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Summary/Today

* Do they PG methods globally converge to an optimal policy?
e+ — g 4 ﬂvgv(t)(ﬂ)

* Recap:
* Softmax policies with exact gradients today
« Flat gradients could occur if we optimize V(s

. Coverage: considered optimizing max V()
(S(C)

» Convergence:
asymptotic convergence for GD
poly rate with GD+log barrier regularization

* Today:
* Wrap up Log Barrier Proof
* Natural policy gradient
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Things to remember

For all 7, 7', sy:

, |
VZ(sg) — V7 (sy) = 1—[E E

s~di —a~n(-|s) [Aﬂ/(Sa Cl)]

1
V,J(0) = T Evanav | Voln zy(a|s)Q™(s, a)|

Today: we will use dg for a state distribution measure.
(it should be clear from context how we use it).

di(s) = (1=7) ), 7"P(sy = 5| 50, %) Vi) = E,.,[V(s)]

h=0
) d*(s) = Es N [df(s)]
d;f)(s’a):(l—}’)ZYhP(Sh=s,ah=a|SO,ﬂ) g 0K S
h=0



Softmax Gradients

exp(@s’a)
Zaf eXp(es,a’) ,

. myals) =



Softmax Gradients

exp(b;,)
Zaf exp(es,a’) ’

* Lemma: For the softmax policy class, we have:

. myals) =

Vﬂ()( ) - : EH( ) ( | ) ﬂ(( )
= d (s, (al|s)A" S, a
0 1 y U 0

s,d



Stationarity and Optimality

* Log barrier regularized objective:

A
Li(0) = Vi) + Z log my(a|s) + Alog A



Stationarity and Optimality

* Log barrier regularized objective:

A
Li(0) = Vi) + Z log my(a|s) + Alog A

e Theorem: (Log barrier regularization) Suppose @ is such that:
VoL, (D, < €,, ande,,, < A/(25A)

then we have for all startmg state distributions p:

Va(p) > V*(p) — —||—||



Stationarity and Optimality

* Log barrier regularized objective:

A
Li(0) = Vi) + Z log m,(a|s) + Alog A

e Theorem: (Log barrier regularization) Suppose @ is such that:
||V9L/1(9)”2 < eopt and €0pt < /1/(2SA)
then we have for all starting state distributions p:

24 dr
Vi(p) > V*(p) — ——|——

coefficient” ig

dr dy ()
||—|| = max < > (componentwise division notation)
H 0 s H\S




Global Convergence with the Log Barrier

8 24
r 24

. The smoothness of L,(0) is f; := a-77 s
—7




Global Convergence with the Log Barrier

8y 2
_.I_ —_—
1-p3 S

. The smoothness of L,(0) is f; :=

« Corollary: (Iteration complexity with log barrier regularization)

1 —

*
T
da;

and 1 = 1/p,. Starting from any initial 9(0),
2

H 0
then for all starting state distributions p, we have

. §242  ||d* |2
min {V*(p) - V(t)(p)} <e¢ whenever T >c 7
1<T (1=poe?|l u

(for constant c).

(00



Wrapping up...



Proof, part 1

. The proof consists of showing that: max A™(s, a) < 21/(u(s)S) for all states s.

a



Proof, part 1

. The proof consists of showing that: max A™(s, a) < 21/ (u(

a

S) for all states s.

* To see that this is sufficient, observe that by the performance difference lemma:

1 x
V*(p) — V®(p) = 1—_}/ ; ($)m*(a|s)A™(s, a)
1 x
<—— ) d;j (s)max A"(s, a)
1 - Y a€A

N

1 x
= 2 245 (DUs)S) g s

2] dr (s)
< max < ) .

L—y s\ u(s) //
which would then complete the proof.




Proof, part 2

 need to show A™(s,a) < 2A/(u(s)S) for all (s,a). consider (s, a) where that A™(s, a) > 0 (else claim is true).



