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This course focuses on RL Theory

We care about sample complexity:

Total number of environment interactions
needed to learn a high quality policy (i.e., achieve the task)



Four main themes we will cover In this course:

Exploration strategies (not just random)
Policy Optimization (gradient descent)

Control (LQR and nonlinear control)

> W h =

Imitation Learning (i.e., learning from demonstrations)



Logistics

Four (HWO0-HWS3) assignments (total 55%) and Course Project (45%)

(HWO 10%, HW1-3 15% each)

HWO is out today and due in one week



Prerequisites (HWO)

Deep understanding of Machine Learning, Optimization, Statistics

ML: sample complexity analysis for supervised learning (PAC)
Opt: Convex (linear) optimization, e.g., gradient decent for convex functions

Stats: basics of concentration (e.g., Hoeffding’s), tricks such as union bound



Prerequisites (HWO)

Deep understanding of Machine Learning, Optimization, Statistics

ML: sample complexity analysis for supervised learning (PAC)
Opt: Convex (linear) optimization, e.g., gradient decent for convex functions

Stats: basics of concentration (e.g., Hoeffding’s), tricks such as union bound

Check out HWO asap!



Course projects (45%)

 Jeam work: size 3
 Midterm report (5%), Final presentation (15%), and Final report (25%)

 Basics: survey of a set of similar RL theory papers. Reproduce

analysis and provide a coherent story

* Advanced: identify extensions of existing RL papers, formulate

theory questions, and provide proofs



Course Notes

We will use the monograph: Reinforcement Learning Theory and Algorithms

https://rltheorybook.github.io/rl_monograph_AJK_V2.pdf



Basics of Markov Decision Processes
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Markov Decision Process

Learning
Agent

Environmen

n(s) = a

5

Policy: determine action based on state
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Infinite horizon Discounted Setting

P:SXA— A(S),

Value function V7(s) =
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Infinite horizon Discounted Setting

M= {S,A,P,r,v}
P:SXA- AWN), r:S5xA-|[0,1], ye€]0,1)

Policy 7: S — A(A)

Value function V#(s) = E lz Y'r(s,, a,) | so = s, a, ~ 7(s,), s ~ P+ |5y, ah)]
h=0

Q function O%(s,a) = E lz yhr(sh, a,) | (g, ag) = (s, a), a, ~ 7(sy), Sp1 ~ PC- |5, ah)]
h=0



VZi(s)

Bellman Equation:

m Z J/hf”(Sha Clh)
h=0

So = S, ay ~ 7(sy), .1 ~ P(- |5, a,)



Vi(s)

Bellman Equation:

VE(S) — = () llf'(S, Cl) + 7y

: lz Y'r(sp ap) [ So = 8, @y ~ 7(sy), Sy ~ PC- |8y “h)]
h=0

_S’NP('\S»G)Vﬂ(S,)]
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Bellman Equation:

Vi(s) = [ lz yhr(sh, a,) | so =S, a, ~ 7(sy), .1 ~ P(- |5y, ah)]
h=0

VA(S) = Bty 105 @) + FE g VS

O”"(s,a) = E [2 yhr(sh, a,) | (89, ag) = (s, a), a, ~ 7(sy), .1 ~ PC- | s, ap)
h=0

Q"(s,a) = r(s,a) + yEy _p.15.0)V " ($)
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Optimal Policy

For infinite horizon discounted MDP, there exists a deterministic stationary policy
*
¥ : S A, st, V7 (s) > V¥s), Vs, x

[Puterman 94 chapter 6, also see theorem 1.4 in the RL monograph]



Optimal Policy

For infinite horizon discounted MDP, there exists a deterministic stationary policy
*
¥ : S A, st, V7 (s) > V¥s), Vs, x

[Puterman 94 chapter 6, also see theorem 1.4 in the RL monograph]

We denote V* := V7' Q* := Q7



Optimal Policy

For infinite horizon discounted MDP, there exists a deterministic stationary policy
*
*: S A st, VP (s) > Vis),Vs, x

[Puterman 94 chapter 6, also see theorem 1.4 in the RL monograph]
* X Nk T*
We denote V™ :=V* , 0™ := QO

