Generalization in Large scale
MDPs

CS 6789: Foundations of Reinforcement Learning
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We define average Bellman error of a Q-estimate g below:
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We know that &(Q™;f, h) = 0,Vf



Recap: Bellman error of the associated V functions

We can define average Bellman error wrt the V-function induced by g as well:
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2SX <.
\% B)r m ’ 3 ()

’ﬂé &)= Mé/’“ix %(90\)



Recap: Bellman error of the associated V functions

We can define average Bellman error wrt the V-function induced by g as well:

& fih) =E g [ Velsw) — (s m(sp) — By, piigms) [Vg(shﬂ)”

Again we have &(Q*;f, h) = 0,Vf



Recap: Bellman error of the associated V functions

We can define average Bellman error wrt the V-function induced by g as well:

& fih) =E g [ Velsw) — (s m(sp) — By, piigms) [Vg(shﬂ)”

Again we have &(Q*;f, h) = 0,Vf

(because: V() — 1(s, mp(s)) — IES/NphuS,,,Q*(S))VQ*(S )=0)
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Recap: The Q / V-Bellman rank

Vh: &, € RIFXI7

g8 |

T &g rnBrrn

Rank of this Matrix is defined as Bellman Rank

There are two mappings

W,:F-RY X F > RY

Vfi,g € F

(d = Q/V Bellman-rank)
L &g f.h) = (Wi(8). X,())




Recap: Many examples have low Bellman rank

1. Linear Bellman completion (including linear and tabular MDPs, and LQR)

2. Linear O* & V* (captures the Q*-state abstraction)

3. Low-rank MDPs (unknown representation that needs to be learned)

4. Many others: Reactive POMDPs, Contextual bandit, Low-occupancy measures...



Question for Today

Can we design a universal algorithm that learns efficiently for MDPs w/ low-Q/V Bellman rank?

e.g., poly(H, b-rank, In(| % | ),1/€?)



Outline for Today

1. The Bilinear-UCB algorithm (BLin-UCB)

2. Theoretical Guarantee and analysis of BLin-UCB
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For O-Bellman rank, we define Bellman error loss as:
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For O-Bellman rank case:

Recall our hypothesis class &, where each g € F is in the form of g(s, a)

For O-Bellman rank, we define Bellman error loss as:

C(Spy Aps Sy 15 8) = 8(sp ) — 18y, @) — max g(sh+1’ a )

Vg : EglZ(s,, a5, 51,41, 8)] 1S @an unbiased est of &(g;f. h)
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For V-Bellman rank case:

Recall our hypothesis class &, where each g € F is in the form of g(s, a)

For V-Bellman rank, we define Bellman error loss as:

{a, = z,(sp)}
1/A

E(Sps Aps Sy 15 8) =

<g(sh, a,) — (s, a,) — max g(Spi15 a,)>
a



For V-Bellman rank case:

Recall our hypothesis class &, where each g € F is in the form of g(s, a)

For V-Bellman rank, we define Bellman error loss as:

{a, = z,(sp)}
1/A

(s, ay, S;l+1’ g) = <g(sh, a,) — (s, a) — max 8(Spi1s Cl,))
a

If we had a dataset D := {s,,, @, 5,,,} where(s, ~ d ) a,, ~ U(A), 5,1 ~ Py( - | ), ;)
—_—

Vg : EglZ(s,, a, 51,41, &)] IS @n unbiased est of &(g;f, h)



The Algorithm:

At iteration t :

Select f, = arg max Vi (s0)
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The Algorithm:

At iteration t :

Select f, = arg max Vo (50)
gEF

t—1 2
s.t., Vh: Z <[E@h,i[f(5h’ Ay Sp 1 g)]> < R?
i=0

For all by, create 9, , = {5}, a},(S;,1.1} W/ m triples, where:

: ;
- For Q-Brank case: sy, a;, ~ d,”, 5.1 ~ Py( - | sy, ay)

T
- ForV-Brank case: 5, ~ d,”, a, ~ U(A), sy ~ Py( - | s, ap)




Intuition behind the algorithm:
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Intuition behind the algorithm:

1—1

2
Select g, = argmax V,(sy) s.t., Vh: 2 ([E%’i[f(sh, a,, Sh+],g)]> < R?

8EF
i=0

1. When the batch size (|92, ;) is large,
[Egzh’f(sha s Spe158) = E(& S )

-
2. We know that Z E*foh) =0
i=1

3. By properly setting batch size and R, we eliminate wrong hypothesis, but keep f*
4. This gives optimism: Vi(sp) > Vy(sp) 1= V*(sp)

