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Policy Gradient:
REINFORCE, Variance Reduction, Convergence



Policy Optimization

At last — a computer program that
can beat a champion Go player PAGE4g4

ALL SYSTEMS GO

[AlphaZero, Silver et.al, 17] [OpenAl Five, 18] } [OpenAl, 19]




Recap: Infinite Horizon Discounted MDPs
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Recap: Infinite Horizon Discounted MDPs

State-action distribution P} (s, a): probability of 7 hitting (s, a) at i
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Recap: Infinite Horizon Discounted MDPs

State-action distribution P} (s, a): probability of 7 hitting (s, a) at i

State-distribution [P7(s): probability of 7 hitting (s) at 2

0
Discounted visitation d”*(s,a) = (1 — y) Z }/hPZ(S, a)
h=0

Advantage function: A”(s, a) = Q”(s,a) — V*(s)
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Today: Policy Gradient Deriviation

e.g., Reinforce, Natural Policy Gradient, TRPO, PPO:

(Williams 92, Kakade 02, Schulman et al 15, 17)

myals) = n(als;0)  J(my) =E, [Z yhrh]
h=0

« Yl L an

Main question for today’s lecture:
how to compute the gradient?
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Policy Gradient: Examples of Policy Parameterization (discrete actions)

1. Softmax Policy for
Tabular MDPs:

0, ER,Vs,a€eSXA
exp(@s,a)
Za/ exp(gs,a’)
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Policy Gradient: Examples of Policy Parameterization (discrete actions)

2. Softmax linear Policy

Tabular MDPs:

0, ER,Vs,a€eSXA
exp(@s,a)
Za/ exp(@s,a’)
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2. Softmax linear Policy

Tabular MDPs:

Feature vector ¢ (s, a) € R? and

0 R,V A
ha € R, Vs, 0 €5X parameter @ € R?

exp(b; )
Za/ exp(gs,a’)
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2. Softmax linear Policy

Tabular MDPs:

Feature vector ¢ (s, a) € R? and

0 R,V A
ha € R, Vs, 0 €5X parameter @ € R?

exp(@s,a)
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Policy Gradient: Examples of Policy Parameterization (discrete actions)

2. Softmax linear Policy 3. Neural Policy:

Tabular MDPs:

Feature vector ¢ (s, a) € R? and

0 R,V A
ha € R, Vs, 0 €5X parameter @ € R?

exp(@s,a)

Za’ exp(gs,a’) . (Cl | S) — exp(9T¢(s, a))
’ Y. exp(@Td(s, a)

myals) =




Policy Gradient: Examples of Policy Parameterization (discrete actions)

_ 2. Softmax linear Policy 3. Neural Policy:
1. Softmax Policy for (e.g., for linear MDPs):
Tabular MDPs:
Feature vector ¢ (s, a) € R? and Neural network
0 R,V A
ha € R, Vs, 0 €5X parameter € R? fo: SXA- R
exp(b; ) A
myals) = .
Za/exp(gs,a’) . (Cl | S) _ exp(H ¢(Sa a))
’ > exp(dT(s.a)




Policy Gradient: Examples of Policy Parameterization (discrete actions)

] 2. Softmax linear Policy 3. Neural Policy:
1. Softmax Policy for (e.g., for linear MDPs):
Tabular MDPs:
Feature vector ¢ (s, a) € R? and Neural network
Ora € R, Vs, 0 € SXA parameter 0 € R? Jop: SXAH R
(als) = 2Ol
nyals) =
9 %, exply,) aly = _SROPEa) | expls.a)
¢ ’ T = , olals) = ,
’ Y, exp(@T(s, a) (Y exp(fils, )

Z'W@ (al>) -1
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Warm Up

J(O) = E,_p, [f)]

VoJ(0) = VyE, p f(X)

Suppose that | have a sampling distribution p, s.t., max Py(x)/p(x) < oo
X

V() = V4E, _p f(x) = V,4E

oy ( )
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Warm Up
JO) = E,.p, [fx)]

