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Regret = 𝔼 [
N

∑
n=1

θ⋆ ⋅ x⋆ −
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∑
n=1

θ⋆xn]
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Decomposition:
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Linear MDP Definition

Feature map  is known to the learner! 
(We assume reward is known, i.e.,  is known)

ϕ
θ⋆

Finite horizon time-dependent episodic MDP ℳ = {S, A, H, {r}h, {P}h, s0}

 could be large or even continuous, hence poly(S,A) is not acceptableS & A

Ph(s′ |s, a) = μ⋆
h (s′ ) ⋅ ϕ(s, a), μ⋆

h ∈ S ↦ ℝd, ϕ ∈ S × A ↦ ℝd

r(s, a) = θ⋆
h ⋅ ϕ(s, a), θ⋆

h ∈ ℝd



Linear MDP Example

It generalizes tabular MDPs:  one-hot vectorϕ(s, a)

P( ⋅ |s, a) = Pϕ(s, a)

where  is the transition matrixP ∈ ℝ|S|×|SA|

P|S |

|S | |A |
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poly dependency on  is bad)

X
|X |

Each state s has an emission distribution , also  
and  have disjoint support for any  


(i.e, latent state is decodable)

μs ∈ Δ(X) μs
μs′ 

s ≠ s′ 

P(x′ |x, a) = ∑
s′ ∈{s1,s2,s3}

T(s′ |ω(x), a)μs′ 
(x′ ) = [μs1

(x′ ), μs2
(x′ ), μs3

(x′ )]
T(s1 |ω(x), a)
T(s2 |ω(x), a)
T(s3 |ω(x), a)
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“Topic modelling”

We have  topics, d v1, …, vd

We have a encoder that maps  to a distribution over topics: (s, a) ϕ(s, a) ∈ Δ(d)

Each topic has a generative distribution over next state, μvi
∈ Δ(S)

P(s′ |s, a) =
d

∑
i=1

μvi
(s′ ) × ϕ(s, a)[i]

We study Linear MDPs here.

Learning in Low-rank MDP is much harder!
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Is linear with respect to  as well, for any 

Qπ
h ( ⋅ , ⋅ )

ϕ π, h
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UCBVI in Linear MDPs

1. Learn transition model  from all previous data{ ̂P n
h}

H−1
h=0

2. Design reward bonus bn
h(s, a), ∀s, a

3. Plan: πn+1 = Value-Iter  ({ ̂P n}h, {rh + bn
h})
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h ∈ ℝ|S|×d, ϕ ∈ S × A ↦ ℝd

r(s, a) = θ⋆
h ⋅ ϕ(s, a), θ⋆

h ∈ ℝd

Norm bounds:

sup
s,a

∥ϕ(s, a)∥2 ≤ 1, ∥θ⋆
h ∥2 ≤ W, ∥v⊤μ⋆

h ∥2 ≤ d, ∀v s.t. ∥v∥∞ ≤ 1
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≤ ∥w − ŵ∥2 + |β − ̂β | / λ + B ϕ(s, a)⊤(Λ−1 − Λ̂−1)ϕ(s, a)



Detour: Covering Number and Covering Dimension

Define the function , fw,β,Λ : S → [0,H] fw,β,Λ(s) := min {max
a (w⊤ϕ(s, a) + β ϕ(s, a)⊤Λ−1ϕ(s, a)), H}

Denote , under  we have ℱ = {fw,β,Λ : ∥w∥2 ≤ L, β ∈ [0,H], σmin(Λ) ≥ λ} ℓ∞

ln |𝒩ϵ | ≤ d ln(1 + 6L/ϵ) + 2d2 ln(1 + 18B2 d /(λϵ2))

fθ(s) − f ̂θ(s) ≤ max
a (w⊤ϕ(s, a) + β ϕ(s, a)⊤Λ−1ϕ(s, a)) − max
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fθ(s) − f ̂θ(s) ≤ ∥w − ŵ∥2 + |β − ̂β | / λ + B ∥Λ−1 − Λ̂−1∥F

net at , 


net at , 


net at 

ϵ/3− {w : ∥w∥2 ≤ L}

λϵ/3− {β : β ∈ [0,B]}

ϵ2/(9B2)− {A ∈ ℝd×d : ∥A∥F ≤ d /λ},

|𝒩ϵ/3,w | ≤ (1 + 6L/ϵ)d
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i.e., 

V ∈ ℱ
( ̂P n
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