Policy Gradient: Optimality

CS 6789: Foundations of Reinforcement Learning



Today

* Recap
* Today:
* NPG convergence proof wrap up
 What about function approximation?
remember compatible function approximation
log linear policy classes and neural policy classes

PG methods have stronger guarantees (over approximate value function methods)
when we have errors.



Recap



Things to remember

For all 7, ', s

, 1 ,
VZi(so) = V7(sp) = ———Esar Banacs) A" (s, a))

I =y
1 Tl
V,J(0) = T Franar | Voln my(a|s)Q™(s, a)|
Today: we will use ds’; for a state distribution measure.
(it should be clear from context how we use it).
T _ h _
dx(s) = (1 - y)% y"P(s, = 5|50, 7) Vi) = E,,[V(s)]

dx(s) = E, _ [d%(s)]

dx(s,a) = (1 =) ), y"P(s, = s,a, = a| s, )
h=0



The Natural Policy Gradient

* Recall that the Fisher information matrix of a parameterized density Po(x) is defined as
E,p, | V10g py(x) Viog py(x)
 Define 5’/7? as the (average) Fisher matrix on the family of distributions {7m,( - | s)|s € S} as:

‘Qz,g - = Snge a~y(-|s) [( VlOg 71'(9(61 ‘ S)) VlOg 71'(9(61 ‘ S)T] :

 The NPG algorithm performs gradient updates in this induced geometry:
eU+) — g 4 n FP(Q(”)T V@V(I)( D),

where M denotes the Moore-Penrose pseudoinverse of M.




Compatible Function Approximation

 Let w* denote the following minimizer of the “compatible function approximation” error:

w*x e argminWESNd;rgEa (A”@(S, a)—w - V@l()g JZ'Q(CZ | S))Z

~7tg(+|5)

e |Lemma: Let Z\”@(s, a) be the best linear predictor of A™(s, a) using Vlog my(a|s), i.e.
A(s,a) == w”* - Vylogm,(als). We have:
| —
V, V(1) = - E, i) Volog mals) A ™(s, a)
We can use XEQ(S, a) instead of A™(s, a).

|
Lemma: We have that FM(H)T V@V‘Q(Iu) — - 7/W*,
The NPG direction is the weights w*



NPG softmax case
(NPG as “soft” policy iteration)

« Lemma: (Softmax NPG as soft policy iteration) The NPG update is:
g+ — g 4 T 4
I =y

 and this leads to the update:

AD(s,a)/(1 —
Dals) = £0al s exp (nA“(s, a)/( y)),
Zt(S)

where Z(s) = Za 7(a| S)exp(nA D(s, a)/(1 — ;/)).




lToday:

Natural Policy Gradient:
Global Convergence and Function Approximation



Global convergence for Softmax NPG

e Theorem: Params: 8 = 0 and 1 > 0. For all p and T > 0, we have:

log A 1
Vi(p) > v* .
(p) 2 V7(p) T (=T




Global convergence for Softmax NPG

e Theorem: Params: 8 = 0 and 1 > 0. For all p and T > 0, we have:

log A 1
‘/(T) > ‘/* .

2

. Settingn > (1 — y)zlog A, NPG finds an e-opt policy when 7" > T




Global convergence for Softmax NPG

e Theorem: Params: 8 = 0 and 1 > 0. For all p and T > 0, we have:

log A 1
‘/(T) > ‘/* .