Theorem 1: Bellman Optimality

V*(s) = max |r(s,a) + yEy_p. S,a)V*(S/)]
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V*(s) = max lr(s, a) + yEg p S,a)V*(s’)

a
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Proof of Bellman Optimalit
Theorem 1: Bellman Optimality

V*(s) = max lr(s, a) + yEg p S,a)V*(s’)

a

Denote 7(s) := arg max Q*(s, a), we will prove vz (s) = V*(5),Vs
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Proof of Bellman Optimalit
Theorem 1: Bellman Optimality

V*(s) = max lr(s, a) + yEg p S,a)V*(s’)

a

Denote 7(s) := arg max Q*(s, a), we will prove vz (s) = V*(5),Vs

A

V*(s) = r(s, 7*(5)) + YEg o pisprsyV (5"

< max [T(S, Cl) + 4 _S'NP(S,CI)V*(S,) — I/'(S, ;T\(S)) + )4 _S'NP(S,%\(S))V*(S/)

a

= r(s, 7(s)) +y

<r(s, m(s)+y

_S,NP(S,;Z'\(S)) [I”(S/, JT*(S,)) + }/

— * (M _
s”NP(S’,ﬂ*(S’))V (S )

_S,NP(S,;Z'\(S)) [F(S’, ;Z'\(S/)) + ]/ _

* (!
S”NP(S’,%\(S’))V (s )]

Cs'~P(s", 7(s)) | T (s", m(s") +y

<F [r(s, 7(s)) + yr(s’, w(s)) + ] = V7 (s)

SWNP(S”, ;T\(S

) V* ( < ///) |



Proof of Bellman Optimality

Theorem 1: Bellman Optimality

V*(s) = max lr(s, a) + YEy p(j5.a)V ()

Denote 7(s) := arg max Q™ (s, a), we just proved Ve (s) = V*(s), Vs
a



Proof of Bellman Optimality

Theorem 1: Bellman Optimality

V*(s) = max lr(s, a) + YEy p(j5.a)V ()

Denote 7(s) := arg max Q™ (s, a), we just proved Ve (s) = V*(s), Vs
a

This implies that arg max Q*(s, a) is an optimal policy
a



Proof of Bellman Optimality
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Theorem 2:
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then V(s) = V*(s), Vs

= op(|s.) V(8| forall s,



Proof of Bellman Optimality

Forany V:§ — |

[V(s) = V*(s)| =

,if V(s) = max [r(s, a)+vy

Theorem 2:

then V(s) = V*(s), Vs

max(r(s,a) + y
a

_SNP(s,a)V(S/)) T mjx(r(s, CZ) + 4

= op(|s.) V(8| forall s,

—s~P(s,a) V*(S /) )
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Forany V: § — R, if V(s) = max [r(s,a)+}/

Theorem 2:

then V(s) = V*(s), Vs
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a
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Proof of Bellman Optimality

Forany V: § — R, if V(s) = max [r(s,a)+}/

Theorem 2:

then V(s) = V*(s), Vs

| V(s) — V*(s)| = |max(r(s,a) +y

a

S max (r(Sa Cl) + 4 _SNP(S,a)V(S,)) T (I”'(S, Cl) T Y _SNP(S,CZ)V*(S,))

a

_SNP(s,a)V(S/)) T mfx(r(s, CZ) + 4

< maxy —s'~P(s,a) V(S /) — V*(S /)

a

= op(|s.) V(8| forall s,

—s~P(s,a) V*(S /) )




Proof of Bellman Optimality

Theorem 2:

Forany V: § — R, if V(s) = max [r(s, a) + yEg piis.a)V(s)| forall s,
then V(s) = V*(s), Vs

| V(s) = V*(s) | = |max(r(s, a) + yE,_pi o V(s)) — max(r(s,a) + yE,_p o V*(5)

a

S max (r(Sa Cl) + 4 _SNP(S,a)V(S,)) T (I”'(S, Cl) T Y _SNP(S,CZ)V*(S/))

a

<maxylky pg;q | V) — V*(s") |

a

V(s") = V*(s"] )

