — Vi(xy) = Pf E., a~d [ﬁ(xh, ay) — 1O, () — By p(1x,ay) [mjx JACTRE a)” > ¢ \/
h=0

G\’\’\07/:L

: Hh’ ﬂth,ahrvd:ﬁ []Ct(xh’ ah) - r(xh’ ah) - |]Exh+lNP('|xh7ah) [mc;axﬁ(xh+l, a) ] Z €/H
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We need to argue how many episodes we have before termination
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We need to argue how many episodes we have before termination

Vh: &, € RIFXZI

f
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Rank of this Matrix is defined as/Bellman Rank
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Progress on Value Function Elimination

F,. = {fe F,: E(fm, ) =0,Yh € {0,1,....H— 1}}
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Progress on Value Function Elimination

Fpoy = {fe F,: E(fm,h) = O,Vh € {0,1,..., H - 1}}

If we don’t
terminate at t:

m, =0 | =0 | =0} =0] =0] =0
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Progress on Value Function Elimination

Fpoy = {fe F,: E(fm,h) = O,Vh € {0,1,..., H - 1}}

If we don’t
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Progress on Value Function Elimination

Fpoy = {fe F,: E(fm,h) = O,Vh € {0,1,..., H - 1}}

If we'still cannot terminate at t+1:

Jia1

#0

If we don’t 7
terminate at t: o

., | =0 =0




Progress on Value Function Elimination

For = {fE€F, B fimh) =0V E (01, H~1) ]

If we still cannot terminate at t+1:

&

If we don’t
terminate at t: —
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As f,, | was survived in the
previous episode t
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Progress on Value Function Elimination

Fpoy = {fe F,: E(fm,h) = O,Vh € {0,1,..., H - 1}}

If we still cannot terminate at t+1:

Jer1
T, #0 Wz, /
I we don’t 7, > 0 Linearly
terminate at t: independent
Rowﬂft
/ Row,,.
5, | =0 =0 =0 &
As f,, | was survived in the
previous episode t




Vh: &, € RIFIXIZI

Progress on Value Function Elimination

Fo = {fE F, %(f;]?f['»h) =0,Vhe {0,1,....H— 1}}
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Vh: &, € RIZXIZ]

Progress on Value Function Elimination

F el = {fe F,: E(fim, h) =0,Yhe {0,1,....H - 1}}

Every episode, we identify a row that is linearly

independent of all previous rows we found!




Progress on Value Function Elimination

Fo = {fe F. %(f;??fph) =0,Vhe {0,1,....H— l}}

Vh: &, € RIZXIZ]

Every episode, we identify a row that is linearly
independent of all previous rows we found!

Then we must terminate in # of iterations at most (Rank H)




OLIVE Revisit (ignoring statistical error for simplicity)

Initialize Fy, = F

Fort=0,...

S opti]
f, = arg max max f(x,, a)
feEF, a

If

V7 — max fi(xp, @) | < €, return 7,
a

Version space update:

F a1 = {fe F,: €(fom,h)=0,Yh € {0,1,....H - 1}}

1. Upon termination we succeed

2. If not terminate, we make non-trivial progress

()

3. Total # of such non-trivial progress is bounded
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OLIVE Revisit (ignoring statistical error for simplicity)

~————

Initialize Fy, = F , ,
1. Requires samples (poly in 1/¢€)

Fort=0,... —— 1. Upon termination we succeed

Ji=arg ?el‘ri}x S0, @) 2. If not terminate, we make non-trivial progress

If [ V" — max f,(xq, a)
a

<eg, returnx
T 3. Total # of such non-trivial progress is bounded

Version space update:

F a1 = {fe F,: €(fom,h)=0,Yh € {0,1,....H - 1}}



OLIVE Revisit (ignoring statistical error for simplicity)

Initialize Fy, = F , ,
1. Requires samples (poly in 1/¢€)
1. Upon termination we succeed

Fort=0,...

f; = arg max

e 2. If not terminate, we make non-trivial progress

If | V% — max fi(xo, @) | <€, return 7,
a

3. Total # of such non-trivial progress is bounded

Version space update:
Fn={f€F,: 8(fim, ) =0.VhE (0.1, .H-1} }

< Ars 0 %M

2. Requires samples (poly in 1/¢, In(| % |))
(needs to hold for all f) ~>™~—"—



OLIVE Revisit (ignoring statistical error for simplicity)

Initialize Fy, = F , ,
1. Requires samples (poly in 1/¢€)

Fort=0,... 1. Upon termination we succeed

fi=arg ffeli}x fxo. @) 2. If not terminate, we make non-trivial progress

If | V% — max fi(xo, @) | <€, return 7,
a

3. Total # of such non-trivial progress is bounded

Version space update: - I at R
N
F, = {fe F,: &(fim,h) = 0,Vh € {O,l,...,H—l}} / Ro vk Ttests

1
Poly | H,—, Rank, In(| % |)

2. Requires samples (poly in 1/¢, In(| % |)) ¢
— ————

(needs to hold for all f)



Low Bellman Rank Example

%(f’f’ h) = [Exh,ahNde f('xh’ ah) - }"(Xh, ah) - [Exh+1~P(-|xh,ah) glei);f(xh‘i'l’ Cl)]] = <C§(f)7 ﬂ(f»



Low Bellman Rank Example

%(f,]?; h) = [Exh,ah~d:f f(xh’ ah) - r(xh’ ah) - lExh+1~P('|xh’ah)

