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Today

* Recap:
* NPG convergence proof wrap up
* remember compatible function approximation

* Today:
* What about function approximation?
log linear policy classes and neural policy classes
* PG methods have stronger guarantees when we have errors.



Recap



Things to remember

For all 7, 7', sy:

, |
VZ(sg) — V7 (sy) = 1—[E E

s~di —a~n(-|s) [Aﬂ/(Sa Cl)]

1
V,J(0) = 1—_y[ES’aNdﬂ0 | Voln my(a|s)Q™(s, a)|

Today: we will use dg for a state distribution measure.
(it should be clear from context how we use it).

di(s) = (1=7) ), 7"P(sy = 5| 50, %) Vi) = E,.,[V7(s)]

h=0
) d*(s) = Es N [df(s)]
d;f)(s’a):(l—}’)ZYhP(Sh=s,ah=a|SO,ﬂ) g 0K S
h=0



The Natural Policy Gradient

 Define 972 as the (average) Fisher matrix on the family of distributions {zy( - | s)|s € S} as:
‘O;/H) = ES‘NC//},THEUNIT()(-|S) [( Vl()g 71'9(6{ | 5)) VlOg ﬂﬁ(a | S)T] .

* The NPG algorithm performs gradient updates in this induced geometry:
gt — g 4 ,7[:/)((9(1))' VHV(’)(/)),
where M denotes the Moore-Penrose pseudoinverse of M.

e Idea:

» ‘stretch’ the corners of the simplex out to travel faster
(as opposed to the log-barrier which keeps us away)



* and so:

NPG softmax case
(NPG as “soft” policy iteration) B
1%

Tﬁ(a@\ - E

* Lemma: (Softmax NPG as soft policy iteration) The NPG update is: %5

oD — g0 L T 40
l—y [
/_Q @

Py =l 70 A=V
where Z(s) = Y 7 a | s)exp(nAW(s, a)/(1 — ;/)). - IQ o
£ ]
¢ oA 25



Global convergence for NPG

o %%%(

Theorem: Params: 8 = 0 and # > 0. Forall p and T > 0, we have:

V() > Vi) — 24 ] Ve

nT  (1—-p?T’

Setting 7 > (1 — y)zlog A, NPG finds an e-opt policy when 7" > W
lteration complexity has:
« No dimension dependence (no dependence on §, A)

» No dependence on start state measure p (and no “dist mismatch factor”)
* No ‘flat gradient’ problem

What about approx/estimation errors? (next lecture)



Improvement Lower Bound

- Lemma: For the iterates 7% generated by the NPG, we have for all distributions u:
(1-7y)
V(t+l)(’u) — V(t)(,u) > Es~/,t log Z(s) > 0.

- —
&
Zels) = 2 ° M=




NPG Conv. Proof, Part 1

« d* as shorthand for d;; r, as shorthand for the vector of z( - | s)

* By the performance difference lemma,
by PD L

« 1
VE(0)=VOp) = ——Ey e ), 7 (@l DAY
a b S Dr-ef e B

,a)
1 7D (a|s)Z(s)

:Z SNd*gﬂ (a]s)log 7(a|s) L// /(%74% o /<

1
=—FE, 4 (KL(ns* |12y — KL(zX | | zFD) + 2 m*(a|s)log Z(s)
’/I a

1
= e (KL |1 29) = KLGX || 20%D) + log Z(s) ),




NPG Conv. Proof, Part 2

« By the improvement lemma VU D(p) > VO(p). Hence,
-1

1
7* __y(1-1) _ * _y®
VE(p)—VY¥V(p) < TEO (V¥ (p) = V¥(p))

1 T-1
= ﬁ Z E, «(KL(z)| |ﬂs(t)) KL(r | |ﬂ(t+1))) _|_ Z - logZ(s)
=0

- E, KL(z)| | 7©) N 1 4
nt nl =

Es~d* 10g Zt(s) .



NPG Conv. Proof, Part 2

« By the improvement lemma VU D(p) > VO(p). Hence,
. 1 Qo
V)=V ) < — ) (V) = V)

=0
1 -1 1 T-1
= — Y E, (KU} | | 20) = KUX | | 20) + — D E,_yelog Z(s)
nr =0 nr =0
E_ KuxzX||z? 13
< Sl + Z E, ;logZ(s).
nt (Ll

« By the improvement lemma (applied with d* as the distribution), we have:
1 1
~E, 4:log Z(s) < — (V@) - vO(a"))
g —7

which gives us a bound on E__ ;. log Z(s).



