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Exploration in Linear MDPs



Recap:



Recap:

Stochastic Linear Bandits

DR r(x)=6*-x,Vx
EN A\ N N



Recap:

Stochastic Linear Bandits

DR r(x)=6*-x,Vx

Every episode n, learner picks x,, € 9
A



Recap:

Stochastic Linear Bandits

DR r(x)=6*-x,Vx

Every episode n, learner picks x,, € 9

Learner receives a scalar r, = 0* - x, + ¢,, E[e,] = 0,]¢,| < a
\-/\./‘—’\—T:‘\'t%



Recap:

Stochastic Linear Bandits

we

Every episode n, learner picks x,, € 9

. _ * _
Learner receives a scalarr, = 0 - x, + €, E[e,] = 0,|¢,| < a

Regret = E i@*-x*—ig*xn = g/\/ N\
A | n=1

n=1
N



Important Lemma:

Lemma [Self Normalized Bound for Vector-Valued Martingales] Suppose {¢, } > 1\/
are mean zero random variables with | ¢, | < a.for all n; Let {x; € Rd}@
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Important Lemma: .

Lemma [Self Normalized Bound for Vector-Valued Martingales] qupose {e,} 0
are mean zero random variables with | €, | < a, for all n; Let {x; € [Rd},j":l be some
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Notations and Useful Inequalities
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Notations and Useful Inequalities

For real-value matrix A:

1Az =) A2 1All; = sup [lAxll
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Notations and Useful Inequalities

For real-value matrix A:

1Az =) A2 1All; = sup [lAxll
- x:lxlp<1
1All, < 1Al 1Ax]l, < Al llxll

For Positive Definite matrix A:

d
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Low-Rank MDP Definition

Finite horizon time-dependent episodic MDP /% = {S,A, H, {r},, {P};, Sy}
S & A could be large or even continuous, hence poly(S,A) is not acceptable

Py(s'|5,a) = w*(s) - ps.a), pF €S REp e Sx A RY
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Low-Rank MDP Definition

Finite horizon time-dependent episodic MDP /% = {S,A, H, {r},, {P};, Sy}
S & A could be large or even continuous, hence poly(S,A) is not acceptable
— % * d d
Py(s'|s,a) = u(s) - P(s,a), u €S- RE,peESXA-R

r(s,a) = 0) - ¢(s, a)

MP/)
svp e
- 20
porparte i 15I| At | Ll T
poly(d) rather than poly(SA)

[
|S||A] A



Linear MDP Definition

Finite horizon time-dependent episodic MDP /% = {S,A, H, {r},, {P};, Sy}
S & A could be large or even continuous, hence poly(S,A) is not acceptable

Py(s'|s,a) = ur(s) - p(s,a), p €S RL,PeESXAH R
A ——7 75 90—
r(s,a) = 0F - ¢(s,a), 0F € R4

—
( Feature map ¢ is known tothe learner!
(We assume reward is known, i.e., 0* is known)

R ——
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Linear MDP Examplé. -~ | /
2 ()

It generalizes tabular MDPs: ¢(s, a) one-hot vector

P15 = POs.a) = ok =[S/
——  ———

where P € R|S|X|SA| is the transition matrix
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Low-Rank Example
Can encode latent variables: block-MDPs

@ @ Discrete latent state space S: | S| is small, transition T : S X A — S

[ ok - Large observation space X (hence any
S ¥ poly dependency on | X | is bad)

Each state s has an emission distribution y, € A(X), also y,
and p, have disjoint support for any s # s’ "
(i.e, latent state is decodable) Rorte € ;
(s, | o(x), @)
PElna) = 3 TG00, D) = [y 00 1, (3, 1, (] | T3 | @00, )
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“Topic modelling”
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We have a encoder that maps (s, a) to a distribution over topics: ¢(s,a) € A(d)

Each topic has a generative distribution over next state, y, € A(S)
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Low-Rank and Linear MDP Example
“Topic modelling”
We have d topics, vy, ..., V,
We have a encoder that maps (s, a) to a distribution over topics: ¢(s,a) € A(d)

Each topic has a generative distribution over next state, y, € A(S)

d
P(s'|'s,a) = ) (s X (s, @)l

i=1
L 74 s lasw N
We study Linear MDPs here.
Learning in Low-rank MDP is much harder!
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Planning in Linear MDP: Value Iteration
Py(s'|s,a) = ur(s) p(s,a), pr€S—RLPeESXA - R?
r(s,a) = (07) ¢(s,a), 0F € R4

> 151 =
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Planning in Linear MDP: Value Iteration
Py(s'|s,a) = ur(s) p(s,a), pr€S—RLPeESXA - R?

