Policy Gradient: Optimality

CS 6789: Foundations of Reinforcement Learning



Today

* Recap
* Today:
* NPG convergence proof wrap up
* What about function approximation?
remember compatible function approximation
log linear policy classes and neural policy classes

* PG methods have stronger guarantees (over approximate value function methods)
when we have errors.



Recap



Things to remember
For all 7, 7', sy:

@
/ 1 / [
Vﬂ(So) - Vﬂ (SO) = —[E.S’Ndf [ECtNJI('|S) [Aﬂ-(S, CZ)] A E,Cl\
1 — 14 "0 ((D
1
V,J(0) = 1—_y[ES,aNdﬂ9 | Voln my(a|s)Q™(s, a)|

Today: we will use a’” for a state distribution measure.

(it should be clear from context howge use |t ( S =5 N = ( =) ) M (S>
dx(s) = (1 - y)thP@h = SI&M) Vi(u) = E,_,[V(s)]
h= O
- dr(s) = Ey ., [d%(s)]

d;f)(s, a)=~-y) Z )/hﬂ:D(Sh =s,a, = al sy, )
h=0



The Natural Policy Gradient
™

« Recall that the Fisher information matrix of a parameterized density py(x) is defined as
E,., | Vlog pyx) Viog py(x)"]
+ Define f’]fg as the (average) Fisher matrix on the family of distributions {zy( - |s)|s € S} as:

‘G}—/H) = Es~d ()EINJT o(-|5) [( VIOg JZ'()(CI | s‘)) VlOg 71'()(61 | S)T] .

* The NPG algorithm performs gradient updates in this induced geometry:
00D = 09+ nF,(OO) V4V O(p),
where MT denotes thvf Moore-Penrose pseudoinverse of M.

N QSD



Compatible Function Approximation

« Let w* denote the following minimizer of the “compatible function approximation” error:

(A%(s,a) —w - Vylog my(al| s))2]

N .
w™ € argmin E¢_jmE, 5

e Lemma: Let X”H(s, a) be the best linear predictor of A™(s, a) using Vylog my(a|s), i.e.
A(s,a) =w* - Vylogmlals). We have:

1 —~
VoV7(u) = 1—_;/ Esgrobany15) [ Volog my(a|s) A "(s, a)]

P X
We can use A ™(s, a) instead of A™(s, a). @ &0 7 W™ (€)
//Y

1
. Lemma: We have that Fﬂ(Q)T VQVH(M) = l—w*,

The NPG direction is the weights w*



NPG softmax case
(NPG as “soft” policy iteration)

(/4\0,1_‘//% Pé =0 %%0’(;577r6(q15)%\9(%h)

* Lemma: (Softmax NPG as soft policy iteration) The NPG update is:
oD — g0 40
7N 1—y

* and this leads to the update:

exp(nA“(s, a)/(1 - )
Z(s)

where Z,(s) = 3. 7 a|s)exp(nAD(s,a)/(1 —p)).

S, 7D (a|s) = 7P| s)



Today:

Natural Policy Gradient:
Global Convergence and Function Approximation



Global convergence for Softmax NPG

« Theorem: Params: 8©) = 0 and 7 > 0. For all p and T > 0, we have:

log A 1
VD(p) > V*(p) — - .
(p) 2 Vi(p) T =T




Global convergence for Softmax NPG

« Theorem: Params: 8©) = 0 and 7 > 0. For all p and T > 0, we have:
VO(p) > VA (p) — ot -
- nT  (1—p?T

. Settingn > (1 — y)zlog A, NPG finds an e-opt policy when 7" > a 7 :




Global convergence for Softmax NPG

Theorem: Params: 8 = 0 and # > 0. For all p and T > 0, we have:

log A 1
VD(p) > V*(p) — - :
(p) 2 Vi(p) T =T

Setting 7 > (1 — y)zlog A, NPG finds an e-opt policy when 7" > W

lteration complexity has:

« No dimension dependence (no dependence on S, A)

» No dependence on start state measure p (and no “dist mismatch factor”)