NPG Conv. Proof, Part 3

. E_ KL(z*||z© 1 S
V(o) = Vi) ¢ Dt T D L LS g togz) eyt
nT L &/:% | e llmg
T-1 4

E._ KLz ||z
< s~d (”s || 7*) n 1 Z (V(t+l)(d*) _ V(t)(d*)>
i’]T (1 - }/)T =0

@) ARG - Vo)
*V/G”” dm%@” Lr]T / (1-pT
L

log A
/‘7 —Og + .V \/

=0 a7 (1—y>2T/// 'S

™
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Policy Gradient: Examples of Policy Parameterization (discrete actions)

1. Softmax Policy for
Tabular MDPs:

0, ER,Vs,ae SXA
exp(b; )

Al 19) = 2, exp(¥; )

2. Log Linear Policy (e.g., for
linear MDPs):

Feature vector ¢(s, a) € RY and
parameter 8 € R?

exp(60' (s, a))
2, exp@T (s, a))

myals) =

3. Neural Policy:

Neural network
fo: SXA-R

exp(fy(s,a))

ma |s) =

2 exp(fols, a")



NPG & Compatible Function Approximation of
we e

« Let w* denote the following minimizer of the “compatibleﬁnction approximation” error:
el SiLioloa

. . 2
w* e argm|nwEgNd;{mEaNﬂ0(_|S) (A H(S, a) - W - Vglog ][e(a | S)) ] @Vlﬁ/(
w
e Lemma: Let X”H(s, a) be the best linear predictor of A™(s, a) using Vylog m,(a|s), i.e.
A™(s,a) = w* - Vylogmyals). We have:

1 N
vévﬂﬁ(ﬂ) -~ 1——}/ Echl;fOEaNﬂ()('ls) [ V91Og ”e(a | 5) A (s, a)]

We can use 1/4\”9(s, a) instead of A™(s, a).

[

1
. Lemma: We have that Fﬂ(Q)* VQVQ(M) = l—w*,

e

*

The NPG direction is t



Today:

Natural Policy Gradient and Approximation



Examples:

NPG and variants for log-linear policy classes



NPG & Log Linear Policy Classes

exp(0' ¢(s, a))
2. exp(@Te(s,a))

. Feature vector ¢(s,a) € R? my(als) =



NPG & Log Linear Policy Classes

exp(0' (s, a))
Y, exp@Td(s.a)) R
* We have: —7 (en &‘é/\f/

_ _ — —>
Vylog my(a|s) = gbfa, where c/)fa =50~ Eprony 19 Ps.0)- Q 24 mLu e

. Feature vector ¢(s,a) € R? my(als) =



NPG & Log Linear Policy Classes

exp(0 ' ¢(s, @)
2, exp@T (s, a))

. Feature vector ¢(s,a) € R? my(als) =

e We have:

VHIOg ﬂe(a | S) - gzs‘,ga’ where (/75,061 - ¢s,a o Ea/~ﬂ(,(-|s)[¢s,a/]‘

* The NPG update:

. —0\2
0« 0+nw,, w, € argmanEs,Nd/f;a,aNﬂy(.|S)[(A”‘)(S, a—w: ¢s,9a) ]



NPG & Log Linear Policy Classes

exp(0' ¢(s, a))
2. exp(@Te(s,a))

Feature vector ¢ (s, a) € R, my(als) =

We have: B B
VQlog ﬂ'g(a | S) - S,Ha’ where ¢S,06l — ¢s,a — Ea/Nﬂ(,(-ls)[qﬁs,a/]'

The NPG update:
. —pg\2
0 — 0+ nw,, @ argmanES,Nd//;e,aNﬂH(.|S)[(A”"(S’ a—w: ¢s,9a) ]

Equivalently, for the same v w B -
n(a|s)exp(wy -~ @ ) e CP — A
Z

S

n(als) «

(Z, is the normalizing constant.) Using ¢ or ¢ result in the same update for 7.



Q-NPG: use Q rather A

(a little nice to interpret for analysis)

 Still log linear class.



Q-NPG: use Qrather A ¢ (4}~

(a little nice to interpret for analysis) ” K@H@ ©
s
Lid AW '“c 2

» Still log linear class.