r(s,a) = (07) ¢(s,a), 0F € R4

Vi(s) = 0,Vs,

Oy (s,a) = 1y(s, ) + Eyp (15,00 Vi1 ()
=07 - 95, 0) + (s, ) Vi,
= (s, ) (0 + () TV ()

= ¢(s, a)Twh

VX(s) = max ¢(s,a) 'w;,, m(s) = arg max ¢(s,a) w,
N ¢
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Planning in Linear MDP: Value Iteration
Py(s'|s,a) = ur(s) p(s,a), pr€S—RLPeESXA - R?

r(s,a) = (07) ¢(s,a), 0F € R4

oy N
Vi(s) = 0,Vs, =
Indeed we can show that Q/( -, - )
0, (s,a) = 1(s,@) + Eyop (15,00 Vi1 (8) Is linear with respect to ¢ as well, for any z, h

= 0 - §ls.0) + (ur(s.0) Vi,

= ¢(s,0) (6 + WOV ()
= ¢(s, a)Twh

VX(s) = max ¢(s,a) 'w;,, m(s) = arg max ¢(s,a) w,
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UCBVI in Linear MDPs

1. Learn transition model { i’\Z}le_ol from all previous data \/
2. Design reward bonus b, (s, a), Vs, a \/

3. Plan: 7! = Value-lter ({ ﬁ”}h, {r, + b,’l“})
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Additional Assumptions in Linear MDPs

Py(s'|s,a) = wr(s") - ¢p(s,a), w' € RS> e §Sx A > R?
r(s,a) =07 - P(s,a), 0F € R4
/5|

Norm bounds: Veﬁ
sup [lg(s, )l < L, 10511, < W, v kI, < Vd, Yvst vl <1

s,a - \ ' \
Ko = [/‘V' S -'MW(J }Lu,‘ 62&(5)
L Hs.a)A(d)

7;,‘5‘}'{\‘}7“1—"!’ n Jver ‘S
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1. Model Learning in Linear MDPs ( A epoda N )
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1. Model Learning in Linear MDPs
n—1 n—1
AP A - n_ i i T
D= {sp s Sh},_, M= Z:, PGSt (st al)T + 1

Denote (s) € RIS with zero everywhere except the entry corresponding to s
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1. Model Learning in Linear MDPs
n—1 n—1
n__ VA R - n_ i i i i\T
)= {Sh’ Ay Sh+1}i=1 M= g‘ P )P @)+
Denote 5(s) € RIS with zero everywhere except the entry corresponding to s

Given s, a, note that E,_p(. ;.4 [5(s’)] =P(-|s,a) = u*¢p(s,a)

Denote ¢, , = 6(s") — P(- | s,a), we have Ej[e; | = 0,and [[e, |, <2
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1. Model Learning in Linear MDPs
n—1 n—1
n __ ] i i - n _ i 0 i ,i\T
g)Zh = {Sha ay, Sh+1}i=1 Ay = Z:, P(sp a)P(sy, @) + A
Denote 5(s) € RIS with zero everywhere except the entry corresponding to s

Given s, a, note that E,_p(. ;.4 [5(s’)] = P(-|s,a) = pu*¢(s,a)

Denote ¢, , = 6(s") — P(- | s,a), we have E[e ,] =0, and [le, ||| < 2

Ridge Linear Regressior’:s)
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1. Model Learning in Linear MDPs

n—1

Ridge Linear Regression: min z ||M¢(S;;, Cl;;) - 5(S;il+1)||% + /1||/J||129
nol
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n—1

Ridge Linear Regression: min Z ||M¢(S;;, Cl;;) - 5(S;il+1)||% + /1||/«l||129
Hoi=
A= Y 8k )Bshe a) AN A=Y Bls adbls)ap)T + 1
i=1 i=1
WGz e ~P Lo (s

= (FEEL

IR

Pr(-|s,a) = Qlg(s, a)

Can we bound the £; error on distributions, i.e., || ?"( “|s,a) = P(-|s,a)|l,?
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n—1

Ridge Linear Regression: min z ||M¢(S;;, Cl;;) - 5(S;il+1)||% + /1||M||120
ol
i=1

n—1 n—1
A= Y 8k )Bshe a) AN A=Y Bls adbls)ap)T + 1
i=1 i=1

P Z( ’ |S’ Cl) = /jt\Zd)(Sv Cl)
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1. Model Learning in Linear MDPs

n—1

Ridge Linear Regression: min Z ||M¢(S;;, Cl;;) - 5(S;il+1)||% + /1||/«l||129
no
i=1
in = z 8(sh, D(si,ah (AN, Ar = Z B(si, abp(si, a)T + Al
i=1 i=1
P Z( ) |S’ Cl) = /jt\Zd)(Sv Cl)

varcs
Can we bound the £ error on distributions, i.e., || P "( - |s,a) — P(- |s,a)||,? = \ﬁa)