2
Setting 7 > (1 — y)zlog A, NPG finds an e-opt policy when 7" > 1= pe

* |teration complexity has:
* No dimension dependence (no dependence on S, A)

* No dependence on start state measure p (and no “dist mismatch factor”)
* No ‘flat gradient’ problem



Global convergence for Softmax NPG

Theorem: Params: 8 = 0 and > 0. For all p and T > 0, we have:

log A 1
Vi) > v* .
(p) 2 VZ(p) T (=T

2
Setting 7 > (1 — y)zlog A, NPG finds an e-opt policy when 7" > 1= pe
lteration complexity has:
* No dimension dependence (no dependence on S, A)

* No dependence on start state measure p (and no “dist mismatch factor”)
* No ‘flat gradient’ problem

What about approx/estimation errors? (next lecture)



Improvement Lower Bound

. Lemma: For the iterates 7" generated by the NPG, we have for all distributions :

1 —
V(H_l)(//l) _ V(t)(//t) > ( ) ESN# log Zr(S) > ().
H




Improvement Lower Bound

. Lemma: For the iterates 7" generated by the NPG, we have for all distributions :

1 —
V(t“)(,u) _ V(t)(//t) > ( , ) ESN# log Zt(s) > 0.

» Proof: First, let us show that log Z(s) > 0. To see this, observe:
log Z,(s) = log )" 7%a|s)exp(rAV(s, a)/(1 - 7))

> Z 7(a| s)log exp(nAP(s, a)/(1 — y))

S ﬁ Y Z 7(a|s)AV(s,a) = 0.

(using Jensen’s inequality on the concave function log x.)



. emmma Proof: continued....

By the performance difference lemma,

|
V(t+1)(//t) _ V(t)(//t) _ Es~dff+1> Z ﬂ(t+1)(a | S)A(t)(s, a)

1 —y y
1 7 D(a | $)Z(s)
_ (t+1) d
= —L__ 0+ T als 10
I (1) [ | -0y 4 )
— _ESNd(Hl)KL(]TS | ‘ ﬂ-S ) + _ESNd(H_l) log ZI(S)
/A /.
1=y
> —FE _enlog Z(s) > Es~,u log Z(s),
" g H

where the last step uses that d/y“) > (1 — y)u and that log Z(s) > 0.



NPG Conv. Proof, Part 1

. d* as shorthand for d 7, as shorthand for the vector of z( - | )



NPG Conv. Proof, Part 1

. d* as shorthand ford 7, as shorthand for the vector of z( - | )
* By the performance dn‘ference lemma,

x 1
V7 (p)=V(p) = ——E, 4 ) 7*(a| )A"(s, a)
I =y

7" (a|5)Z(s)
n(als)

1
=—F_ . Z n*(a|s)log
}/] d

|
; N (KL(JZ;( | ‘Jl's(t)) — KL(7* | \ﬂf"l)) + Z 7*(a | s)log Zt(s))

|
o Eovae (KL | | 2") — KLz} | | 28FD) + log Z(s)),



NPG Conv. Proof, Part 2

. By the improvement lemma VU D(p) > V(p). Hence,
T—1

. | .
T (T—1) T (1)
V*: (p)—V (p) S—T tzzo,(V (p) — V¥(p))

T—1

> E, (KL || 7) — KL(z} | | 2+ D)) o Z iar 102 Z(5)
=

E_KL(z* ||z 1 =l
<— KL ]| ) +— E, 4<10gZ(s).
nil ni =




NPG Conv. Proof, Part 2

. By the improvement lemma VU D(p) > V(p). Hence,
T—1

1
¢ N 1/(T—1) - T* __ /()
Vi (p)=VV"V(p) < TEO, (V* (p) — V¥(p))

T—1
> Eyge (KL 12%) = KLGES ) + - Z ~a+ 102 Z(5)
[=
ESNd*KL(ﬂS*‘ ‘ﬂ'(o)) | =
< + — E, . logZ(s).
nT =

By the improvement lemma (applied with d™ as the distribution), we have:

1 1

—E, - log Z(s) < —— (V@) - V("))
d —7

which gives us a bound on E__ ;. log Z(s).




NPG Conv. Proof, Part 3

N E_KL(z*|| 7V 1 =l
V7 (ﬂ)—V(T_l)(,O)S s~d (s H )+—
nl nl =

oo gx 10g Z(S)

E. KLz || 7Y 1 =

E_ KL(zX||x©) . VID(d*y = vOg*)
nl (1 =—pT
|
DL
nT (1 —-y)?T




What about Function Approximation?

