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Today

* Recap
* Today:
* NPG and function approximation
* (for log linear policy classes and neural policy classes)
* PG methods have stronger guarantees (over approximate value function methods)
when we have errors.

» Trustregion methods and-conservative policy iteration—



Recap



Things to remember

For all 7, 7', sy:

, |
VZ(sg) — V7 (sy) = I—[E E

s~di —a~n(-|s) [Aﬂ/(Sa Cl)]

1
V,J(0) = T Eoanav | Voln my(a|s)Q™(s, a)|

Today: we will use d for a state distribution measure.
(it should be clear from context how we use it).

di(s) = (1=7) ), 7"P(sy = 5|50, %) Vi) = E,.,[V7(s)]

h=0
) d*(s) = Es N [df(s)]
dsjz(s’a)=(1—Y)ZYhP(Sh=s,ah=a|sO,7r) : 0K S
h=0



The Natural Policy Gradient

. Define F as the (average) Fisher matrix on the family of distributions {my(-|5)|s €S} as:

Fh = Ey oEq 15 |(Vlog my(als)) Viog myals)'| .

* The NPG algorithm performs gradient updates in this induced geometry:
QU+ — g HF/)(H(T))' ng(f)(p)’

where M denotes the Moore-Penrose pseudoinverse of M.



Compatible Function Approximation

« Let w* denote the following minimizer of the “compatible function approximation” error:

2
w* € argmin, E,yriE, 1| (A%(s.a) = w - Vglogmyals)) ]

|
Lemma: We have that Fﬂ(Q)T V,Vou) = 1—_}/W*,
The NPG direction is the weights w*



Global convergence for Softmax NPG

* Lemma: (Softmax NPG as soft policy iteration) The NPG update is:

gD — g0 4 A0
1 -y
and this leads to the update:
exp(nA¥s,a)/(1 = 7))

7| s) = 729 s) 70 ;
(s

Theorem: Params: 8 = 0 and 7 > 0. For all p and T > 0, we have:

Setting 7 > (1 — y)zlog A, NPG finds an e-opt policy when 7" > W



Today:

Function Approximation & Distribution Shift



What about Function Approximation?

2. Log Linear Policy (e.g., for 3. Neural Policy:
1. Softmax Policy for linear MDPs):
Tabular MDPs:
Feature vector ¢(s, a) € R and Neural network
Ora € R, Vs, 0 € SXA parameter 0 € R? fo: SXA-R
exp(b;,,)
myals) = .
2, €xp(¥; 4 als) exp(0' (s, a)) rials) = exp(fy(s, @)
—_— g —_ ;
’ Y exp(0T (s, a") > exp(fils, a)

ez S A



NPG & Log Linear Policy Classes

exp(' ¢(s, a))
2, exp0T (s, a")

., Feature vector ¢(s,a) € RY my(als) =



NPG & Log Linear Policy Classes

exp(' ¢(s, a))
2, exp0T (s, a")

., Feature vector ¢(s,a) € RY my(als) =

e We have:

VQIOg ﬂ@(a | S) - as’ea, where (ES(,JCI == d)s,a - Ea/Nﬂ(,(-|s)[¢s,a/]'



NPG & Log Linear Policy Classes
exp(87 (s, @)
X, exp(0T (s, a)

., Feature vector ¢(s,a) € RY my(als) =

e We have:

VHIOg ﬂg(a | S) == asf)(l’ Where (ES(,JCI == d)s,a - Ea/Nﬂg(-ls)[¢S,Cl/]'

* The NPG update:

n - 5.0)°
0 «— 0+ l——yw*’ w, € argmanESNd/f)re,aNﬂe(.|S)[(AHG(S, a)—w: ¢s,a> ]



NPG & Log Linear Policy Classes
exp(87 (s, @)
X, exp(0T (s, a)

Feature vector ¢ (s, a) € R, my(als) =

We have:
70
V 10g ﬂ'@(a | S) S a where (/)s,a == d)s,a - Ea/Nﬂ(}(-|S)[¢S,(l/]'

The NPG update:

0 — 0+ Lw,,(, w, € argmin E ., (_|S)[(A”9(S, a —w- nga)z].
1 - A o P 0 /ﬁ ’
Equivalently, for the same w, /\/\A/\ Cﬁr A > AN
ﬂ(als)eXp< : =, Wy - ¢sa) A &S/%)

n(als) « >

5

(Z, is the normalizing constant.) Using q?or ¢ result in the same update for 7.