As in tabular-UCBVI and Generative Model, we care average model error: -

v =V

Consider a fixed function V : S — [0,H], we can bound:
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1. Model Learning in Linear MDPs

n—1
Ridge Linear Regression: min Z ||M¢(S;,7 61;1) - 5(S;il+1)||% + ||/,t||%~
7.
i=1
Z 5(st, DDk a) (AN, Ar =Y (st aD(sh, ah)T + Al
i=1 i=1

P |s,a) = (s, a)

Lemma [Model Average Error under a fixed V:
Consider a fixed V : S — [0,H] . With probability at least 1 — 8, for any s, a, h, n, we have:

Hdet(A}, 1/zdet AD~12
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‘(ﬂf(- [5.0)= Py [5,@)) - V




1. Model Learning in Linear MDPs

~ _ T N1
===y (A) Z eip(sh apT (A7)

A h



1. Model Learning in Linear MDPs

N 7 n -1
A=t == (A Zeh(ﬁ(sh, ah)" (A7)

$50 5 §5) smpcjea)

n—1
2 8(sh, ep(shaD (AN A=Y (st abp(sh ap)T + Al

i=1 i=1



1. Model Learning in Linear MDPs

~ . 1
Wy — = ’Wh A7 o z e, b sy @) Ai)
$ AN o
k”” h(‘[w,ah)*(l/h S /u/i(—/ Sh. S )

n—1
2 5(sh+1)¢(sh, a)T(AD™, A=Y (sh.al)p(s.al) T + Al

i=1 k, i=1
n—1 )

=2 (C Isj, @) +€)) 065, a) (A

i=1



1. Model Learning in Linear MDPs

“~n

-1
Hp— /’lh - /I'Lth An + Z €h§/)(9h, alz)T AI;)

n—1
2 8(sh, ep(shaD (AN A=Y (st abp(sh ap)T + Al
i=1 i=1

n—1 })h C%(Sl:‘a;)
=Y (P |sh, ai) + ) dpisiah AN~ = ) (wid(sh ab) + i) ¢lsj, apT(AD™!

i=1 i=1

n—1



1. Model Learning in Linear MDPs

“~n

-1
Hp— /’lh - /I'Lth An + Z elzd)(glz’ a/z)T AI;)

n—1
2 8(sh, ep(shaD (AN A=Y (st abp(sh ap)T + Al

i=1 i=1

n—1
fry = Z (P( |shy @) + eh) P(sy, a) T (Ap)” Z i Pl @) + eh) CAANGY )
i=1

( 3 s ad(si, a,f)(A )+ Z (s ah) T(AD™!

i=1 i=1



1. Model Learning in Linear MDPs

A 7 n -1
iy =y = ’W/q A7 '+ Zehd)(g/z’ ap)’ A;) \/

5 4’ &“TJ«/\L

o

n—1
2 8(sh, ep(shaD (AN A=Y (st abp(sh ap)T + Al
i=1 i=1

n—1 n—1

ir=Y (PCIsha) +e)) g(sha)T(an™ = D (i (s a)) + €h) plsp,al) (A

i=1

i=1

= 1 — (A +Zeh¢<sh, ah) (A

A~



1. Model Learning in Linear MDPs

/‘ N n—1 _1
]f\“ Clser =R (s 0) A=t == (N) Zézﬂﬁ(% )" (A})
)

_ "V
(2" = w)p(s,a)) ' v



1. Model Learning in Linear MDPs

n—1

iy =y =— ’1:“17 A” L+ 2 6/1¢(5/1 “h)T A”

—

-1

(@7 = wb(s,@) ' v

=~ (s, )" (A7) () v+ 2 d(s,a) (AN (st ai)(eh) TV
) — i -
7 %



(G - u)d(s. @) VI

=]— Ap(s,a)’ (AZ) 1
l\./\/_‘—"/
Q)

M. () () v

1. Model Learning in Linear MDPs

n—1

Ve l
iy =y =— ’1:”17 A” "‘ 2 6/145(5/1 “h)T A”

"V qus &) (A~ s}, ah)(eh)TV/ @ | £
/?/f

i=1
O S

< Allps, @ADL AR ) VI




1. Model Learning in Linear MDPs

n—1
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1. Model Learning in Linear MDPs

Lemma [Model Average Error under a fixed V]:
Consider a fixed V : S — [0,H] . With probability at least 1 — 8, for all s, a, n, h, we have:
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Now consider a function class & = {f, : 8 € ©}, and for any
JorJo, € F o, = follw < LIIO, = Bl

Then (e/L)—Net on © gives us an e—Net on F with d(fy,. fp,) := [lfy, = fo,ll
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