Proof, part 2

 need to show A™(s,a) < 2A/(u(s)S) for all (s,a). consider (s, a) where that A™(s, a) > 0 (else claim is true).

oL,(6) | . Al
A — ydﬂﬂ(s)ﬂg(a | )A™(s, a) + S <X — my(a | S)>

. Recall
s,a



Proof, part 2

 need to show A™(s,a) < 2A/(u(s)S) for all (s,a). consider (s, a) where that A™(s, a) > 0 (else claim is true).

recall 22— 1 gmoya) pams. a) + 2 <l _ s)>
) S,a 1 - 4 . ’ , S \A ’
« Solving for A%(s, a) in the first step and using ||V, L,(0)||, < €,,, < 4/(25A),
-y faLA(Q A

1 I
A @ = d;fg(S)<7tg(a|S) a0, , §<1_W)> e UETTay “F“?
. 1—;/( 1 Amfrm\ /

= d76) \mals) 254 7 Gevde Bovnd o

<! < 12 _,_i) ngthat d™(s) > (1 — ()
—ou(s) \my(als) 2SA S using that - a,"s) = YIu(s




Proof, part 2

need to show A™(s,a) < 2A/(u(s)S) for all (s,a). consider (s, a) where that A™(s, a) > 0 (else claim is true).

meca 2O _ 1 45w | AT e (L 5
eca = raals sa)+ 2 (== zals
s,a 1 - Y K 0 Ss\A 0
Solving for A™(s, a) in the first step and using ||V,L,(0)||, < Eopt < AlI(25A),
I 1 oL,O) 1 1
A%(s, q) = 7( 4(0) A1 )>
dj(s) \mylals) 06,, S my(a | $)A
l—y, 1 2 2
< ( L2 )
d%(s) \myals) 2SA S
- usin a Ky _ s
T u(s) \my(als) 2SA S 9 wS) 2 1917

Suppose we could show that 7,(a | s) > 1/(2A), when A™(s, a) > 0, then

1 1 A A 1 A A 22 _
( +— ) < <2A +— ) = and the proof is done!
u(s) \mylals) 2SA S u(s) 25A S u(s)S




Proof, part 3

« for (s, a) such that A™(s,a) > 0, we want show zy(a|s) > 1/(2A).



Proof, part 3

« for (s, a) such that A™(s, a) > 0, we want show zy(a|s) > 1/(2A).

« The gradient norm assumption ||V,L,(0)||, < €,py iIMplies that:
>a*()—— : d(s)mya| s)A™( )+—/1 1 (als)
€ S)myals s,a myals
op! aew -y # 0 S \A 0

A1
>0+ 3 <Z — my(a | s)) using A™(s,a) > 0



Proof, part 3

« for (s, a) such that A™(s, a) > 0, we want show zy(a|s) > 1/(2A).

« The gradient norm assumption ||V,L,(0)||, < €,pr IMplies that:

€ = a’o(s)my(a|s)A™(s ,a) + Th\al|s
0pt aes’a 1 H 0 S ! 0

A1
>0+ 3 (Z — my(als) using A™(s,a) > 0

* Rearranging and using our assumption ¢, < A(2S5A),
eoptS 1
w(als) > — — > —.
hals) =24 -—— =25,

Solpe $.— T

T
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The Natural Policy Gradient

* Recall that the Fisher information matrix of a parameterized density py(x) is defined as
E,.,, | Vlog pyx) Viog py(x)T|



The Natural Policy Gradient o
el
* Recall that the Fisher information matrix of a parameterized density py(x) is defined as

E,p, | Viog py(x) Viog py(x) ']
« Define 97‘9 as the (average) Fisher matrix on the family of distributions {ZZ |s)|s € S} as:

9/7/9) = EW, HE,N,TO(_|S) [(Vlog ry(als)) Vlog my(a| S)T] . &



The Natural Policy Gradient

* Recall that the Fisher information matrix of a parameterized density py(x) is defined as

E,p, | V10g py(x) Viog py(x)T]
« Define 972 as the (average) Fisher matrix on the family of distributions {7y( - | s)|s € S} as:
‘6;/9) = Eswcl/]f"EaNﬂ()(-Ly) [( VlOg 72'9(61 | 5)) Vlog 7[9(61 | S)T] .