« No ‘flat gradient’ problem /) N oi =

3 - fagh ale T
f



Global convergence for Softmax NPG

Theorem: Params: 8 = 0 and # > 0. For all p and T > 0, we have:

log A 1
VD(p) > V*(p) — - :
(p) 2 Vi(p) T =T

Setting 7 > (1 — y)zlog A, NPG finds an e-opt policy when 7" > W
lteration complexity has:
« No dimension dependence (no dependence on §, A)

» No dependence on start state measure p (and no “dist mismatch factor”)
* No ‘flat gradient’ problem

What about approx/estimation errors?(peEEEtwTe)



Improvement Lower Bound

« Lemma: For the iterates 7 generated by the NPG, we have for all distributions pu:

1 —
VD) — VO(u) > d-7 E, logZ(s) > 0.




Improvement Lower Bound

« Lemma: For the iterates 7 generated by the NPG, we have for all distributions pu:

1 —
VD) — VO(u) > d-7 E, logZ(s) > 0.

« Proof: First, let us show that log Z(s) > 0. To see this, observe:
log Z(s) = log Y 7%(a| s)exp(nAV(s, a)/(1 - y))

a

> Z 7(a| s)log exp(nA(s, a)/(1 — y))

a

_ ) ) _
= 1_yza:n (a|s)AD(s,a) = 0.

(using Jensen’s inequality on the concave function log x.)



Sron e tae
Lemma Proof: continued.... [ @/t st

15/( £

A=Yy Tl

+1 1 +1 i "~ 00—,

VD) = VO0) = T Epger 2,1 (a] 945, 0) A )
a

By the performance difference lemma,

1 7™ D(a|s)Z(s
— s~d(’+1)2ﬂ(t+l)(als)10g (als)Z(s)

p A 7O (a|s) rexpry, -

V’l

1 D (| -0y 4 L +

= ESNd(zH)KL(ﬂ' || ") +— s~ log Z(s) 2‘7,@44
n / (7[§j -1
[ Fl>o o

|
> ENd(t+1)10th(s)>—yE log Zs),
n n

where the last step uses that dﬁ”l) > (1 — y)u and that log Z(s) > 0.

-



NPG Conv. Proof, Part 1

« d* as shorthand for d;; 7, as shorthand for the vector of z( - | 5)



NPG Conv. Proof, Part 1

« d* as shorthand for d;; 7, as shorthand for the vector of z( - | 5)
* By the performance difference lemma,

\ 1
V7 (p)—- VO (p) = —E, i Z 7*(a|$)AY(s, a) by Ang

< NP6 SO’H'“M" Vv '€~

1 7 (a | )Z(s)
=—FE, 4 Z 7*(a|s)log
: 70(als) ek
y Ly K A
= lESNd* (KL(JZ’S* |1 20y — KL(zX | | zFD) + 2 m*(a|s)log Zt(s)>
n a x
L Z 7 (als) Sls)

1
= —E, 4 (KL} | | 7)) — KL(x} | | D) + log Z(s)), - sy
" -



NPG Conv. Proof, Part 2

« By the improvement lemma V@ D(p) > V¥ (p). Hence,

T—
V= (p)=VI(p) < — Z(V” (p) = V(f)(p)mﬂj by 1 ZF 67-4
b

t—O

|
=—2Es~d*<KL<ns*||n§”) KL L)+ Z‘, a+ 102 Z,(5)
77T =0

E KL || #© 1 = E Q Scope
< Sl )+ ZESNd*loth(s). ‘2 b7 ’p(}

nT ”Tt=0 — )élr1>0

[ Asiides 1A 50
Zé - i @ §> . %Zéq: O(%7’>

~ \ «YO 1 D(%B(>

o




NPG Conv. Proof, Part 2

« By the improvement lemma V@ D(p) > V¥ (p). Hence,
T-1

* 1 — *
o (T-1) 7T ()
V:(p)—V (p)S—T tzzo,(V (p) = V¥(p))

1 T-1 1 T-1
= — Y E, (KU} | | 20) = KU(X || 200) + — D E,_yelog Z,(s)
17T =0 17T =0

E__KL(z*||7z© 1 =
< G 1127 + ZESNd*loth(s).
nr 3

!
* By thelim lied with d7 as the distribution), we have:

1 1
—E, 4+ log Z,(S) < 1—<V(t+1)(d*) _ V(t)(d*)>
n -7

which gives us a bound on E_ ;« log Z(s).