S maX y _S/NP(S,CZ) (ma,X }/ _S”NP(S,,CZ,)
a a




Proof of Bellman Optimality

Forany V:§ — R, if V(s) = max [7”(5,61)4‘}’

| V(s) — V*(s)| = |max(r(s,a) +y

a

< max
a

< maxy
a

< maxy
a

< max yk

Theorem 2:

then V(s) = V*(s), Vs

(r(s,a) +v

—s'~P(5,0)

ay,05,. . .0y

_S’NP(S,CZ) (II]E}X }/ _S”NP(S,,CZ/)

= ps V() = (r(s,a) + 7

V(s') = V*(s)|

A

= | Vs — V(s |

= op(|s.) V(8| forall s,

= oop(s.a)V(8)) — max(r(s, a) + yE, P(S,a)V*(s’))

V()

—s~P(s,a

V(s") = V*(s"] )
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ﬂ={S,A,P,7‘,//tO,H}
P:SXAm AS), r:SxA-1[0,1], HeN™, u,€ A(S)

Givenz: S+~ A(A)

S() ~ lu()a a() ~ ﬂ(S())a r(S()a a())a Sl ~ P( ) ‘S()a S())a ceoy SH_l ~ P( ) ‘SH—Qa a[—]—2)9 a[—]—] ~ E(SH—l)a r(SH_la aH—l)

H—-1
Obijective function: J(7) = [ 2 r(sy,, ah)]
h=0



Finite Horizon Setting

%z{S,A,P,r,ﬂo,H}
P:SXAm AS), r:SxA-1[0,1], HeN™, u,€ A(S)

Givenz: S+~ A(A)

S() ~ lu()a a() ~ ﬂ(S())a r(S()a a())a Sl ~ P( ) ‘S()a S())a ceoy SH_l ~ P( ) ‘SH—za aH—Q)a a[—]—l ~ E(SH—l)a r(SH_la aH—l)

Time-dependent value/Q function:

H-1

H-1
Vi(s) =L Z r(s,a,)|s,=s,a; ~ 77(5;)] , Qy(s,a) =L [ Z r(s,a)l|s, =s,a,=a,a, ~ n(s,)
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%z{S,A,P,r,ﬂo,H}
P:SXAm AS), r:SxA-1[0,1], HeN™, u,€ A(S)

Givenz: S+~ A(A)

S() ~ lu()a a() ~ ﬂ(S())a r(S()a a())a Sl ~ P( ) ‘S()a S())a ceoy SH_l ~ P( ) ‘SH—za aH—Q)a a[—]—l ~ E(SH—l)a r(SH_la aH—l)

Time-dependent value/Q function:

H-1 H-1
V];T(S) — L Z r(St’ at) ‘ Sh = 5, at ~ ﬂ(St):| ’ QZ(Sa a) — L |: Z r(St, at) ‘ Sh = 3, ah = d, Clt ~/ ﬂ(St)
t=h t=h

Vi(sp) =

= aensy) | T @) + By opCigan Vi Shen)
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Finite Horizon Setting

%z{S,A,P,r,ﬂo,H}
P:SXAm AS), r:SxA-1[0,1], HeN™, u,€ A(S)

Givenz: S+~ A(A)

S() ~ lu()a a() ~ ﬂ(S())a r(S()a a())a Sl ~ P( ) ‘S()a S())a ceoy SH_l ~ P( ) ‘SH—za aH—Q)a a[—]—l ~ E(SH—l)a r(SH_la aH—l)

Time-dependent optimal policy 7* = {Jr(;k, Cees ﬂg_l}:

Q7 (s,a) = r(s,a), n};,_(s) = argmax Q7 (s, a), V;_ (s) = max Q}_,(s,a)

Oy (s,a) = r(s,a) + Eg_piis.0 Vi (89, 77 (s) = arg max Q) (s, a)

a




State (action) Occupancy

P, (s; sy, ): probability of  visiting s at time step i € N, starting at s

dr(s) = (1=7) D V"Pylsispm) Vi) = —— Z "(s)n(a| $)r(s, a)
h=0



State (action) Occupancy

P, (s, a; s, ): probability of x visiting (s, @) at time step & € N, starting at s,

d;;(s, a) = (1 —y) Z yht (s, a; s, 1) VZi(sy) = —— Z L (s, a)r(s, a)
h=0