* The NPG algorithm performs gradient updates in this induced geometry:
o'+ = 0 + nF (0“)"V,VO(p),
where M denotes the Moore-Penrose pseudoinverse of M.



The Natural Policy Gradient

Recall that the Fisher information matrix of a parameterized density py(x) is defined as
E,.,, | Vlog pyx) Viog py(x)T|
Define 972 as the (average) Fisher matrix on the family of distributions {7y( - | s)|s € S} as:

Fh = Ey yiE, [(Viog my(a|s)) Viog myals)T| .

p ) 1~7p(-|5)

The NPG algorithm performs gradient updates in this induced geometry:
o'+ = 0 + nF (0“)"V,VO(p),

where M denotes the Moore-Penrose pseudoinverse of M.

Idea:

» ‘stretch’ the corners of the simplex out to travel faster
(as opposed to the log-barrier which keeps us away)



NPG softmax case
(NPG as “soft” policy iteration)

* Lemma: (Softmax NPG as soft policy iteration) The NPG update is:

oD — g0 L T 40

-y Vg 6@ &yggr&a%@”w@%\
(=¥



NPG softmax case
(NPG as “soft” policy iteration)

* Lemma: (Softmax NPG as soft policy iteration) The NPG update is:
oD — g0 L T 40
=y

* and so: AN
exp(nA“(s,a)/(1 —))
Z(s)
where Z(s) = Y, n®(a|s)exp(nAV(s,a)/(1 —y)).

7D (a|s) = 2P| s)

No M{&vﬂerr/%cﬁ
o™ J) <r%g )\J%qu A Ras W& >



NPG & Compatible Functlon Approximation

W '/\ Vz
« Let w* denote the following m|n|m|zer of the “compatible function approximation” error:
2
w* e E [(A”H(S, a) —w - Vylog my(a| s))
e >x<

s~d, 0 a~my(-|s) (




NPG & Compatible Function Approximation

« Let w* denote the following minimizer of the “compatible function approximation” error:

(A”H(S, a)—w - Vylog mya| s))2]

w* € ES‘NC/;,T(}ECINH()('LS')
« Lemma: Let X”e(s, a) be the best linear predictor of A™(s, a) using Vylog m,(a|s), i.e.
A™(s,a) = w* - Vylogmyals). We have:

1 S
VoV™(u) = = 1—y EypoEarnycis)| Volog molal s) A (s, @) Trve

We can use ;X\”ﬂ(s, a) instead of A™(s, a). &> A%(?C% . >



NPG & Compatible Function Approximation
. Letw*ge/mpﬁmsh S

Q/note the following minimizer of the “compatible function approximation” error:

2
w* e ESNC,:(;EUNHO(,“) [(A”"(S, a)—w - Vylog myal S)) ]

« Lemma: Let X”H(s, a) be the best linear predictor of A™(s, a) using Vylog m,(a|s), i.e.
A™(s,a) = w* - Vylogmyals). We have:

1 N~
V Vo(u) = = T, Ey By Volog mlal s) A (s, a)]
We can use 1/4\”0(s, a) instead of A™(s, a).
t 0 1 *
. Lemma: We have that Fp(e) VoVi(p) = —w7,

I =y
The NPG direction is the weights w*



Proof

« The first order optimality conditions for w* imply
EyqiE, [(A”e(s, a) — w* - Volog z(a| ) Vylog mal s)] =0

s ~7p(-|s)