NPG Conv. Proof, Part 3

{wew.

N E__KL(z*||7z© 1 = = ¥
Ve (p) — V1) < Dt - Nz, = 2 Esae 102 Z(5) e
n n

=0 \ M g Mmg x*

* (0) 7-1 V \ M- ﬂ(

- E, Ki(zX|| 7Y N 1 2 (V(t+1)(d*) V(’)(d*)>
nT (1- }’)T

E, 4Kz} |7 vD(a*) — vO(g*) 2 e /€s¢

= +
nt /%

log A 1
== ta-pr Vis) £ %N)/
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What about Function Approximation?

NPG and variants for log-linear policy classes



What about Function Approximation?

2. Log Linear Policy (e.g., for 3. Neural Policy:
1. Softmax Policy for linear MDPs):
Tabular MDPs:
Feature vector ¢(s, a) € R and Neural network
Ora € R, Vs, 0 € SXA parameter 0 € R? fo: SXA-R
exp(b;,,)
myals) = .
2, €xp(¥; 4 als) exp(0' (s, a)) rials) = exp(fy(s, @)
—_— g —_ ;
’ Y exp(0T (s, a") > exp(fils, a)



NPG & Log Linear Policy Classes

exp(' ¢(s, @)
2, exp0T (s, a")

., Feature vector ¢(s,a) € RY my(als) =



NPG & Log Linear Policy Classes

exp(07 (s, a))
Y. exp(0Td(s,a’)

., Feature vector ¢(s,a) € RY my(als) =

e We have:

vﬁlog ﬂﬁ(a | S) = asf)a’ where (Zs(,)a = d)s,a - Ea/Nﬂ(,(-|s)[¢s,a/]'



NPG & Log Linear Policy Classes

exp(07 (s, a))
Y. exp(0Td(s,a’)

., Feature vector ¢(s,a) € RY my(als) =

e We have:

vﬁlog ﬂﬁ(a | S) = asf)a’ where (Zs(,)a = d)s,a - Ea/Nﬂg(-|s)[¢s,a/]'

* The NPG update:

_ —_ 2
0~ 0+ W s W, € argmanEswd”",aN@(-Ls‘) [(Aﬂg(s’ Cl) —w- ng,ga) ]

)Y



NPG & Log Linear Policy Classes

exp(' ¢(s, @)
2, exp0T (s, a")

Feature vector ¢ (s, a) € R, my(als) =

We have:
70
V lOg ﬂ'@(a | S) s, Ll’ where (IbS,Cl == d)s,a - Ea/Nﬂ(}('|S)[¢S,Cl/]'

The NPG update:

_ —0\2
0 < 0+nw,, wy € argmin E_ aNﬂy(,M[(A”ﬁ(s, a—w- qbs,ga) ]
Equivalently, for the sagme w,, 1~ 5
n(a| s)exq;n ) - s
n(als) < Pua ﬂy -

(Z, is the normahzmg constant.) Using qb or ¢ result in the same update for 7.



Q-NPG: use Q rather A

(a little nice to interpret for analysis)

 Still log linear class.



Q-NPG: use Q rather A

(a little nice to interpret for analysis)

 Still log linear class.

* The Q-NPG update:
2
0« 0+nw,, w, € argmin‘yt,EYNd/f)zo’aNﬂU('|S)[(Qﬂﬁ(s, a)—w - Cbs,a> ]



Q-NPG: use Q rather A

(a little nice to interpret for analysis)

 Still log linear class.

* The Q-NPG update:
: 2

0 — 0+ nw,, w, € argm|nWES,Nd;ro,aN,T()(,|S)[(Q”H(S, a)—w - gbs_H) ]

 Equivalently, for the same w,,

JZ'(CI | S)CXp(W* ’ ¢s,a>
V4

S

n(als) «

(Z is the normalizing constant.)



Approximate Q-NPG + With a Starting Measure

(e.g. we use samples to estimate Q)

« For a state-action distribution D, define:
L(w;0,D) :=E , p [(Q”U(s, a)—w - qﬁ‘\,_a)z].