VoJ(O) = V,4E,_p fX)

Suppose that | have a sampling distribution p, s.t., max Py(x)/p(x) < oo
X

VPy(x)
px)

v _ _ Pe(x) _
0J(0) = Ve[Ex~P9 x) = VQ[EXNpr(x) = [Ex~p f(x)



Warm Up

JO) = E,.p, [fx)]

VgJ(0) = V4, p,f(X)

Suppose that | have a sampling distribution p, s.t., max Py(x)/p(x) < o0
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Warm Up

J(O) = E,_p, [f)]

VoJ(O) = V,4E,_p fX)

Suppose that | have a sampling distribution p, s.t., max Py(x)/p(x) < o0

Vgl (0) = VyE, . p,flx) = Ve[Ex~pZQ(_(;))f(x) =E,., Vo g(x) _2 Vo e(x) -
i=1

p(x)

VQJ(Q) |9=90 = VG[ExNng(x) |¢9=00

A
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Warm Up

J(O) = E,_p, [f)]

VoJ(O) = V,4E,_p fX)

Suppose that | have a sampling distribution p, s.t., max Py(x)/p(x) < oo
X

Vng(x)
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Warm Up

J(O) = E,_p, [f)]

VoJ(0) = VyE, p f(X)

Suppose that | have a sampling distribution p, s.t., max Pg(x)/p(x) < 0
N, V,oPy(x)

VQ x~Py f(x) VG x~p p( )
i=1

Jx)

VGJ O lpzg, = VoEror, /D) gy, 7 Qn g, O
9,
P, “

W t ling distribution p =
e can set sampling distribution p /Q/_;) s Fo. (<)
_ __/
Vo)l g_g, = Exnp, Voln Pg (f(x) Polx )




Warm Up

VJ(0)pg, = Evp, Voln Peo(x@
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Derivation of Policy Gradient: REINFORCE

T = {0, Ay, S1, Ay .- }
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Derivation of Policy Gradient: REINFORCE

T = {0, Ay, S1, Ay .- }

Po(T) = ;b(so)ztg(ao | s9)P (s | So, ag)me(ay | sy).- ..

J(7p) =B po) Z vir(s,, ay)
A h=0
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Derivation of Policy Gradient: REINFORCE

T = {0, Ay, S1, Ay .- }

/pg(f) = 1o(50)7(dto | 5) Py | So» o)ty | S0

J(mg) = By [Z Yir(s,, ah)]

h=0
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(o)

V() = E., ) | Voln pg(t)R()]



Derivation of Policy Gradient: REINFORCE

T = {0, Ay, S1, Ay .- }

Po(T) = po(so)mglag | so)P(s1 | Sp, ap)melay | sp)....

J(mg) = By [Z Yir(s,, ah)]

h=0

R(7)

V() = E., ) | Voln pg(DR(@)]

= Ep o [ Vol - Hinmfao ) @...)R@]
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Derivation of Policy Gradient: REINFORCE

T = {0, Ay, S1, Ay .- }

Po(T) = po(so)mp(ag | sp)P(sy | S, ag)melay | sy)...

J(mg) = Eo o)) [Z (s, ah)]

h=0

R(7)

V() = E., ) | Voln pg(DR(@)]
= |ET~,09(T) I:VH(IW hl ﬂg(dolSo) + lnP 1+°0> ao) + ,.,) R(T):|

=E.vp0 [Vg (In my(ag | sp) + Inmyay | 5,). ) R(T)]



Derivation of Policy Gradient: REINFORCE

T = {0, Ay, S1, Ay .- }

Po(T) = po(so)mglag | so)P(s1 | Sp, ap)melay | sp)....