Proof

» The first order optimality conqnons for w* impl

EygEony |s)[(A (s,a) — w* - Vylog mals)) Vylog Jre(als)] =0

 (1st lemma proof) Rearranging and using the definition of 1/4\”9(s, a),

1
VoVA(u) = —— E,_E, Nﬂ(|S)[V910gﬂ9(a|s)A”0(s,a)]

1 S
I By 1s)| Volog my(als) A ™(s, a)]



3T Proof
Lo Proof

N\
« The first order optimality conditions for w* imply
Es~d59Ea~ng(-|s) [(A”ﬁ’(s, a) —w* - Vylog my(al s)) Vlog my(a | s)] =0
W

 (1st lemma proof) Rearranging and using the definition of 1/4\”9(s, a),

1
VoV*(u) = T—, s~d;0Ea~n9(-|s)[V910g myal $)A™(s, a)|

1 S
T 1-y By 1| Volog mal s) A (s, )]
. (2nd lemma proof) Again by first order opt conditin + substitution of V,V%p) and F(0):
(1 =y)VaV%p) = F(Ow*.



Proof

* Lemma: The NPG update is:
oD — g0 L T 40
-y



Proof

. f = O
* Lemma: The NPG update is: =
Py O A

oD — g 4

— " A®
* Proof: Recall NPG updateere

I
w* EQE smd Ly |5) [(A”H(s, a)—w - Vylog mya| s))2]
\—/L/\_/—*d

a0

(//6/ PN ST e
r~>/<§%(_ w ) 5 =~ Z;{/(?/{5/) LC)Sc,/

Q



Proof

Lemma: The NPG update is:
oD — g0 L T 40
1 -y
Proof: Recall NPG update is 1;_;/”}* where
2
w* e EsNd;rgEa (A”é’(s, a)—w - Vylog mya| s))

~1(-|5)

What is a minimizer for the the softmax?



Global convergence for NPG [, -

ge’QA}MQ)C
« Theorem: Params: 8 = 0 and # > 0. Forall p and T > 0, we have:
VO 2 v -2 LT “Aest o
N nT (=T BT e
1o, L

iy

7



Global convergence for NPG

« Theorem: Params: 8 = 0 and # > 0. Forall p and T > 0, we have:

log A 1
VD(p) > V*(p) — - .
(p) 2 Vi(p) T =T

. Settingn > (1 — y)zlog A, NPG finds an e-opt policy when 7" > —
— (1 -pre



Global convergence for NPG

Theorem: Params: 8 = 0 and # > 0. Forall p and T > 0, we have:
V(o) > V) - 2A
N nT  (1—y?T

Setting 7 > (1 — y)zlog A, NPG finds an e-opt policy when 7" > W
lteration complexity has:
« No dimension dependence (no dependence on S, A)

» No dependence on start state measure p (and no “dist mismatch factor”)
* No ‘flat gradient’ problem



Global convergence for NPG

Theorem: Params: 8 = 0 and # > 0. Forall p and T > 0, we have:

log A 1
VD(p) > V*(p) — - :
(p) 2 Vi(p) T =T

Setting 7 > (1 — y)zlog A, NPG finds an e-opt policy when 7" > W
lteration complexity has:
« No dimension dependence (no dependence on §, A)

» No dependence on start state measure p (and no “dist mismatch factor”)
* No ‘flat gradient’ problem

What about approx/estimation errors? (next lecture)



Improvement Lower Bound

« Lemma: For the iterates " generated by the NPG, we have for all distributions p:

(1-y
V(t+1)(’u) — V(t)(,u) > Es~,u log Z(s) > 0.




Improvement Lower Bound

« Lemma: For the iterates " generated by the NPG, we have for all distributions p:

1 —
VD) — vO) > d-7 E, ,logZ(s) > 0.