3. Optimism allows explore and exploit tradeoff!



Outline for Today

1. The Bilinear-UCB algorithm (BLin-UCB)

2. Theoretical Guarantee and analysis of BLin-UCB



Analysis of BLin-UCB

Uniform convergence style assumption on our hypothesis class F :
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Uniform convergence style assumption on our hypothesis class F:

Given any distribution v € A(S X A X S), and m i.i.d samples {s;, a;, s/} from v,
w/ probability at least 1 — 9,
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Analysis of BLin-UCB

Uniform convergence style assumption on our hypothesis class F :

Given any distribution v € A(S X A X S), and m i.i.d samples {s;, a;, s/} from v,
w/ probability at least 1 — 9,

Vg: |EZ(s,a,s,8) —EgyZ(s,a,s, g)| <e

gen(m’ ‘97’ 5)

Example: when & is discrete (for B-rank loss), Hoeffding + union bound over & implies:
): s J/LL.W

e 5,5 ‘@/ln(lmlm) G 2




Analysis of BLin-UCB

/ 2llmen

After running BLin-UCB for T = 5 (Hd) many iterations, there exists a
policy among T many policies, such that:

Rt

V*(sp) = V7(s0) < 5<egen (m, &, 5/@) \/ﬁ) <

(# of trajectories used: mHT)

Whory T3> dEorele H w— d i’
nw»

/5 )
i R
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Analysis of BLin-UCB

Example: discrete (but large) hypothesis class & for Q-Bellman rank

W/ prob 1 — §, BLin-UCB learns a policy with V* — V7 < e, w/ # of
trajectories:

[ Hd? nL |/6)

e




Analysis of BLin-UCB
Step 1: proving optimism via showingf* is always a feasible solution (whp)

t—1 2
Recall constraint: V4 : Z <[E9hi[f(sh, Ay St 1 g)]) < R?

08P k)
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i=0

Lemma: set R = ﬁ £
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W/ prob 1 — §, we have /™ being a feasible solution for all the T |terat|ons
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Analysis of BLin-UCB
Step 1: proving optimism via showingf* is always a feasible solution (whp)

t—1 2
Recall constraint: V4 : Z <[E9hi[f(sh, Ay St 1 g)]) < R?
i=0

Lemma: set R = ﬁ Egen(M, F, 6/TH),
W/ prob 1 — §, we have ™ being a feasible solution for all the T iterations;

/\/a 70:/& % Consider any iteration i < t:
./
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Step 1: proving optimism via showingf* is always a feasible solution (whp)

t—1 2
Recall constraint: V4 : Z <[E9hi[f(sh, Ay St 1 g)]) < R?
i=0

Lemma: set R = ﬁ £

gen
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Analysis of BLin-UCB
Step 1: proving optimism via showingf* is always a feasible solution (whp)

t—1 2
Recall constraint: V4 : Z <[E9hi[f(sh, Ay St 1 g)]) < R?
i=0

Lemma: set R = ﬁ £

2enMs F, 6/ TH),
W/ prob 1 — 8, we have f™ being a feasible solution for all the T iterations;

Consider any iteration i < t:

|Eg, £ @ Spy1 /) = ES*3 )| < £

2
([Egl.’hf(s}p aha Sh+19f*))2 S 2 <[E9i’hf(sh’ ah, Sh+1’f*) - %(f*’f;’ h)) + 2(%(f*7f;, h))2 S 28§en

—1 2
* 2 2 . p2
2 <[E@i,hf(sh’ ay, Sh+l’f )) < tggen < ngen =R
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Analysis of BLin-UCB

Step 1: proving optimism via showingf* is always a feasible solution (whp)

The fact that /™ being feasible = optimism, i.e., V1, Vf,'(So) > Viu(sp) := V*(sp)



Analysis of BLin-UCB

Step 1: proving optimism via showingf* is always a feasible solution (whp)

The fact that f* being feasible = optimism, i.e., Vt, Vi(so) = Vi(sp) = V*(sy)

Proof:

Recall the objective function:

1—1 2
Select f, = arg ?ea; Vo(so) st Vh: § <[E@h,i[f(sh, a, sh+1,g)]> < R?