3 ’/LDVI/ \
* The Q-NPG update: i a 6\) @ ,%LL §é

. A%
0« 0+nw,, w, € argmlnWEgNd/f)w’aNﬂO(.|S)[(Q (s, a) —w - C/)s,a) ]



Q-NPG: use Qrather A .,
(a little nice to interpret for analysis) X éf { A @/@((

» Still log linear class. 2 é @
* The Q-NPG update: , o
0 <~ 0+nw,, Wy € argmin B im0 ny. |;)[<Q”H(S a—w- gbs@d) ] -
© “@.
« Equivalently, for the same w, T & 0 L /Z
b 2 ;
n(a|s)exp(wy - ¢ ) N &

(Z, is the normalizing constant.)

n(als I
(als) Z, @ hﬁgq £ T éASo(/
7%
Are ey differe 4 =



Approximate Q-NPG

(e.g. we use samples to estimate Q)

* For a state-action distribution v, define:

L(w;0,v) .= E 7, (Q@s, a)—w - qﬁm)z].



Approximate Q-NPG Lt erence

(e.g. we use samples to estimate Q) WS
C
e For a state-action distribution v, define: \7 :
. e b7 2
Lw0,0) 1= By, [(0%(s, @) = w - b, )7]. le

 With an on-policy state action measure starting with s, a, ~ v. Shorthand:
d(s,a) == d™"(s, a)
N



Approximate Q-NPG

(e.g. we use samples to estimate Q)

» For a state-action distribution v, define:
L(w;0,v) := Es,a~1) [(Qﬂ()(s’ a—w: ¢s,a>2]'

 With an on-policy state action measure starting with s, a, ~ v. Shorthand:
dO(s,a) == d™"(s, a)

* The approximate version:
0D = 90 4 pw®, where. w” & argmin L(w; 09, dD)y,

L J

Iwll.<W



Approximate Q-NPG

(e.g. we use samples to estimate Q)

For a state-action distribution v, define:
L(w;0,v) == E, ,_,|[(Q™(s,a) = w - ¢, ,)*|.

With an on-policy state action measure starting with s, @, ~ v. Shorthand:
v a (70 pror.

dV(s,a) := d™ (s, a)
Kxfﬁmm} Lo, HW

The approximate version:
QD = 90 4 ' where. w' ~ argmin”w||2<WL(w; 0D, ), O/(d e +D

@516{4,_ arrovs
Equivalently, /0 L‘

0) O
m(als)expw™ - ¢y ) O P J L RS g
~ g

S

ﬂ.(l+1)(a | S) -




Error Analysis of NPG

(and variants)



NPG regret lemma ( y “7@(%7
7

« Consider the update rule: 0! = 9 4 5y /I(Q o
(starting with 7 being the uniform policy).



NPG regret lemma [ 756 - el

- Consider the update rule: 07" = 97 4 1y
M% “~ (starting with 7 being the uniform policy). f_ /&[/x/{ H
S

Fix any/comparison policy 7 and a state distribution p.
Assume/log my(a | s) (for all s, a) is a f-smooth function of 6.
Consider an arbifrary sequence of weights w@, .., wD, st. [[w®||, < W. Define:

E_7E, z.9A% a) —=w? - Vylog n¥(als)|.

Lthﬁ\_,l;—\/tf/—dw

. | [2pTog A =
min{V”(/))— M} <—\ W ﬂ og —_— = Zerr, .
T \\/ 1 — Y T =0
(usingp = \/2 log A/(BW?T)) S

— 20

ﬂ?T\D m



NPG regret lemma

- Consider the update rule: 07" = 97 4 1y
(starting with 7 being the uniform policy).

* Lemma: (NPG Regret Lemma)
Fix any comparison policy 7 and a state distribution p.
Assume log my(a | s) (for all s, a) is a f-smooth function of 6.
Consider an arbitrary sequence of weights w®, ..., wD), st. [[w?||, < W. Define:
=E _-E [A(’)(s, a) — w9 . Vylog n¥(a| s)].
We have that

: ~ 2p logA 1 S
min { V*(p) — V® } +— ) err
nin { V(o) = VO(p) Wt Zem

(usingn = \/2 log A/(BW?T))

a~7(-|s)

* Proof: Mirror descent style of analysis + Perf. Difference Lemma



Approximate Q-NPG

(e.g. we use samples to estimate Q)

* The approximate version:

OD = 90 1 @ where. w® = argmin L(w; 09, dD),

Iwll.<W



Approximate Q-NPG

(e.g. we use samples to estimate Q)

* The approximate version:

O =00 4w, where. w' ~ argmin .y L(W; 0", d"),

[w|[,<W

* Error Decomposition:

L(W(t)' 210, d(t)) — L(W(t)' 210 d(t)) _ L(W(t)' 210) d(t)) + L(W(t)' 210) d(t))
9 9 9 9 * 9 9 * 9 9