Generic Perturbation Analysis of NPG
(for smooth policy classes)

Recall a function f : R? — R is said to be /}-smooth if for all x, x’ € R%:

IVAx) = VA, < pllx = X,

%fq bﬁimw/w

(”l? Q&VVLJH@"\

£6)

Y,

A4S um Q//m%/ﬁ%(q(ﬂ



NPG regret lemma



NPG regret lemma

. Update rule: 91 = 0 4 0

J—



NPG regret lemma
« Update rule: e+ — g ,7W(f>

Lemma: (NPG Regret Lemma)



NPG regret lemma
« Update rule: 01 = 90 4 1y

Lemma: (NPG Regret Lemma)
« Fix any comparison policy 77 and any state distribution p.



NPG regret lemma
« Update rule: 01 = 90 4 1y

Lemma: (NPG Regret Lemma)
« Fix any comparison policy 77 and any state distribution p.
» Suppose 7Y is the uniform policy.



NPG regret lemma
« Update rule: 9u+h = g 4 nw(’)

Lemma: (NPG Regret Lemma)
« Fix any comparison policy 7 and any state distribution p.
* Suppose 7Y is the uniform policy.
« Assume for all 5, a that log my(a | s) is a f-smooth function of 6.



NPG regret lemma

A
« Update rule: 01 = 0 4 ) ?,l[ _ CX ™
=
Lemma: (NPG Regret Lemma) kP
« Fix any comparison policy 7 and any state distribution p. 6:\ &
« Suppose 7 is the uniform policy. /‘\ (5a) A\ (S q\

 Assume for all s, a that log my(a | s) is a f-smooth function of 6.

For an arbitrary sequence wO, . w® st [w?|, < W, 6770[ "/{”L_
where err, := £ 5 F = A()(s a) —w® . Vylog ﬂ([)(als)] we have: W
7 /O 5
TSN OgA
r[rll;l{v(p) 1% (p)} < WA ——— Zerr> o g@m A
\/?_—/

OKQ/)QA /1@%@

where we set using n = \/2 log A/(BW?T)).



Proof, part 1



Proof, part 1

. Afunction f: R = R is said to be f-smooth if for all x, x’ € R%
IVAx) = VA, < pllx = xl,

and, due to Taylor's theorem, this implies:

70 = ) = V@) - (=01 < Sl =i



Proof, part 1

. Afunction f: R = R is said to be f-smooth if for all x, x’ € R%

IVA®) = VA, < pllx = xl,

€\
and, due to Taylor's theorem, this implies: @ N @ € " V\//t
70 = ) = V@) - (=01 < Sl =i
ol
By smoothness, 7Tré (@(ff)
1285 £
e S T o
p

> log n¥(a|s) + Vlog n'%al s) - (9(f+1) — 9(0) —Ljlot+b — 02
2
= log n%a|s) + nVglog z0als) - w? — 772§||W(t)||§



Proof, part 2



Proof, part 2

» Shorthand: Jfor d;’ (note p and 7 are fixed); 7, for the distribution z( - | s).



Proof, part 2

« Shorthand: d for dp’? (note p and 7 are fixed); x, for the distribution 7( - | s). {07 /‘e L O\L

* By smoothness, / L

(t+1) <

- - 2*D(a|s) <L
Es~c7(KL(ﬂs| |7t§t)) — KL(x,| |7Ts(t+l))) =E 7 E“N;('ls) [log 7®0(a|s) ]

B
> nE, 7 E, i | Volognals) - w?] - n25||w<f>||§

Q
\ Py ous
S



Proof, part 2

« Shorthand: d for dp’N’ (note p and 7 are fixed); x, for the distribution 7( - | s).

* By smoothness,
(t+1)
~ ~ 7' (als)
Es~c7(KL(”s| |7ts(t)) — KL(7,| |77s(t+1))) =E 5 Ea~7~r(~|S) llog 70(als) ]

s~d —a

p
> NE, g Earers) [ Volog 7 %als) - wO = 2wl
* By the performance difference lemma and def of err,,

=nE, 5 E, 75 [A(t)(s, a)] — 772§||W(t)||% +1E,_7 Ei i [Vglog xD(a|s) - w® — AW, a)]
& Vk/kx [ SV%MJ/

v vf\fc S 1

=(- m(V’?(p) x Vm(ﬁ)) - nzgllw(” 5= err,



Proof, part 2

Shorthand: d for dp’? (note p and 7 are fixed); x, for the distribution 7( - | s).
By smoothness,