Analysis of BLin-UCB

Step 2: Using optimism isode regret:

Optlmlsm V*(So) — Vﬂff(SO) S ‘/ft(S()) — Vﬂff(SO)

H-1

‘/}([(SO) - Vﬁft(so) = : { [Esh,a/lfvd/fﬁ [Jl;(sh’ ah) - r(Sh’ ah) - I]ES/,I_'_lNPh(S/pah) ma/th;(Sh‘Fl’ a/)
a
h=0

\_/-/

C (Fesfe, b))




Analysis of BLin-UCB

Step 2: Using optimism to upper bound per-episode regret:

Optimism = V*(s) — Vi(sg) < Vi(sp) — V(sp)

Lemma:
H-1
Vi(s)) - Vilso) = DV E, g [fxsh, &) = 15 @) = Eg | p s, 0 MAXf(8541, @)
a
h=0

H-1 H-l
= Y Efafal) = Y WiHTX)

/’l:() /1:0



Analysis of BLin-UCB

Step 2: Using optimism to upper bound per-episode regret:

Lemma:

H-1

Vi(s) = Vils)) = Y (E

h=0

N [ES/7+1~P/7(-5'/170/7) mz,let(shﬂ’ Cl/)
a
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Analysis of BLin-UCB

Step 2: Using optimism to upper bound per-episode regret:

Lemma:

H-1
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a

h=0

Key trick: telescopin
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Analysis of BLin-UCB

Step 2: Using optimism to upper bound per-episode regret:

Lemma:
H-1
VI(}(SO) N Vﬁf[(so) - Z ES/qva/sz;/} [ft(Sh, ) = 1Sy ap) = [ES/MNID n(Snatp) maxff(sh"'l’ a’)
! — a,
h=0 -_

Key trick:|telescoping

y Jo'=Te (%)
h=0: f(spa0) — E, grmaxf(s,,a’) f
a
h=1: [Esl~d1”ff 1:ﬂft(sl)ft(sl, Cll) - [Es2Nd2”f, l’l’laE,let(Sz, a/)



Analysis of BLin-UCB

Step 2: Using optimism to upper bound per-episode regret:

Lemma:
H-1
V]‘['(SO) - Vﬂf[(SO) - Z Esh,a,,w!ﬂ’ [ft(sh’ ah) —r (S/z’ ah) - [Esh w1~Pr(spay) mz}xﬁ(shﬂ, a’)
a
h=0

Key trick: telescoping
h=0:flsoap) — E; . 47 ax fi(sp,a’)
a

h=1: [E51~d1”ﬁ7a1=”f,(31)f;(sl’ al) - [ES2Nd2”f, l’l’laE,let(Sz, a/)

h=2,...



Analysis of BLin-UCB

Step 2: Using optimism to upper bound per-episode regret:

H-1

V*(SO) o Vﬂfr(s()) = z: [ESh,a/wd,’% !fl‘(sh’ ah) - V(Sh’ ah) a |Esh+lN‘Dh(S/1vah) maXﬁ(S]ﬁLl’ a’)
n a’
h=0

H-1 H-1
= Y Efifol) =Y WiHTX)
h=0

h=0

Define “feature” covariance matrix Zt h

—1
2 X)X, + AL
=0
Via CS inequali

H-1
V¥(s) = V(s < X || Wil | o XDl

h=0




Analysis of BLin-UCB

Summary so far, after optimism + per-episode regret decomposition, we get:

-1
Define “feature” covariance matrix X, , = Z X, ()X, ()T + Al
=0

1%l

H-1
Vi: V*(sy) — V¥(sy) < Z || Wi ” 5
h=0 "N\ —

n

=) o= moeXx (<, o
§oo e fC.)



Analysis of BLin-UCB

Step 3: argue that we make progress whenever 7 is not good...

H—1
V*(SO) — V7i(sy) < Z ||Xh(fz)||2;,,}

h=0

B
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Step 3: argue that we make progress whenever 7 is not good...

H-1
V¥(s0) = Vil < ) | W || | IX(ls

h=0

1—1

2
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Analysis of BLin-UCB

Step 3: argue that we make progress whenever 7 is not good...
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Analysis of BLin-UCB

Step 3: argue that we make progress whenever 7 is not good...

W@—ww<ZHmmHnmm@
h=0
—1 2
Recall constraint forft Vh: Z ([E9 f(sh, a, Sh+1’8)]) < R? := Tg?
i=0

t—1 2
Vh: Z <[E9h,i[f(sh’ ap, Sh+1’f;)]> <R’ £ 29 o
i=0 — o

—1 5
Z 2 ([E%,hf(sh’ ap, Sh+1’ft)>

_i=0——

&:@3 ¢ om v2b = 2T &g0n

—1
= Vh: Y E(fifoh)? <

=0 —




Analysis of BLin-UCB

Step 3: argue that we make progress whenever 7 is not good...