J(mg) = By [Z Yir(s,, ah)]

h=0
R(z) T~ Pox)
&0
Y T @u|sw ‘R(‘C)
Vol () = Ep [VGIHPQ(T)R(T)] \ﬂ%«b Yol T \
=E. 0 [V9<1n Ho(so) + Inzy(ag | s5) + In P(sy | s, ap) + ... R(T)] #

= [ETNPQ(T) I:Vg (ln 72'9(610 | So) + ln ﬂ'g(al | Sl)' . ) R(T)] = |ETN/)9(T) < Z V@ln ﬂg(ah | Sh) @’

A h=0
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Derivation of Policy Gradient w/ 0"

Recall definition of value function V()
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Derivation of Policy Gradient w/ 0"

Recall definition of value function V()
V() = VE, ., [V7sp)]

= V4E, ., l[EaON,rg(SO) <r(s0, ap) + rE wp, . [V’Z(sl)] )l
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Derivation of Policy Gradient w/ 0"

Recall definition of value function V()

V() = VE, ., [V7sp)]

= ValESONp [Ea0~”9(so) <r(S0, ao) + }/[ESINPSO,aO [V”H(Sl)] )l

. Q”H(SO’ ao) + 7/ 2 ﬂe(ao | SO)[ESINPSO,aO ngng(sl)

ag ~———
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Derivation of Policy Gradient w/ 0"

Recall definition of value function V()
V() = VE, ., [V7sp)]
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Derivation of Policy Gradient w/ 0"

Recall definition of value function V()
V() = VE, ., [V7sp)]

= ValESONp [Ea0~”9(so) <r(S0, ao) + }/[ESINPSO,aO [V”H(Sl)] )l

W 2 my(ag | o)

apEA

. Q”H(SO’ ao) + 7/ 2 ﬂe(ao | SO)[ESINPSO,aO ngng(sl)
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me(ag | so)
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Derivation of Policy Gradient w/ 0"

Recall definition of value function V()

Vol() = Vo [VA0) _ S V@Q 9 & 5”“>>
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Derivation of unbiased Stochastic Policy Gradient

1
VoI O = T [Valn (@] $)0™ (s, a)]

Do
Qerndrre, F z v L, ﬂs(aulbu)-f—(f/l
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Derivation of unbiased Stochastic Policy Gradient

oln 72'91((1 | $)O™(s, a)]
« lS ls)

h . 7y,
Dra\/@oll-m 7Ty, to generate sy, a, @

(7 h {l -
d Cans K\,x) S ¥ PM“’“>
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Derivation of unbiased Stochastic Policy Gradient

1
VHJ(Q) = —[ES' an~d™o |:V91n 72-6)(6{ | S
e | PALEERY
- w9y
®
[

o
h : m
Draw h o y", roll-in 7, to generate s, a;, ~ P,* (2 an)
_ 1>h
Roll-out 7, from (s, ;) : terminate with prob 1 —y, Q™(s;, a;,) = Z r,
bt hx v =h
k ), —D e
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Derivation of unbiased Stochastic Policy Gradient

1
VHJ(H) = I—[ES.(IN(]”H Vﬁln 72'6,1((/{ | S)Q”H(S, a)

h . 7y,
Draw /i o< y", roll-in 7, to generate s,, @), ~ P}* 47

Unbiased estimate: Vyln 7y(a; | s,) Q" (s, a;)
Ao

F [7&,&,\77‘9 (CW/S'M) C/Q\J-’%Skah) = Vg_ ’f(&)



Derivation of unbiased Stochastic Policy Gradient

1
VoJ(0) = I—[Es,aNd"H Volnzy(a|s)Q™(s, a)
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Variance Reduction via Action-Independent Baseline

A

Voln zy(ay | sp) ( Zjﬂy(sha a,) — b(5;1)>
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Unbiased Estimate:



Variance Reduction via Action-Independent Baseline

Unbiased Estimate:

Voln zy(ay | sp) ( Zjﬂy(sha a,) — b(5;1)>

o,

Es,aNdﬂg Valn ﬂ'a(a | S)b(S)
A



Variance Reduction via Action-Independent Baseline

Unbiased Estimate:

Voln zy(ay | sp) ( ’Q‘@(Sh, a,) — b(511)>

Es,aNdﬂg Valn ﬂ'a(a | S)b(S)

= [Es~d”9 b(S)[EaN”e('|S) Vgln 72'9((1 | S)]



Variance Reduction via Action-Independent Baseline

Unbiased Estimate:

Voln zy(ay | sp) ( ’Q‘@(Sh, a,) — b(511)>

Es,aNdﬂg Valn ﬂ'a(a | S)b(S)

= [Es~d7r9 b(S)[Ea~ﬂg(~|S) w:l = [ES~d”9 [b(s) za: ”M)




Variance Reduction via Action-Independent Baseline

Unbiased Estimate:

Voln zy(ay | sp) ( §n9(517, a,) — b(S/z)>

Es,aNdﬂg Valn ﬂ'a(a | S)b(S)

Vry(als)
= E, gm0 [b(S)[EaN,,g(,| s Voln my(al| s)] =E,_m [b(s) ; )@l s) 7;(2 = ]

= E,_m [b(s) Y Vyryal s)]
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Variance Reduction via Action-Independent Baseline

Unbiased Estimate:

Voln zy(ay | sp) ( §n9(517, a,) — b(S/z)>

Es,aNdﬂg Valn ﬂ'a(a | S)b(S)

\Y%
= [ESNdﬂg [b(s)[EaN”G('ls) VHln ﬂ'g(a | S)] = IESNd”G [b(S) Z ﬂg(a | S) gﬂa(a | S)]

myals)

= E, g [b(s) Y Vyryal s)] = E,guo [b(s)Vg( Y mpals) ]

a
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Variance Reduction via Action-Independent Baseline
Unbiased Estimate:

Voln zy(ay | sp) ( Zjﬂy(sha a,) — b(5;1)>

&

q
\@\/ ($)
Es amamo Voln my(a| s)b(s)

\Y%
= [ESNdﬂg [b(s)[EaN”G('ls) VHln ﬂ'g(a | S)] = IESNd”G [b(S) Z ﬂg(a | S) Hﬂe(a | S)]

myals)

= [b(s) Y Vyryal s)] = E, gm0 [b(s)Vg( Y mal s))] =0



Variance Reduction via Action-Independent Baseline

@ah | Sh)<

A A

Q”"(s,, a,) — b(sy,)
A
The best baseline:

)
min) g [( Vln (| sh)@“ﬂe(sh, @) — b(sh)>> V,pln (a1 | sh)<§”9(sh, @) - b(sh)>]

E [Vgln way | 59)T Vln my(a, | 5,) O, ah)] /

bisy) = -
E [ Voln my(ay | 5,)T Voln my(ay | 54)]




Variance Reduction via Action-Independent Baseline

Voln zy(a, | S/)( Q"(sy, ay) — b(sh)>
The best baseline:

)
min [( Vln (| sh)@“ﬂe(sh, @) — b(sh)>> V,pln (a1 | sh)<§”e(sh, @) - b(sh)>]

E I:Vgln ﬂ@(ah | Sh)T V@ln ﬂa(ah | Sh)ag(sh, ah)]

bisy) = -
E [ Voln my(ay | 5,)T Voln my(ay | 54)]

In practice:



Variance Reduction via Action-Independent Baseline

Voln zy(ay, | s;) ( aﬂ”(sh’ a) — b(Sh)>

—

The best baseline:

)
min [( Vln (| sh)@“ﬂe(sh, @) — b(sh)>> V,pln (a1 | sh)(a”ﬂ(sh, @) - b(sh)>]

E I:Vgln ﬂ@(ah | Sh)T Vgln ﬂg(ah | Sh)ae(sh, ah)]

bisy) = -
E [ Voln my(ay | 5,)T Voln my(ay | 54)]

In practice: 1

1
VoJ(0) = ——F, o i [V pln zy(a | )(Q%(s, a) — V7(s))] —E g ( Voln ma] 9A7(s, )
b(Sh) — VJIO(S) -7 —— e -7

o
=A 85.0\) =




Summary so far:

The most commonly used formulation:
Policy Gradient with V™ as a baseline: \ﬂ{ N A

R(T
V() = — mdng[Vglnﬂa(als)A (s, )l \/ )
A6



Summary so far:

The most commonly used formulation:
Policy Gradient with V'’ as a baseline:

1
VQJ(Q) = 1__7/[Es,a~d”9 [Vﬁln ﬂg(a | S)AEQ(S, a)] (\3 (/51 - &

Q: can you think about a way to get an unbiased estimate of A™(s, a) via one roll-out?
~——



Summary so far:

The most commonly used formulation:
Policy Gradient with V'’ as a baseline:

1
V,J(O) = I—[Es,aNd,,g [ Volnmy(al s)A™(s, a)]
-7
Q: can you think about a way to get an unbiased estimate of A™(s, a) via one roll-out?

Next: Stochastic Gradient Ascent Converges to Stationary Point



Convergence to Stationary Point

J(7y) is non-convex (see example in the monograph)
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Convergence to Stationary Point

J(7y) is non-convex (see example in the monograph)

Def of f-smooth:
||Vej(z) = VoJ(Opll, < BlIO - ll,
n

|70 = 70 = Vo0 O - 6| < L6 - oz ve,6, /

D)



Convergence to Stationary Point

J(7y) is non-convex (see example in the monograph)

Def of f-smooth:
IVoJ(0) — Vo J(Op)ll, < BIIO — Gl

[96) = 560 = V10070 - 60| < Z110 - a1, .0
[Theorem] If J(0) is f-smooth, and we run SGA: 0,, | = 0, + nVQJ(QZ)
where E [%J(e,)] —V,J(0), E [||'V”9J(e,)||§] <o,

A D

then:

1 a-
E [?Z’ HVOJA(.HI)”%] <0 <,//302/T> /ﬁ\f



Convergence to Stationary Point
[Theorem] If J(0) is f-smooth, and we run SGA: 0,, | = 0, + r]VgJ(H,)
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Actor-Critic Algorithm

1
Vol (0) = —F, o lvgln 7g(al s)<erw(s, a) — Véj(s))l

~N————

~ 193(8

2
Critic 0, (s, a): approximately minimizes E ,, (QW(S, a) — Q%(s, a))
A
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Actor-Critic Algorithm

1
Vol(0) = —E, 1 sn [Veln 7y(al s)<Q”Hr(s, a) — vg(s)>l

2
Critic Q,,(s, a): approximately minimizes Esamu (QW(S, a) — Q%(s, a))

Actor-Critic Gradient:
Veln T[gt(ah | Sh)QW(Sh’ ah)

Actor-Critic Gradient:
Vyln ”e,(ah | 57,) (Qw(sh’ a) — [Ea'~n9(a’|sh)Qw(Sha al)>

A8y, ap)
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Compatible Function Assumption

2
Assume we minimize Eg (Qw(s, a) — Q"(s, a)) via SGD on w, and get to stationary point:
[Es,a~d”-9 (Qﬂg(s9 Cl) - Qw(sa a)) VWQW(S7 a) =0

If compatible, i.e., V,, /Q\W(S, a) = Vylnmya|s), then, we get unbiased gradient estimate:

Esumam Volnmy(a| $)Q™(s,a) = E , 4= Vylnmy(als)Q, (s, a)

One possible parameterization for Q, (s, a) = w' Vylnny(a|s) (Natural PG)

Another one: Q, (s, a) = w ' (s, a), m)(a|s) x exp(@'¢(s,a))



Summary

1
Vo (6) = —

Ey oamo [Vgln my(als) <Q”f’r(s, a) — Vg(@)l \/

Use unbiased estimate of V,J(6), SG ascent converges to stationary point

Actor-Critic with Compatible function (warm up for Natural Policy Gradient)



