Policy Gradient:
REINFORCE, Variance Reduction, Convergence
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Advantage function: A”(s,a) = Q”"(s,a) — V*(s)
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Main question for today’s lecture:
how to compute the gradient?
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1. Softmax Policy for
Tabular MDPs:

0, €ER,Vs,ae S§XA
exp(d; ,)

my(a | 5) =

Z q’ CXP (Hs,a’)

2. Softmax linear Policy
(e.g., for linear MDPs):

3. Neural Policy:

Neural network

Feature vector (s, a) € R?, and
parameter 9 € R4

exp(@'p(s, a)) exp(fy(s, @)

my(a | 5) =
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Za, exp(0'¢(s,a’)) Za, exp(fy(s,a’))
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VInz,(a, | s,) ( 07(s,, a,) — b(sh))

The best baseline:

.
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1
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[Theorem] If J(0) is f-smooth, and we run SGA: 0, = 0, + 7779](62)

where E [%J(@t)] ~V,J(0), E lHVQJ(Ht)H%] <o,

then:

1
_ [? z mm)u%] <0 (\/ por! T>




Convergence to Stationary Point
[Theorem] If J(0) is f-smooth, and we run SGA: 0, | = 0, + WVQJ(@)

where [E lVQJ(Ht)] = V,J(0,), L[ lHVHJ(Ht)H%] < o?,

then:

1
- [?2 HVQJ(@)H%] <0 <\/ﬂ02/T)




Convergence to Stationary Point
[Theorem] If J(0) is -smooth, and we run SGA: 6, = 0, + 7779](62)

where [E lvef(é’t)] = V,J(0,), [ lHVQJ(HI)H%] < o?,

then:

1
_ [? 2 uv@m)u%] <O (\/ po T)

p

< =160, =03
2 +1 2

J(9t+1) o J(@t) - VHJ(Ht)T(QtH o t)




Convergence to Stationary Point
[Theorem] If J(0) is -smooth, and we run SGA: 6, = 0, + 7779](@)

where [ lV@J(Ht)] — V@J(QI), _ lHV@J(HI)H%] S 02,
then:

1
_ [? 2 uv@wt)u%] <O (\/ po T)

p
J(Ht+1) o J(@t) o VHJ(Ht)T(QtH o t) < EHQHI o tH%

= [J(O,,1) —J0) =V J0)TV 4J(6)| < g 2|V o JO)II




Convergence to Stationary Point
[Theorem] If J(0) is -smooth, and we run SGA: 6, = 0, + 777&](@)

where [E [V@J(et)] = V,J(0,), [ lHVHJ(QI)H%] < o?,

then:

1
_ [?Z Hvewt)u%] <O (\/ po T)

10,21 = 10) = VI O) Oy~ 0)| <216, - 012
o [ 100~ 10) 0,10V 100)| <LrPIT 0015
p

= 1V 0)TV g J0) < JO) = JO) + 0?1V IO



Convergence to Stationary Point
[Theorem] If J(0) is -smooth, and we run SGA: 6, = 0, + 7779](@)

where [E [V@J(et)] = V,J(0,), [ lHVHJ(QI)H%] < o?,

then:

1
_ [?Z Hvemt)u%] <O (\/ po T)

p

< =160, =03
2 r+1 i

— B —
= |J(0,.) = J©O) —nVJ(0)" VJ(6)| < 772” Vo JO)I3

_ f o~
= nVoJ(0)" Vgl (0) < JO1) = JO) + IV 6 JO)II3

= nVJ(0)TV,J6,) < E [0, — J©O)] + gnzaz

J(9t+l) _ ](et) - VHJ(Ht)T(HtH o t)




Convergence to Stationary Point
[Theorem] If J(0) is -smooth, and we run SGA: 6, = 0, + 7776](@)

where [ lV@J(@) — V@J(QI), _ l”V@J(QI)H%] S 02,

then:

1
: [?Zt: HVQJ(@)H%] =0 <\/ﬁ GZ/T)

p

< =160, =03
2 r+1 i

— B —
= J(‘91+1) T J(@t) T ﬂve](H;)T VQJ(Ht) S 57]2” VQJ(HZ‘)H%

_ f o~
= nVoJ(0)" Vgl (0) < JO1) = JO) + IV 6 JO)II3

= nVJ(0)TV,J6,) < E [0, — J©O)] + 2’72"2

J(9t+1) _ ](et) - VHJ(Ht)T(HtH o t)

T
= 1 Y IV @OIE < X E G~ 16)] + 50



Convergence to Stationary Point
[Theorem] If J(0) is -smooth, and we run SGA: 6, = 0, + 7779](@)

where [E [V@J (6’t)_

JO,1) — IO — VJ6) Oy - 0)| <©

p

p

— V@J(QI),

then:

1
: l?; HVHJ(@)H%] =0 <\/ﬁ GZ/T)

< =160, =03
2 r+1 i

= |J(0,,,) — J(O) —nVJ©)" V 4J@) sgnzumfwt)u%

= 1V 0)TV g J0) < JO) = JO) + 0?1V IO

ﬁ22

= nVeJ(0) T VJ(0) <E [J6,.) —JO)| + o

BT

=1 2 IVeIO)15 < D E [J6,40) = JO)] +

1 1
2 2 2
o° = — V,J(6 < —M+ —no
7 = Zt,H 0J(0)]5 1

= IV OB < 2

p
nT 2



Convergence to Stationary Point
[Theorem] If J(0) is -smooth, and we run SGA: 6, = 0, + 7779](@)

where [ lvgf(@) — V@J(QI), _ l”V@J(@t)H%] S 02,

then:

1
: l?; HVHJ(@)H%] =0 <\/ﬁ GZ/T)

p

< =160, =03
2 r+1 i

— B —
= J(‘91+1) T J(et) T ﬂve](@)T VQJ(Ht) S 57]2” VQJ(Ht)H%

_ f o~
= nVoJ(0)" Vgl (0) < JO1) = JO) + IV 6 JO)II3

= nVJ(0)TV,J6,) < E [0, — J©O)] + g;ﬂ&

T 1 1
= nZ IVJ(@)5 < 2 AVCMENCAE 4 ; n‘c* = = Z IV J(O)|, £ —M + éndz

nT 2 )
Setn = \/M/(,Ba T)

J(9t+1) _ ](Qt) - VHJ(Ht)T(HtH o t)




Convergence to Stationary Point
[Theorem] If J(0) is -smooth, and we run SGA: 6, = 0, + 7776](@)

where [ lV@J(@) — V@J(QI), _ l”V@J(QI)H%] S 02,

then:

1
: [?Zt: HVQJ(@)H%] =0 <\/ﬁ GZ/T)

p

J(9t+1) o ](et) o VHJ(Ht)T(HtH o t) < EHQHI o tH% ~ 2
[lnniozveol]
= [J(O,41) = J6) —1VoJ0) V 4J(6)]| < gﬂz vaf(@)”%
= nVoJ(0)TV J(©6) < JO,,) — JO) + gnzlﬂprué
= nvg](@t)T VoJ(0) < [J(é’m) — J(Ht)] + gnzaz
= 772 1V, J(0)]|3 < 2 - [J(H )—J(@)] | 'BTnzdz = lz IV,J(0)]|, < LM+é;702
t 0 ly) = t 1+1 t 9 T t 0 /12 = 7]T )

Setn = \/M/(,b’azT)



Convergence to Stationary Point
[Theorem] If J(0) is -smooth, and we run SGA: 6, = 0, + 7776](@)

where [ lV@J(Ht) — V@J(QI), _ l”V@J(QI)H%] S 02,

then:

1
: [?Zt: HVQJ(@)H%] =0 <\/ﬁ GZ/T)

p

< =160, =03
2 r+1 i

— B —
= J(‘91+1) T J(et) T ﬂVeJ(H;)T VQJ(Ht) S 5772” VQJ(HZ‘)H%

J(9t+1) _ ](et) - VHJ(Ht)T(HtH o t)

. 2
In zy(a|s)Q™(s, a) ]

2

1 2
— — < sup || Vylnmy(als)
= nV,J(0,)" V,J0)<JO,.,)—J0O) +§n2|\ Vo JO)II5 (1 —y)2 a ” 070 ” 5
= nVaJ(6)TV,J0) <E[J6,,) - J6)] + gnzaz
=1 ) IVeJO)I; < ) E [J(G,41) = J(6)] P o :lz IV @), < —M + Lo
- 0 /12 — ; +1 t 9 T t 0 /12 = 77T )

Setn = \/M/(,b’azT)



Actor-Critic Algorithm

1
VoJ(O) = T Euma [%ln mals)( Q7(s,a) - ng(s)>]

2
Critic Q, (s, a): approximately minimizes = (QW(S, a) — O%(s, a))



Actor-Critic Algorithm

1
VoJ(O) = T Euma [%ln mals)( Q7(s,a) - ng(s)>]

2
Critic Q,,(s, @): approximately minimizes k; ,_, (QW(S, a) — O%(s, a))

Actor-Critic Gradient:
V@ln ﬂ@(ah ‘ Sh)QW(Sh’ ah)



Actor-Critic Algorithm

1
VoJO) = T Eoma [%ln mals)( Q™ (s, ) - ng<s>)]

2
Critic Q,,(s, @): approximately minimizes k; ,_, (QW(S, a) — O%(s, a))

Actor-Critic Gradient:
V@ln ﬂe(ah ‘ Sh)QW(Sh’ ah)

Actor-Critic Gradient:
Voln 7@, 15)( Q.10 @) = Eymatsy Qo @)




Actor-Critic Algorithm

1
VoJO) = T Eoma [%ln mals)( Q™ (s, ) - ng<s>)]

2
Critic Q,,(s, @): approximately minimizes k; ,_, (QW(S, a) — O%(s, a))
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Compatible Function Assumption

2
Assume we minimize [ (QW(S, a) — Q"(s, a)) via SGD on w, and get to stationary point:

= s a~d0 (Q”e(s, Cl) — QW(S, Cl)) Vwa(Sa a) = ()

N

If compatible, i.e., V., O (s,a) = Vylnmy(a|s), then, we get unbiased gradient estimate:

= a~amo Yolnmg(a | $)Q™(s, a) = , 47 Volnmyals)Q, (s, a)

One possible parameterization for Q, (s, a) := w! V,In y(a|s) (Natural PG)

Another one: Q, (s, a) = w ' (s, a), m(als) exp(0' ¢(s, a))



Summary

|
V,J(0) = 1, ¢ amd [Veln ngt(a | s)(Q”Ht(S, a) — Vé(s))]

Use unbiased estimate of V,J(0), SG ascent converges to stationary point

Actor-Critic with Compatible function (warm up for Natural Policy Gradient)