Approximate Q-NPG + With a Starting Measure

(e.g. we use samples to estimate Q)

For a state-action distribution D, define:
L(w;0,D) :=E , p [(Q”U(s, a)—w - qﬁ‘\,_a)z].

Let us consider using an on-policy state action measure starting with s, a, ~ v.

» this will help with “exploration” and the flat gradient problem when there is
approximation

* shorthand:

d9(s,a) := dfm(s, a)



Approximate Q-NPG + With a Starting Measure

(e.g. we use samples to estimate Q)

For a state-action distribution DD, define:
L(w;0,D) := E, ,_p|(Q™(s,a) —w - ¢, ,)*|.

Let us consider using an on-policy state action measure starting with s, a, ~ v.
» this will help with “exploration” and the flat gradient problem when there is
approximation
* shorthand:
d9(s,a) := dfm(s, a)
The approximate version:
0D = 0D 1w, where. w ~ argminy . L(OW; 0D, 4"y,



Approximate Q-NPG + With a Starting Measure

(e.g. we use samples to estimate Q)

For a state-action distribution DD, define:
L(w;0,D) := E, ,_p|(Q™(s,a) —w - ¢, ,)*|.

Let us consider using an on-policy state action measure starting with s, a, ~ v.
» this will help with “exploration” and the flat gradient problem when there is
approximation
* shorthand:
d9(s,a) := dfm(s, a)
The approximate version:

0D = 0D 1w, where. w ~ argminy . L(OW; 0D, 4"y,

|, <W
Equivalently,

ﬂ(l)(a | S)GXP(W(I) ’ qss,a)
V4

S

7 D(a|s) «



Generic Perturbation Analysis of NPG



NPG regret lemma

o Set #© = 0. Consider an arbitrary sequence of weights w®, ..., w@ st. ||[w?|, < W.



NPG regret lemma

o Set #© = 0. Consider an arbitrary sequence of weights w®, ..., w@ st. ||[w?|, < W.
« Update rule: 9*1 = 9 4



NPG regret lemma

Set ¥ = 0. Consider an arbitrary sequence of weights w®, ..., w("), s-t-
Update rule: 0+ = 00 4 @

Lemma: (NPG Regret Lemma)

Fix any comparison policy 7 and an
Assume log my(a | s) (for all s, a) is i
Define: err, = E_ 7 E, o |A(s,a) = w - Vylog n¥(a| s)|.
We have that:

(o~ 1 [2pTogA 1°&
min { V*(p) — V® } <—— | Wy/————+—= ) err, |].
nir { () () — < T T Z;, ‘

(where we set using = \/2 log A/(BW?T))




NPG regret lemma

o Set #© = 0. Consider an arbitrary sequence of weights w®, ..., w@ st. ||[w?|, < W.
« Update rule: 01 = 9 4 5@

* Lemma: (NPG Regret Lemma)
Fix any comparison policy 7 and any state distribution p.
Assume log my(a | s) (for all s, a) is a f-smooth function of 6.
Define: err, = E_ 7 E, o |A(s,a) = w - Vylog n¥(a| s)|.
We have that:

(o~ | 2plogA 1S
min { V*(p) — V® } <—— | Wy/————+—= ) err
nin { Vi) = V) } < Wy | T+ Tem,

=0

(where we set using = \/2 log A/(BW?T))

* Proof: Mirror descent style of analysis + Perf. Difference Lemma



Approximate Q-NPG

(e.g. we use samples to estimate Q)

e The approximate version:

0D = 00 4w, where. w ~ argmin, L(w; 09, dD),

|, <W



Approximate Q-NPG

(e.g. we use samples to estimate Q)

* The approximate version:

0D = 00 4w, where. w ~ argming, o < LOW; 0D 40,

|, <W

* Error Decomposition:

L(W([)' 210) d(’)) — L(W(t)' 210 d(t)) _ L(W(t)' 210 d(t)) + L(W(’)' 210 d(’))
b b b 9 * b 9 * b b

Excess risk Approximation error

where wi’) € argmin L(w; 09, d")

Iwll<W



Q-NPG Conv Rate w/ Estimation Error
(no approx error)

« Suppose L(WL’); 00, d"y =0
Suppose the
Lw?;60,d"y — Lw®;09,d") < egtat,



Q-NPG Conv Rate w/ Estimation Error
(no approx error)

« Suppose No approx error: L(Wf); 0D, 4Dy =0
Suppose the excess risk:
L(W([); 9(1)’ d(’)) _ L(Wil); g(t)’ d(t)) < €stats

« Conditioning: suppose ||¢; .l < 1 and, for the initial measure v,

O—min<Es,a~z/ [qbsaqss-ra] ) - Amin’ k=1/4.