« Proof: First, let us show that log Z(s) > 0. To see this, observe:
log Z(s) = log Z 7(a| s)exp(nAD(s, a)/(1 = 7))

a

> Z 7(a| s)log exp(nA(s, a)/(1 — y))

a

__ () 0 _
= 1‘7§'ﬂ (a|s)AD(s,a) = 0.



Improvement Lower Bound

« Lemma: For the iterates " generated by the NPG, we have for all distributions p:

1 —
VD) — vO) > d-7 E, ,logZ(s) > 0.

« Proof: First, let us show that log Z(s) > 0. To see this, observe:
log Z(s) = log Z 7(a| s)exp(nAD(s, a)/(1 = 7))

a

> Z 7(a| s)log exp(nA(s, a)/(1 — y))

a

__ () 0 _
= 1‘7§'ﬂ (a|s)AD(s,a) = 0.

(using Jensen’s inequality on the concave function log x.)



Lemma Proof: continued....

By the performance difference lemma, L
(t+1) 0) 1 (t+1) () Ao
V() — VP () = T, B Z,ﬂ (als)A&/ (s,a) )Y fne
a 0{ LQ
1 7| $)Zs) N
—_ " (t+1) t
Bt 2 9loe =5 S e

a
> &

1 1 L T (s
= —E, W 120 + —E,_gerv 10g Z(s) )
n n = e,

1 1 -
> ; smd(PD log Z(s) > TyESNM log Z(s),

where the last step uses that d/StH) > (1 — y)u and that log Z(s) > 0.



NPG Conv. Proof, Part 1

« d* as shorthand for d;; r, as shorthand for the vector of z( - | s)



NPG Conv. Proof, Part 1

« d* as shorthand for d;; r, as shorthand for the vector of z( - | s)
* By the performance difference lemma,

x 1
V7 (p)=V(p) = ——E, 4. ), 7*(a|)As,a
1 -y d; \ch])r 7(§L£w\év

1

7 (a| )Z(s
=— SNd*Zﬂ*(als)log (@] 92/s)
;/I a

x(als)

1
=—FE, 4 (KL(?Z’S* |12y — KL(zX | | zFD) + 2 m*(a| s)log Zt(s)>
n

a

1
= e (KL |1 20) — KL(EX || 20+D) + log Z(s) ),



C ?NwQ/ \CL%%, e C“amwiz/vér> Q{W (\/&Qé 7

NPG Conv. Proof, Part 2

« By the improvement lemma VU D(p) > VO(p). Hence,
. 1Q
V7 ()= VI D(p) < =" (V' (p) = VO
») (») T (V= (p) ()

t=0
1 T-1 1 T-1
= — Y E, (KU} | | 20) = KUX || 20) + — D E,_yelog Z,(s)
s (Ll

E KLz || z© 1 =
< d (sll )+

- Z Es~d* 10g Zt(s) .
nr nr =0

R
- N C@Wﬁﬁué\”

6

oabe geon f 2



NPG Conv. Proof, Part 2

« By the improvement lemma VU D(p) > VO(p). Hence,
-1

* 1 — *
V)=V ) < — ) (V) = V)
=0

1 = 1 T-1
= ﬁ Z E, o (KL(zX || 2) — KL(zX | | D)) + ﬁ Z E, . log Z(s)
=0 pry

E_ KuxzX||z? 13
< il + Z E, ;logZ(s).
mr (il

« By the improvement lemma (applied with d* as the distribution), we have:
1 1
—E, 4108 Z(s) < 1—(V<f+”(d*) - v@(d*))
n -7

which gives us a bound on E__ ;. log Z(s).



NPG Conv. Proof, Part 3

V7(p) = VI D(p) < =

E KLz || 2©®) N

1 T-1

nT

- E _ KuzX ||z

Y E, 4 log Z(s)
=0
1 T-1

nT

nT

E KLz || 2®)

=0

_ .
I

Jled 1
nT — (1-y)?°T

VD(@*) - VO(g*)
+

(I=pT