H-1
V¥(s0) = Vil < ) | W || | IX(ls

h=0

1—1

= 2
Recall constraint forft: Yh: Z ([E%’i[f(sh, a, Sh+1’8)]) < R? := Tg?

gen
- , i=0
Vh: Y (Eg, €0k s /) < R
i=0
—1 t‘:’l 2 =l 2
SVh: Y Efifh? <Y 2 (%( Fs o) = Egy £( s Sy f,)) Y2 ([E%f(sh, By Syt f,))
i=0 i=0 i=0

t—1
= Vh: Y E(f:f. h)* & 4Te]

gen
i=0



Analysis of BLin-UCB

Step 3: argue that we make progress whenever 7 is not good...

H-1
V¥(s0) = Vil < ) | W || | IX(ls
h=0 o
—1 2
Recall constraint forft: Yh: Z <[E@hi[f(sh’ a, Sh+1’8)]) < R? := Tg?

i=0
t—1

2
Vh: Y (Eg, €0k s /) <R
i=0
—1

1—1 1—1
> Vi Y S < Y2 (8 fh) = Eg, (51t shan fg)2 + 22 (Eg, 21 @ 1 fg)z

i=0 i=0 i=0

t—1 t—1
2
> Vh: ) E(fif, b S4Tel,, =Vh: Y (W(HTX,(f) <A4Ted,
i=0 i=0



Analysis of BLin-UCB Wx \/\I ch

Step 3: argue that we make progre henever 7 is n good...

V*(sg) — V7(sp) <
h=0

t—1 2
Recall constraint for f,: Vh : Z (Egh,i[f(sh’ a, sh+1,g)]) < Ri = Te?
i=0

t—1 2
Vhiy ([E%‘i[f(sh, Gy St f;)]) <R
i=0
—1 t—1
S Vh: Y B < )2 (8U o) = Eg flsay,
i=0 i=0

=>Vh: Y E(fif.h)? <4Tel,, =V
i=0

t i
= Vh: || W(f) || LS 4Tegen@



Analysis of BLin-UCB

Step 3: argue that we make progress whenever 7 is not good...

H—-1
V*(S()) — V7i(sy) < 2: ” W1 || ¥ ||Xh(f[)||2;,}
o t.h

H-1
< Y /4Ted, + 4By | % |
h=0 .




Analysis of BLin-UCB

Step 3: argue that we make progress whenever 7 is not good...

H-1
V) = Vi) < 3 | W ||, XMl
h=0 "

H-1
< Y /4Ted, + 4By | % |
h=0 .

If V*(so) — V(sy) > €,



Analysis of BLin-UCB

Step 3: argue that we make progress whenever 7 is not good...

H—-1
Z < Vi) = Vi) < X | W ||| 1%l
h=0 !

H-1
< \/ 4Te, + ABY
h=0

If V*(so) — V(sy) > €,

x|,

gen

Then, we know that 34, such that ”Xh(ft)uz;hl > ¢/{/ATe? + AB%, ‘ Q



Analysis of BLin-UCB

Step 3: argue that we make progress whenever 7 is not good...

H-1
vioo-viea < S | Wl i
h=0 N

H-1
< E \/4T8g2en + /IB%V || Xh(ft) ” y-1
h=0 .

If V*(so) — V(sg) > €

Then, we know that 34, such tha ||Xh(ﬁ)||2,j,} e/\/4T8g26n + B3,

Which means that this new vector X, (f,) is “different” from previous “data” X, (f;),
/_/

i.e., we explore a bit in a d dim space...

X (i)



Analysis of BLin-UCB

Step 3: argue that we make progress whenever 7 is not good...

H-1
vioo-viea < S | Wl i
h=0 N

H-1
< E \/4T8g2en + /IB%V || Xh(ft) ” y-1
h=0 .

If V*(so) — V(sy) > €,

Then, we know that 37, such that || X, (f)[ls1 > 6/\/4T82 + B3,

gen

Which means that this new vector X, (f,) is “different” from previous “data” X, (f;), ..., X;,(f,_1)

i.e., we explore a bit in a d dim space...

(We will complete the proof in HW)
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Summary for today

1. The BLin-UCB algorithm:

Optimism driven; analysis uses the standard linear bandit style analysis

2. The BLin-UCB has poly sample complexity wrt B-rank

It means that this algorithm works for tabular MDPs, linear bandits, linear Bellman-completion, LQRs,
Linear Q* & V*, Low-rank MDP, latent variable MDPs, reactive POMDPs, etc



Starting from Thursday:

RL & Optimization:

How to do gradient ascent in RL?
Can gradient ascent find global optimality, despite RL usually has non-convex objective functions?