Excess risk Q Approximation error

: =
where " € argmin .y LOW; 6, d") o~ /OQ /
& Samples




Q-NPG Conv Rate w/ Estimation Error
(no approx error)

. Suppose L(Wi’); 0D, d0y =0
Suppose the
Lw®; 09 0y — L(Wil); 0, d") < egiat,



Q-NPG Conv Rate w/ Estimation Error
(nO approx error)
« Suppose No approx error: L(wf);e(’),d(’)) =0 ./

Suppose the excess risk:

L(W(I); 9(1), d(t)) _ L(Wy); 9(1)’ d(f)) < €stats / éj . > D
Z ¢

o >

> A
)/‘Q%(/ /:é

» Conditioning: suppose ||¢; I, < 1 and, for the initial measure v,

6min<Es,a~p [qs.s',aqsza] ) - j’min’ k=1/4.



Q-NPG Conv Rate w/ Estimation Error
(no approx error)

« Suppose No approx error: L(wf); 00, d"y =0 < o A4 Z [(J : @WA 0[9
Suppose the excess risk: W/ y — » ST
Lw®;00,dD) — Liw?; 09, dV) < egtat,

» Conditioning: suppose ||¢; I, < 1 and, for the initial measure v,
T\ — _
6min<Es,a~p [¢.s',a s,a]) - j’min’ k=1/4. ) MA W ;
gy L

« Theorem: Fix any state distribution p; any comparator policy 7™ (not necessarily optimal).
With 7 set appropriately and under the above assumptions, we have that:

: x 210gA
T ([) .
E [rgl;l{V (p) — V¥(p) ] - ;/V \/(1 — K €stat>




Q-NPG Conv Rate with Approx+Est. Errors

» Suppose the excess risk and approx error are bounded as:
L(wm; 9([), d(r)) _ L(Wif); g(f), d(f)) < €stats

L(Wy); 0(07 d([)) < Gapproxy



Q-NPG Conv Rate with Approx+Est. Errors

* Suppose the excess risk and approx error are bounded as:
L(W(T), 9([), d(’)) _ L(Wf), g(f)’ d(r)) < €stats

« Conditioning: suppose ||¢, .||, < 1 and, for the initial measure v,
Gmin( s,a~v [d)s a¥s a] ) - Amin’ k=1/4.



Q-NPG Conv Rate with Approx+Est. Errors

* Suppose the excess risk and approx error are bounded as:
Lw®; 00, 40y — L(Wf); 00 40y < Estats

L(Wy); 8([)5 d([)) < eapprox,

« Conditioning: suppose ||¢, .||, < 1 and, for the initial measure v,
Gmin< sawv[¢s a sa]) - /Imin, k=1/1.

* Theorem: Fix any state distribution p; any comparator policy 7" (not necessarily optimal).

With 7 set appropriately and under the above assumptions, we have hat e C§
VAU 0{>

E [min { V7 (p) — VO(p) }] / S o
C

<T

210gA N d*
K-€ —
=1 —y\/ (1 - y)* P

\)(s/m

: 6approx>

o0




NPG & Neural Policy Classes

« Neuralnetfy: S XA — R, Policy:

exp(fy(s, a))
Y, exp(fi(s, a))

my(als) =



NPG & Neural Policy Classes

« Neuralnetfy: S XA — R, Policy:

exp(fy(s, a))
Y, exp(fi(s, a))

my(a |s) =

e We have:

Volog mya|s) = gy(s,a), where gy(s,a) = Vg fy(s,a) — Ey 1l Vosfols,a)l.



NPG & Neural Policy Classes

« Neuralnetfy: S XA — R, Policy:

exp(fy(s,a))
Y. exp(fys.a)

my(a |s) =

e We have:

Voylog my(a|s) = gy(s,a), where gy(s,a) = V,fs,a)— Ey 19l VoSo(s, adl.

* The NPG update rule is:

. 2
0 <~ 0+nw,, Wy € argmin B4 4z, (.|5) [(A”o(s, a) —w - gys, a)) ]



NPG & Neural Policy Classes

« Neuralnetfy: S XA — R, Policy:

exp(fy(s,a))
Y. exp(fys.a)

my(a |s) =

e We have:

Voylog my(a|s) = gy(s,a), where gy(s,a) = V,fs,a)— Ey 19l VoSo(s, adl.

* The NPG update rule is:

. 2
0 <~ 0+nw,, Wy € argmin B4 4z, (.|5) [(A”o(s, a) —w - gys, a)) ]
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