NPG and variants for log-linear policy classes



What about Function Approximation?

2. Log Linear Policy (e.g., for
linear MDPs):

3. N | Policy:
1. Softmax Policy for eural Folicy

Tabular MDPs:

Neural network

Feature vector (s, a) € R?, and

0. e€eR,Vs,ae SXA
S parameter 8 € R?

exp(é’s,a)
Z q’ CXP (Hs,a’)

my(a | 5) =

exp(HTgb(S, a)) exp(fy(s,a))

my(a | 5) =

' m(als) =

2. exp(@Tg(s,a")) 2. exp(fy(s, a’))



NPG & Log Linear Policy Classes

exp(6 ' ¢(s, a))
> exp(8Te(s, a’))

_ Feature vector ¢(s,a) € R, m(als) =



NPG & Log Linear Policy Classes

exp(6 ' ¢(s, a))
> exp(8Te(s, a’))

_ Feature vector ¢(s,a) € R, m(als) =

e We have:

VQIOg 7[9(61 ‘ S) — as,ea’ where as,ea — ¢S,CZ - Ea’rv]t@(-ls)[¢s,a’]'



NPG & Log Linear Policy Classes

exp(6 ' ¢(s, a))
> exp(8Te(s, a’))

_ Feature vector ¢(s,a) € R, m(als) =

e We have:

70 70
Vologmy(als) = ¢y, where ¢, =, — Epr 19l Psal-

 The NPG update:

4l . - — 0\ 2
0 — 0+ T yw*, w, € argmanESngg,aNﬂe(,ls)[(A o(s,a) —w - gbs?a) ]



NPG & Log Linear Policy Classes

exp(6 ' ¢(s, a))
> exp(8Te(s, a’))

Feature vector ¢)(s, a) € R, m(als) =

We have:
T 0 T 0
Vologmy(als) = ¢y, where ¢, =, — Epr 19l Psal-

The NPG update:
dl . — 0\ 2
0 — 0+ Wy, W, € argmin s~d§@,a~ng(.|s)[(Aﬂ9(S’ a)—w-¢2)].

Ny

Equivalently, for the same w,
1
71'(61 | S)eXP< 1 _ Wy - ¢S,CZ)

/

\)

(Z, is the normalizing constant.) Using $ or ¢ result in the same update for 7.

Y

mals) <



Q-NPG: use Q rather A

(a little nice to interpret for analysis)

« Still log linear class.



Q-NPG: use Q rather A

(a little nice to interpret for analysis)

« Still log linear class.

 The Q-NPG update:

. 2
0« 0+ W, w, € argm'”wESnge,aN@(.m [(Q”e(s, a —w - ¢S,a) ]




Q-NPG: use Q rather A

(a little nice to interpret for analysis)

« Still log linear class.

 The Q-NPG update:

. 2
0 «— 6+ W,,  w, €argmin S~d§9,a~ng(-|s>[(Q”9(S’ a)—w-¢,) |

» Equivalently, for the same w,

Wy - ¢S,Cl)

n(a | S)exp( 1 i

/

\)

Y

n(als) <

(Z, is the normalizing constant.)



Approximate Q-NPG + With a Starting Measure

(e.g. we use samples to estimate Q)
e For a state-action distribution 1D, define:

Lw;0,D) :=E, p [(Q”Q(s, a)—w - ¢S,a)2].



Approximate Q-NPG + With a Starting Measure

(e.g. we use samples to estimate Q)
e For a state-action distribution 1D, define:

Lw;0,D) :=E, p [(Q”Q(S, a)—w - ¢S,a)2].

* Let us consider using an on-policy state action measure starting with s, a, ~ v.

* this will help with “exploration” and the flat gradient problem when there is
approximation

e shorthand:

d(s,a) = d™ (s, a)



Approximate Q-NPG + With a Starting Measure

(e.g. we use samples to estimate Q)
e For a state-action distribution 1D, define:

Lw;0,D) :=E, p [(Q’T@(S, a)—w - ¢S’a)2].

