Planning in Markov Decision Processes
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Recap: Infinite Horizon MDPs

M= {S,A,P,ry)
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Stationary Policy 7 : S = A(A)

Value function V*(s) = E [Z v (s, a,) | So = 8, ay, ~ 1(sy), S0 ~ PC- |5y, ah)]
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Recap: Bellman Optimality

M= {S,A,P,ry)
P:SxA— AS), r:SxA—[0,1], yel[0,1)

Theorem 1: Bellman Optimality

Q*(S9 a) = r(sa Cl) + ylES/NP(-|S,a) [n/laj( Q*(Sla a/)]
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Forany O : S XA - R, ((\Q(s, a) = r(s,a) + Y& ) ps.0) [MAX Q(s’,a\’)yfor
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all s, a, then Q(s, a) = O*(s,a),Vs,a
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Main Question for Today:

Given an MDP.Z = (S, A, P, ) , How to find 7~ (stationary & deterministic)

Two Approaches: ¥

AN
1. Value Iteration
2. Policy lteration <
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Value lteration Algorithm: .
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Intuition:

Via Bellman optimality theorem:
Q* — 9Q*

i.e., O™ is the fixed point solution of f = T f

Consider the simple problem: finding fixed point solution x* = Z(x*)
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Intuition:

Via Bellman optimality theorem:
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Intuition:

Via Bellman optimality theorem:
Q* — 9Q*
i.e., O™ is the fixed point solution of f = T f
Consider the simple problem: finding fixed point solution x* = Z(x*)

X Xy = C(x), 1 =0,...,

L
o L ,7(0’)‘*’
|, —x*| = £ — &™) | < Llx_y — x| 120
i L <1~ I3
. . . . L >0
If L < 1 (i.e., contraction), then it converges exponentially fast
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Convergence of Value lteration:
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Convergence of Value lteration:

Lemma [contraction]: Given any O, O, we have:
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Convergence of Value lteration:

Lemma [contraction]: Given any O, O, we have:
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Convergence of Value lteration:
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Convergence of Value lteration:

Lemma [contraction]: Given any O, O, we have:
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Convergence of Value lteration:

Lemma [contraction]: Given any O, O, we have:

170 -7 0N, <70 -0l

PRI Proof:
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Lemma [Convergence]: Given O O, we have:
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Convergence of Value lteration:

Lemma [Convergence]. Given /Q\O, we have:
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Final Quality of the Policy:
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Final Quality of the Policy:

7' 7'(s) = argmax Q (s, a)
a
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Final Quality of the Policy:

7' 7'(s) = argmax Q (s, a)
a
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Theorem: VZ(s) > V*(s) — ILHQO _Q*||VsES
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Proof:
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Final Quality of the Policy:

7' 7'(s) = argmax Q (s, a)
a

. 2yl
Theorem: VZ(s) > V*(s) — ILHQO _Q*||VsES
-7
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V;?’(s) — V*(s) = Qz?’(s, ﬁt(s)) _ Q*(S, ﬂ*(S)) . m:f {9‘:{(5‘&)

= QF(5, () ~ 0*(s. A1) + Q*(s. F(5) — Q5. 7*() | 7 Bres 7))
= VEgeriiion (V) = V() ) + Q%G5 7(5) = Q*(5,2*(9)
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Final Quality of the Policy: g VT

&

S

7' 7'(s) = argmax Q (s, a)
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Final Quality of the Policy:

N

7' 7'(s) = arg max /Q\’(s, a)
a
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Proof:
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2. Policy Evaluation: Q”t(s, a),Vs,a
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Policy Iteration Algorithm:

1. Initialization: z° : S — A(A)
2. Policy Evaluation: Q”t(s, a),Vs,a

3. Policy Improvement 7' (s) = arg max Q” (s, a), Vs ‘>

a



Policy Iteration Algorithm:

Closed-form for PE 1. Initialization: z° : S A(A)

(see 1.1.3 in Monograph) t
2. Policy Evaluation: Q" (s, a), Vs, a

3. Policy Improvement 7' (s) = arg max Q” (s, a), Vs ‘>

a
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Analysis of Policy Iteration

Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs
a

Lemma: Monotonic improvement Q”HI(S, a) > Q”I(S, a),Vs,a
Voa eSrA

0" (5.@) = 07(s.) = 1, _piop | @7 (s 2¥1(50) = Q7(s', 7(5)|
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Analysis of Policy Iteration

Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs
a

Lemma: Monotonic improvement Q”m(s, a) > Q”I(S, a),Vs,a

0™ (5.@) = 07(s.) = 1E,._piop | @7 (6. 2¥1(50) = Q7(s', 7(5)|

a t+1 t ! !
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Analysis of Policy Iteration

Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs
a

1
Lemma: Monotonic improvement Q”ﬂr (s,a) > Q”I(S, a),Vs,a
,‘rk ) M [}
& hF )
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0" (s,a) — Q"(s,a) = yEy pq) |QF (5, 77(s) = Q7 (s, 7'(s"))| 7mM* &L W) e JER LS, (’;
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Analysis of Policy Iteration

Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs
a

Lemma: Monotonic improvement Q”m(s, a) > Q”I(S, a),Vs,a

0" (5,@) = 07(s.) = 1, _piop | @7 (6. 2¥1(50) = Q7 (s, 7(5))|
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Analysis of Policy Iteration

Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs
a

Lemma: Monotonic improvement Q”HI(S, a) > Q”I(S, a),Vs,a

~—

0™ (5.@) = 07(s.) = 1E,._piop | @7 (6. 2¥1(50) = Q7(s', 7(5)|
= VB ey | @ (876 = Q75 () + QF(5' A1) = Q751 21(5)|
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Analysis of Policy Iteration

Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs
a

+t 0
Theorem: Convergence ||V — V¥, < HIVE = VAl % I}V-ﬁ/éz
a v 00
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Analysis of Policy Iteration

Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs
a

Theorem: Convergence ||V™ — VA < 7IIVE = VXl
v 5 9’15 p,d(/vl"&'

V*(s) — V' (s) = max lr(s, a)+ yE,. . P(S,G)V*(s’)] — lr(s, 7)) + y[Es,NP(s,ﬂm(S))V”m(s’)]
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Analysis of Policy Iteration

Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs

¢ Mk
1
Theorem: Convergence ||V”  — Vi < }/||V”’ — V¥V <5)7/:(:)
V*(s) — V™" (s5) = max lr(s, a) + y[ES,NP(S,a)V*(s’)] —~ lr(s, 7)) + VE g p iV (5)

a

< max lr(s, a) + }/[Es’NP(s,a)V*(S,):l — [r(s, z1(s)) + }’[ES'NP(S,,TM(S))@



Analysis of Policy Iteration

Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs
a

Theorem: Convergence ||V”l+l -V, < }/||V”’ — V¥l

V*(s) — V7' (s) = max lr(s, a)+ yE,. . P(S,G)V*(s’)] — lr(s, 7)) + y[Es,NP(s,ﬂm(S))V”m(s’)]

< max lr(s, a) + y[Es’NP(s,a)V*(S,)] — [r(s, 7t 1(s) + y[Es,NP(S’,,m(S))V”t(s’)]

= max(r(s,a) + [ES/NP(S’Q))/V*(S/)) — max(r(s,a) + }/[ES/NP(S’Q)VEZ(S/)) .
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Analysis of Policy Iteration

Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs
a

Theorem: Convergence ||V™ — VA < 7IIVE = VXl

V*(s) — V™" (s5) = max lr(s, a) + y[ES,NP(S’a)V*(S’)] —~ lr(s, () + y[Es,NP(s,ﬂm(S))V”HI(S’)]

< max lr(s, a) + y[Es’NP(s,a)V*(S,)] — lr(s, 7t 1(s) + }/[EstP(S’ﬂtH(S))Vﬂt(sl)]

= max(r(s,a) + [ES/NP(S’Q))/V*(S/)) — max(r(s,a) + }/[ES/NP(S’Q)V”Z(S/))

\a/\— ~a_ -

\/S max <r(;,a)/ + VYEyp(sa) V() = (r{s,/af + y[Es’~P(s,a)V”t(S’)>>



Analysis of Policy Iteration

Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs
a

Theorem: Convergence ||V™ — VA < 7IIVE = VXl

V*(s) — V7' (s) = max lr(s, a)+ yE,. . P(S,G)V*(s’)] — lr(s, 7)) + y[Es,NP(s,ﬂm(S))V”m(s’)]

< max lr(s, a) + y[Es’NP(s,a)V*(S,)] — lr(s, 7t 1(s) + }/[EstP(S’ﬂtH(S))Vﬂt(sl)]
= max(r(s,a) + [ES/NP(S’Q))/V*(S/)) — max(r(s,a) + }/[ES/NP(S’Q)V”Z(S/))
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T 6~ & A S}'A
Value Iteratlon vs Policy Iteratlonﬂ el
/éw _ C9~ AS Mﬂsﬂ/ pollu—%ﬁ

A

S

Which one is faster?