Tg;f(x’““’ a)” = (&), W(f)>

1. Tabular MDP: \/

~— /%/x//k/



Low Bellman Rank Example

%(f’f’ h) = [Exh,ahNd:f [f(xh’ ah) - }"(Xh, ah) - [Exh+1~P(-|xh,ah) glei);f(xh‘i'l’ Cl)]] = <C§(f)7 W(f)>

/ 1. Tabular MDP:
[Exwwd:f [f (O, ) = 10> ay) = Ey, i~PClan [r;g;‘f (K15 a)” = Z d: (s, a) [f (s ay) — 1(0, @) — E.,. ~PClx.a [I;lé;if (10 Cl)”
/ X,aEX; XA,

Stem~—



Low Bellman Rank Example

E(fifih) = [Exh,ah~d:f [f (X, ay) — (X, @) — E,, i~PC 1) glei’;f (X415 a)” = (&), W(f ))

1. Tabular MDP:

E, o [f s @) = 0 ap) — By (3, [mezgﬁf (g 1> a)” = 2 (s, a) [f > @) = 100 @) = By p( a0 [mg;f (g 15 a)”
a X,aEX; XA, ¢
= <d;f: f( <, ) —_ r( c ) — [Exh+l~P(-|-,-) mj.Xf(.xh+1, a)>
A
G\r\;" 1 X I "[A I

R N
felmen Ranl = /X/X/A/




Low Bellman Rank Example

%(f’f’ h) = [Exh,ahNde [f('xh’ ah) - }"(Xh, ah) - [Exh+1~P(-|xh,ah) glei);f(xh‘i'l’ Cl)]] = <C§(f)7 ﬂ(f»

1. Tabular MDP:

[Exwwd;f [f O @) = 10 ) = By Pl [r;g;‘f (K15 a)” = Z d: (s, a) [f O ay) — r(g ay) — By pina [I;lé;(f (10 Cl)”

X,a€EX; XA,

= <de, JCo ) =rC ) =By e mjle(th,a)}

Rank at most | X||A |
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2. Linear MDPs:
P(-|x,a) = p*¢p(x,a), r(x,a) = 0*¢(x, a)
0*(x,a) = (W) ¢(x, a)

F = {wT -Pp(x,a):w e Rd,||w||2 < W}

E lf (> ap) = rO @) — By p(jan [fg};f Xy 15 a)u

=E, aal w (g, @) — (0% Q@) — P, @) ()T <maxf (o a))]

-
= [Exh,ah~d,ff <w +60* + (ﬂ*)T<maxf( ., a))) P(xy, ah)]

= <<W + 0* + (/’t*)T <mjxf( ) a)) )’ [Exh,ahNd:f [¢(xh’ ah)] >

Rank at most d
e




2. Linear Function with Bellman Completeness
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2. Linear Function with Bellman Completeness

F={w-p(x,a):weR%||w|, < W)}

r(x,a) = 0*¢(x,a),
and for any linear function f(x, a) := w'¢(x, a),
we have I f(x, a) = (W) ¢(x, a)

(Go and verify that linear MDP is a special instance of this setting)

lEx;,,ahNd:f [WT(ﬁ(xh’ ay) = (%, @) = [Exh+1~P('|xh,ah) [glei); ngb(th, a)l]
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Model-based RL: Function Approximation in Model
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Let’s set up function class in Model-based RL Setting

We consider a model class &
PCXXA AX)

1. Realizability assumption:

PrePp

2. We also assume reward function r is known .
Computational oracle, no

real-world samples needed

3. Define Optimal-Planner (OP): OP(P,r) = > (ﬂ;, vz, Q;)

4. Induced Policy, Value function, and Q function class:
Indeed you can

e _ % . _ * .
M={m :PEPLT ={Vp:PEFLC={QPEP} | Ol VEw O
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How to check if a model approximator is good?
EP*;m,h) =0V h

Witness model error: &(P; 7, h) = I/%%}( E,,q\~dr [[Exh+1~ Py S apy Xp1q) — thNP;;l’ahf (X5 Aps Xppy1)

Witness function (or aka discriminators): & C X XA X X+~ R

Integral Probability Metric (IPM): given two distributions P; € A(X), P, € A(X):

IPMg = max E,_p f(x) — E,..p f(x)
feF

F ={f: |Ifll < 1} => Total Variation Distance;

= {f: fis 1-Lipschitz} => Wasserstein Distance;

Assumption (for analysis simplicity): 7 C &, where recall 7" = {V} : P € &}
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Optimism Led Iterative Model Elimination (OLIM)

Initialize Py = P

Fort=0,... _
’ 1. Terminate means we succeed

— *
P, = arg max V}(x,)
PEZ,

S 2. If not terminate, we make progress
t-—’*p

t

3. Total progress is upper bounded

If ‘ Vi —VZ| <e, return z,
[ ,

Version space update:
P = {P eEP,:8P;n,h)=0Vhe{01,. H- 1}}



Progress on Model Elimination

MDP + & + F determines the following matrix: & € RIZIXIZ|

P

]Z';)( %P;n’,’f,h

Rank of this Matrix = Witness Rank
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Sample complexity of Optimism Led Iterative Model Elimination:

1
Poly <H , Witness-Rank, In(| 2| | # |)>
€
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Witness rank <= Bellman Rank (Q)
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Comparison of Witness Rank and Bellman Rank
(More Broadly, Model-based Versus Model-free)

Let us compare under a specific setup:

We start with model class %, we convert models to Q functions @ = {Qp : P € P}

P => Witness Rank and OLIME
@ => Bellman Rank and OLIVE

Theorem[Exponential Separation]:
3 MDPs (Factored MDP!) and realizable model class &, s.t:
Witness-Rank() is exponentially smaller than Bellman-rank(Q) in horizon H