* Let us consider using an on-policy state action measure starting with s, a, ~ v.
* this will help with “exploration” and the flat gradient problem when there is

approximation
* shorthand:

d(s,a) = d™ (s, a)
 The approximate version:
g+ — g o "

I =y

(1) (D) ~ ' . @) (@)
w'"’, where. w Nargmln”WHZSWL(W,H , d\"),



Approximate Q-NPG + With a Starting Measure

(e.g. we use samples to estimate Q)
For a state-action distribution 1D, define:

Lw;0,D) :=E, p [(Q”Q(S, a)—w - gbw)z].

Let us consider using an on-policy state action measure starting with s, a, ~ v.

* this will help with “exploration” and the flat gradient problem when there is
approximation

* shorthand:

d(s,a) = d™ (s, a)
The approximate version:
g+ — g 4

I =y

w' where. W' ~ argmin L(w; 09, dW),

wll,<W

Equivalently,

|
na| s)exp(y— w - )

/

S

]z.(t+1)(a ‘ S) <




Generic Perturbation Analysis of NPG



NPG regret lemma

+ Set 89 = 0. Consider an arbitrary sequence of weights w', ..., w'D) st. [[w®?|, < W.



NPG regret lemma

+ Set 89 = 0. Consider an arbitrary sequence of weights w', ..., w'D) st. [[w®?|, < W.
+ Update rule: 9" = 9 4 ﬂw(t)



NPG regret lemma

Set 8V = 0. Consider an arbitrary sequence of weights w", ..., w), s t. HW(DHQ <W
Update rule: 01 = 9 + nw(t)

Lemma: (NPG Regret Lemma)

Fix any comparison policy 7 and any state distribution p.
Assume log y(a | s) (for all s, a) is a f-smooth function of 6.
Define: err, = £ 5 E, 50 AV(s,a) —w - Vylog n'al s)].
We have that:

(o~ 1 2plogsA 1S
min { Vi(p) — (t)(p)} 1_ W\/ + — . Z err,

t<T
=0

(where we set using n = \/2 log A/(ﬁWZT))



NPG regret lemma

+ Set 89 = 0. Consider an arbitrary sequence of weights w', ..., w'D) st. [[w®?|, < W.
+ Update rule: 9" = 9 4 nw(t)

 Lemma: (NPG Regret Lemma)
Fix any comparison policy 7 and any state distribution p.
Assume log y(a | s) (for all s, a) is a f-smooth function of 6.
Define: err, = £ 5 E, 50 AV(s,a) —w - Vylog n'al S)].
We have that:

(o~ 1 2plogsA 1S
TT (7)
mm{V (p)—V (p)} - W\/ + — T E eI,

t<T
=0

(where we set using 17 = \/2 log A/(ﬁWzT))

* Proof: Mirror descent style of analysis + Perf. Difference Lemma



* The approxim

O

Approximate Q-NPG

(e.g. we use samples to estimate Q)

ate version:

D — g0 _

- nw'?, where. w' & argmin

[wll,.<W

L(w; g(t), d(t)),



Approximate Q-NPG

(e.g. we use samples to estimate Q)

* The approximate version:

Ot = 90 4 pw®  where. w¥ ~ argmin L(w; 09, d"),

wll,<W

* Error Decomposition;

Lw®; 00 dDy = [(wW; 00 40y — L(Wf:); 00 dD) + L(Wf:); O dWy

Excess risk Approximation error

where wf) € argmin L(w; 8%, dV)

[wll,<W



Q-NPG Conv Rate w/ Estimation Error
(O approx error)

. Suppose L(wf); O dVy =0
Suppose the
L(W(t); (9(1)’ d(f)) _ L(Wf); g(f)’ d(f)) < Egtat:



Q-NPG Conv Rate w/ Estimation Error
(O approx error)

. Suppose No approx error: L(wf:); O d"y =0

Suppose the excess risk:
L(w®; 00 40y — L(Wf:); 00 dy < Estat

- Conditioning: suppose |[¢, .||, < 1 and, for the initial measure v,
Gmin(Es,arvy [¢S,a S,Cl]) — /Imin’ k=1/4.