Q-NPG Conv Rate w/ Estimation Error
(no approx error)

« Suppose No approx error: L(wf); 0D, 4Dy =0
Suppose the excess risk:
L(W(t); g(t)’ d(t)) _ L(Wy); (9(1)’ d(t)) < €stats

« Conditioning: suppose ||¢; .l < 1 and, for the initial measure v,

min( sa~b[¢sa sa]) :ﬁmin’ k=1/4.

0.

« Theorem: Fix any state distribution p; any comparator policy 7 (not necessarily optimal).
With 7 set appropriately and under the above assumptions, we have that:

) % 2log A
E[rrrll]l){\/” (p) — V(Z)(p) ] \/ og \/1_ e '€stat>




Q-NPG Conv Rate with Approx+Est. Errors

* Suppose the excess risk and approx error are bounded as:
Lw®; 09, 40y — L(Wi”; 0D 4Dy < Estats

L(Wi’); 0D, dy < €approx:



Q-NPG Conv Rate with Approx+Est. Errors

* Suppose the excess risk and approx error are bounded as:
L(W(’), 9(1), d(’)) _ L(Wif), (9(1), d(t)) < €stats

L(Wy); (9(07 d([)) < Eapproxy

« Conditioning: suppose ||¢, .||, < 1 and, for the initial measure v,
min( s,a~v [d)s a¥s a] ) = Amin’ k=1/A.

0.



Q-NPG Conv Rate with Approx+Est. Errors

* Suppose the excess risk and approx error are bounded as:
Lw®; 00, q0y — L(Wy); 0D 4Dy < Estats

« Conditioning: suppose ||¢, .||, < 1 and, for the initial measure v,
6min( s,an~v [¢3 a sa]) - /Imin’ k=1/1.

* Theorem: Fix any state distribution p; any comparator policy 7" (not necessarily optimal).
With 7 set appropriately and under the above assumptions, we have that:

E lmin {v7 () = Vi) }]

<T

d*

210gA +‘
\/ K-€ —
1_}/ (1_7/)'; stat

: €approx>

o0

1%




NPG & Neural Policy Classes

« Neuralnetf,: S XA — R, Policy:

exp(fy(s, @)
Y. exp(fyls.a)

my(als) =



NPG & Neural Policy Classes

« Neuralnetf,: S XA — R, Policy:

exp(fy(s, @)
Y. exp(fyls.a)

my(a |s) =

* We have:

Volog my(a|s) = gy(s,a), where gy(s,a) = Vg fy(s,a) — Ey 1l VoSfo(s,a)l.



NPG & Neural Policy Classes

« Neuralnetf,: S XA — R, Policy:

exp(fy(s, @)
Y. exp(fyls.a)

my(a |s) =

* We have:

Volog my(a|s) = gy(s,a), where gy(s,a) = Vg fy(s,a) — Ey 1l VoSfo(s,a)l.

* The NPG update rule is:

. 2
0« 0+nw,, w, € argmanEde/z)roﬂNﬂe(_|S) [(A”o(s, a) —w - gs, a)) ]



NPG & Neural Policy Classes

« Neuralnetf,: S XA — R, Policy:

exp(fy(s, @)
Y. exp(fyls.a)

my(a |s) =

* We have:

Volog my(a|s) = gy(s,a), where gy(s,a) = Vg fy(s,a) — Ey 1l VoSfo(s,a)l.

* The NPG update rule is:

. 2
0« 0+nw,, w, € argmanEde/z)roﬂNﬂe(_|S) [(A”o(s, a) —w - gs, a)) ]



