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Value function Vπ(s) = ' [
∞

∑
h=0

γhr(sh, ah) s0 = s, ah ∼ π(sh), sh+1 ∼ P( ⋅ |sh, ah)]
Q function Qπ(s, a) = ' [

∞

∑
h=0

γhr(sh, ah) (s0, a0) = (s, a), ah ∼ π(sh), sh+1 ∼ P( ⋅ |sh, ah)]
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Theorem 2:

For any , if  for 

all , then 

Q : S × A → ℝ Q(s, a) = r(s, a) + γ's′ ∼P(⋅|s,a) [max
a′ 

Q(s′ , a′ )]
s, a Q(s, a) = Q⋆(s, a), ∀s, a
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Main Question for Today:  

Given an MDP  , How to find  (stationary & deterministic)


 

ℳ = (S, A, P, γ) π⋆

Two Approaches: 


1. Value Iteration

2. Policy Iteration



Define Bellman Operator :/

Given a function , 


,


f : S × A ↦ ℝ

/f : S × A ↦ ℝ

(/f)(s, a) := r(s, a) + γ's′ ∼P(⋅|s,a) max
a′ ∈A

f(s′ , a′ ), ∀s, a ∈ S × A



Value Iteration Algorithm:

1. Initialization:  ̂Q 0 : ∥ ̂Q 0∥∞ ∈ (0, 1
1 − γ

)

2. Iterate until convergence: ̂Q t+1 = / ̂Q t
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Intuition:
Via Bellman optimality theorem: 

Q⋆ = /Q⋆

i.e.,  is the fixed point solution of Q⋆ f = /f

Consider the simple problem: finding fixed point solution x⋆ = ℓ(x⋆)

x0, xt+1 = ℓ(xt), t = 0,…,

|xt − x⋆ | = |ℓ(xt−1) − ℓ(x⋆) | ≤ L |xt−1 − x⋆ |

If  (i.e., contraction), then it converges exponentially fastL < 1
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Closed-form for PE 

(see 1.1.3 in Monograph)
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≤ max
a [r(s, a) + γ's′ ∼P(s,a)V⋆(s′ )] − [r(s, πt+1(s)) + γ's′ ∼P(s,πt+1(s))Vπt(s′ )]

= max
a

(r(s, a) + 's′ ∼P(s,a)γV⋆(s′ )) − max
a

(r(s, a) + γ's′ ∼P(s,a)Vπt(s′ ))

≤ max
a (r(s, a) + γ's′ ∼P(s,a)V⋆(s′ ) − (r(s, a) + γ's′ ∼P(s,a)Vπt(s′ )))

≤ γ∥V⋆ − Vπt∥∞



Value Iteration vs Policy Iteration

Which one is faster? 

How many iterations (computation complexity) need to find the 
EXACT optimal policy?



A key Lemma: Performance Difference Lemma

Q: What’s the performance difference of two policies π, π′ , i.e.,Vπ(s) − Vπ′ (s)



A key Lemma: Performance Difference Lemma

PDL Statement:


Vπ(s0) − Vπ′ (s0) = 1
1 − γ

's,a∼dπs0 [Qπ′ (s, a) − Vπ′ (s)]

: probability of  visiting  at time step , starting at ℙh(s, a; s0, π) π (s, a) h ∈ ℕ s0

dπ
s0

(s, a) = (1 − γ)
∞

∑
h=0

γhℙh(s, a; s0, π)



Proof of PDL Vπ(s0) − Vπ′ (s0) = 1
1 − γ

's,a∼dπs0 [Aπ′ (s, a)]



Proof of PDL Vπ(s0) − Vπ′ (s0) = 1
1 − γ

's,a∼dπs0 [Aπ′ (s, a)]
π0 = {π′ , …, π′ }, π1 = {π, π′ , …, π′ }, π2 = {π, π, π′ , …, π′ }, . . . π∞ = {π, …, π}



Proof of PDL Vπ(s0) − Vπ′ (s0) = 1
1 − γ

's,a∼dπs0 [Aπ′ (s, a)]
π0 = {π′ , …, π′ }, π1 = {π, π′ , …, π′ }, π2 = {π, π, π′ , …, π′ }, . . . π∞ = {π, …, π}