How many iterations (computation complexity) need to find the
EXACT optimal policy?



A key Lemma: Performance Difference Lemma
2N

Q: What’s the performance difference of two policies 7, 7', i.e., VZ(s) — VZ(s)
A A



A key Lemma: Performance Difference Lemma

PDL Statement: pl
/4

, | , ,
V(so) = V7 (s0) = T v (@7 (5 @) = V7(s)

T 5.5

From T ‘N%
dr(s,a) = (1 =) ) y"P)(s.a: 50, 7) o

h=0
P, (s, a; sy, 7): probability of 7 visiting (s, a) at time step i € N, starting at s,




/ 1
Proof of PDL V7o) = V7(s9) = 77— Esava [47(s. )]
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Proof of PDL V(s0) = V¥(s9) = T Eyanay [47(5,0)
o1 o o 4
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Proof of PDL V*(sp) = V*(sp) = T, Ey onds

/

o = {7,

Vﬂ(so) = V% (S())

ot ={ra,.. 1}, ={n,n,,....70},...

V7 (s55) = V7(s)
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Proof of PDL V*(sp) = V*(sp) = T, Ey onds

/

Ty = (i,
Vﬂ(so) = V% (S())

Vi(sy) — V7(s,)

ot ={rn,.. 1}, ={n,nx,....7},...

V7 (s5) = V7(sp)
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Proof of PDL V(s = V(s = 7 Eyam [4"(s- )]

ng=A{n,....7'},n ={m,7n,....;0,m, ={m,m,n',....7'"},...n = {m, ..., 7}
Vi(so) = V(sp),  V*(sp) = V™(sp) ;A

(( —_ «’

- . — . \_)

=V"Es ~p (s50m) (r(sn, n(s,) + vE, | Py ooV (S,01) — V*(s )) iy
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Proof of PDL V(s = V(s = 7 Eyam [4"(s- )]

Ty = {ﬂ-/’ 0

V7i(sp) = V7(s), Vﬂl(So) = V™(sp)

Vi(sg) — V(sy)
= 7/n[ESnN[F"n(';So,ff) (Ii(Sn, 7(s,)) + y[EinHNP Sn,n(sn)‘/_ﬂ-gﬂ_l) N Vﬂl(s’»)
= PE, s (Q% (5 7(5,0) — VA(s,)

N ———

ot ={rn,. 1}, ={n,n,x,....7},...n, = {7, ..

T}
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Proof of PDL V7o) = V7(s9) = 7= Eyava [47(s. )]

/

ng=A{n,....7'},my ={m,7,...;0',m, ={m, w7, ....70'},...&

Vi(sp) = V=(sg), V7 (s0) = V™(sp)

VAi(sy) = Vilso)
=7 [Es W~P L 380,7) (I"(S 71'(S )) + )/[E Sp1~Ps,) n(sp)

=7 EanPn(';SO’”) (Q”(Sn’ 7(s,)) = V”(Sn))

= 7n[Es,,~[P’n(';so,7t) (im(sn’ ﬂ(sn))>

V”’(sn +1) — Vﬂ/(Sn)>
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Proof of PDL V(s = V(s = 7 Eyam [4"(s- )]

/

ng=A{n,....7'},n ={m,7n,....;0,m, ={m,m,n',....7'"},...n = {m, ..., 7}
Vi(sg) = V(sp), Vﬂl(So) = V™(sy)

V1(sy) — V7(s,)

= 7/n[ESnN[F"n(';Soﬂ) (r(sn, E(S”)) * y[Esn+1NP sn,n(sn)vnl(s”'H) N VEI(S”)>
= V"Eyop s (27 (8 7(5,)) — V7 (s,))

n ) fo A
=7 [Es,,NPn(';soﬁ) (A (S”’ ﬂ(s”))) Tlo Vﬁ‘t%) v ’/V
V&2 5 *\/ "
v p =7

Telescoping: V* — V7 = ZV” V71 *V 4 ke
l

n=0 \/,V 1