Q-NPG Conv Rate w/ Estimation Error
(O approx error)

. Suppose No approx error: L(wf); O d"y =0

Suppose the excess risk:
L(w®; 00 40y — L(Wf); 00 dy < Estat

- Conditioning: suppose |[¢, .||, < 1 and, for the initial measure v,

min(ES,arvy [¢S,Cl S,a]) — /Imin’ k=1/1.

O.

 Theorem: Fix any state distribution p; any comparator policy 7" (not necessarily optimal).
With # set appropriately and under the above assumptions, we have that:

4 21og A 4A
< T (K ' €stat>
I -y T (1-7y)°

E [min { V™ (p) — V<f><p>}

t<T



Q-NPG Conv Rate with Approx+Est. Errors

e Suppose the and are bounded as:
Lw®; 00 40y — L(Wf); 00 dy < Estat

L(Wf); @(t), d(t)) < €approx



Q NPG Conv Rate with Approx+Est. Errors

Suppose the excess risk and approx error are bounded as:
Lw®; 00 d0y — L(w(t) O dDy < Estats

Low®; 09, dD) < €ap0ro%

- Conditioning: suppose |[¢, .||, < 1 and, for the initial measure v,
T1\ — _
Gmin(Es,aNU [¢S,a S,Cl]) _ ;tmin’ k= 1/4.



Q-NPG Conv Rate with Approx+Est. Errors

 Suppose the excess risk and approx error are bounded as:
Lw®; 00 40y — L(wf:); 00 dy < Estat

L(Wf); 0", d") < €approx

» Conditioning: suppose ||¢, ,|[, < 1 and, for the initial measure v,
min(Es,arvy [¢S,Cl S,a]> — lmim Kk=1/1.

O.

 Theorem: Fix any state distribution p; any comparator policy > (not necessarily optimal).
With 7 set appropriately and under the above assumptions, we have that:

min { V7" (p) = V(p) }]

t<T

_ BW [2logA ., 4A ( .\ d* )
K:*€ — + €
=1 T (1 — }/)3 stat vl approx

E




NPG & Neural Policy Classes

« Neuralnetf,: S XA = R, Policy:

exp(fo(s, a))
2. €xp(fy(s,a’))

my(a | 5) =



NPG & Neural Policy Classes

« Neuralnetf,: S XA = R, Policy:

exp(fo(s, a))
2. €xp(fy(s,a’))

my(a | 5) =

e We have:

Vé’log 71'(9(61 ‘ S) — g@(sv Cl), where gQ(Sa Cl) — Vﬁfé’(sa Cl) o Ea’Nﬂg(-|s)[ V@fé(sa CZ,)].



NPG & Neural Policy Classes

« Neuralnetf,: S XA = R, Policy:

exp(fo(s, a))
2. €xp(fy(s,a’))

my(a | 5) =

e We have:

Vé’log 71'(9(61 ‘ S) — g@(sa Cl), where gﬁ(sa Cl) — V@fg(S, Cl) o Ea’Nﬂg(-|s)[ V@fé(sa CZI)].

 The NPG update rule is:

. . 2
0 — 0+ nw,, w, € argmanESnggaaNﬂe(,ls) l(A o(s,a) —w - gys, a)) ]



NPG & Neural Policy Classes

« Neuralnetf,: S XA = R, Policy:

exp(fo(s, a))
2. €xp(fy(s,a’))

my(a | 5) =

e We have:

Vé’log 71'(9(61 ‘ S) — g@(sa Cl), where gﬁ(sa Cl) — V@fg(S, Cl) o Ea’Nﬂg(-|s)[ V@fé(sa CZI)].

 The NPG update rule is:

. . 2
0 — 0+ nw,, w, € argmanESnggaaNﬂe(,ls) l(A o(s,a) —w - gys, a)) ]