Vπ(s0) = Vπ∞(s0), Vπ′ (s0) = Vπ0(s0)



Proof of PDL Vπ(s0) − Vπ′ (s0) = 1
1 − γ

's,a∼dπs0 [Aπ′ (s, a)]
π0 = {π′ , …, π′ }, π1 = {π, π′ , …, π′ }, π2 = {π, π, π′ , …, π′ }, . . . π∞ = {π, …, π}

Vπ(s0) = Vπ∞(s0), Vπ′ (s0) = Vπ0(s0)

Vπn+1(s0) − Vπn(s0)



Proof of PDL Vπ(s0) − Vπ′ (s0) = 1
1 − γ

's,a∼dπs0 [Aπ′ (s, a)]
π0 = {π′ , …, π′ }, π1 = {π, π′ , …, π′ }, π2 = {π, π, π′ , …, π′ }, . . . π∞ = {π, …, π}

Vπ(s0) = Vπ∞(s0), Vπ′ (s0) = Vπ0(s0)

Vπn+1(s0) − Vπn(s0)
= γn'sn∼ℙn(⋅;s0,π) (r(sn, π(sn)) + γ'sn+1∼Psn,π(sn)

Vπ′ (sn+1) − Vπ′ (sn))



Proof of PDL Vπ(s0) − Vπ′ (s0) = 1
1 − γ

's,a∼dπs0 [Aπ′ (s, a)]
π0 = {π′ , …, π′ }, π1 = {π, π′ , …, π′ }, π2 = {π, π, π′ , …, π′ }, . . . π∞ = {π, …, π}

Vπ(s0) = Vπ∞(s0), Vπ′ (s0) = Vπ0(s0)

Vπn+1(s0) − Vπn(s0)

= γn'sn∼ℙn(⋅;s0,π) (Qπ′ (sn, π(sn)) − Vπ′ (sn))
= γn'sn∼ℙn(⋅;s0,π) (r(sn, π(sn)) + γ'sn+1∼Psn,π(sn)

Vπ′ (sn+1) − Vπ′ (sn))



Proof of PDL Vπ(s0) − Vπ′ (s0) = 1
1 − γ

's,a∼dπs0 [Aπ′ (s, a)]
π0 = {π′ , …, π′ }, π1 = {π, π′ , …, π′ }, π2 = {π, π, π′ , …, π′ }, . . . π∞ = {π, …, π}

Vπ(s0) = Vπ∞(s0), Vπ′ (s0) = Vπ0(s0)

Vπn+1(s0) − Vπn(s0)

= γn'sn∼ℙn(⋅;s0,π) (Qπ′ (sn, π(sn)) − Vπ′ (sn))
= γn'sn∼ℙn(⋅;s0,π) (Aπ′ (sn, π(sn)))

= γn'sn∼ℙn(⋅;s0,π) (r(sn, π(sn)) + γ'sn+1∼Psn,π(sn)
Vπ′ (sn+1) − Vπ′ (sn))



Proof of PDL Vπ(s0) − Vπ′ (s0) = 1
1 − γ

's,a∼dπs0 [Aπ′ (s, a)]
π0 = {π′ , …, π′ }, π1 = {π, π′ , …, π′ }, π2 = {π, π, π′ , …, π′ }, . . . π∞ = {π, …, π}

Vπ(s0) = Vπ∞(s0), Vπ′ (s0) = Vπ0(s0)

Vπn+1(s0) − Vπn(s0)

= γn'sn∼ℙn(⋅;s0,π) (Qπ′ (sn, π(sn)) − Vπ′ (sn))
= γn'sn∼ℙn(⋅;s0,π) (Aπ′ (sn, π(sn)))

Telescoping: Vπ′ − Vπ =
∞

∑
n=0

Vπn − Vπn+1

= γn'sn∼ℙn(⋅;s0,π) (r(sn, π(sn)) + γ'sn+1∼Psn,π(sn)
Vπ′ (sn+1) − Vπ′ (sn))