= (0 ~ (t+1) 7T(t+1)(a | 5)
ESNE(KL(ﬂsl |7l's ) - KL(ﬂsl |7Z'S )) = ESNJEa~77(~|S) lOg W

p
2 NE, j ity [ Volog #¥als) - wO] = n*ZIwCll3
By the performance difference lemma and def of err,,

p
=NE,_57E, 7.5 [A(t)(s, a)] — 7725||W(t)||% +0E, 7 E. 15 [Vglog 7a|s) - w — AD(, a)]

s~d —a s~d —a
~ p
=(- m(V (p) — V(”(p)> — nzgllw(’)llﬁ — 7 err,

Rearranging,

_ 1 1 ~ - b
Vi(p) — VO(p) < —— <—E - (KL(7, | | n{") — KL(7,| | z'Y)) + %WZ + err,>

| — y n s~d



Proof, part 3



Proof, part 3

w1 us D) ~
. ProcleeTc_iilng, T i V (2>~ V @/D ); Z\ALCI /(ﬁo)B
— () — VO
- TZ(‘;(v O=VD e
! 3 ~ (++1) 1 < ’Yﬁwz
< ~ (ﬂsllﬂ's ))+T(1——]/)§ > + €IT,

”’HWZ 1 N LZB W(Q//éf( "
A=) +2(1—y>+T<1—y>Z;errf 4 g

logA + nﬂW2 + : Yierrt J/ K//( \ = %/4

~ T - 2(1 - T(1 —
nT(l—y) 2(0-yp) TA-y) = b7 nosump O WL;@;%

which completes the proof (after setting 7).



What about Function Approximation?

NPG and variants for log-linear policy classes



Q-NPG: use Q rather A

(a little nice to interpret for analysis)

 Still log linear class.



* The Q-NPG update:

Q-NPG: use Q rather A

(a little nice to interpret for analysis

) ,
mwp AN W[#M?}

—

+ Still log linear class. Aé‘ " AN -

& céz/n[gf\ ﬂa( .

U - ’
0 — 0+ 1—_}/W*, w, € argmln‘,l/,Es,Ndff(),aNﬂ()(,|S)[(Qﬂg(s, Cl) —W: ¢s,a> ]



Q-NPG: use Q rather A

(a little nice to interpret for analysis)

 Still log linear class.

« The Q-NPG update:
n : 2
0 — 0+ I—W*’ w, € argmln‘,l/,EgNdff(),ClNﬂ()(,|S)[(Qﬂg(s, Cl) —W: Qb‘s*,c/) ]

« Equivalently, for the same w,

17
JZ'(CZ | S)exp<1__,/ Wi q')s,a)

Z

S

n(als) «

(Z is the normalizing constant.)



Approximate Q-NPG + With a Starting Measure

(e.g. we use samples to estimate Q)
« For a state-action distribution 1D, define:

L(W; H, D) = ES’,UND [(Qﬂ(}(s’ CZ) W qﬁ&(?)z] )



Approximate Q-NPG + With a Starting Measure

(e.g. we use samples to estimate Q)
For a state-action distribution DD, define:

L(W; H, D) = ES’,UND [(Qﬂ(}(s’ CZ) W qﬁ&(?)z] )

Let us consider using an on-policy state action measure starting with s, a, ~ v.

» this will help with “exploration” and the flat gradient problem when there is
approximation

* shorthand:

d(s, a) = dfm(s, a)



Approximate Q-NPG + With a Starting Measure

(e.g. we use samples to estimate Q)
For a state-action distribution DD, define:
L(w;0,D) := E, ,_p|(Q™(s,a) —w - ¢, )|

Let us consider using an on-policy state action measure starting with s, a, ~ v.
» this will help with “exploration” and the flat gradient problem when there is

approximation QL
* shorthand: 0(

dO(s,a) := d™"(s, a) v
The approximate version: J/

OU+D = g 4 ILW(’), where. W' ~ argmin .y L(W; 09, d"),
—_ ]/ 2>



Approximate Q-NPG + With a Starting Measure

(e.g. we use samples to estimate Q)
For a state-action distribution DD, define:

L(w;0,D) := E, ,_p|(Q™(s,a) —w - ¢, )|

Let us consider using an on-policy state action measure starting with s, a, ~ v.
» this will help with “exploration” and the flat gradient problem when there is
approximation
* shorthand:
ds,a) == d* (s, a)
The approximate version:

9D = 90 4 10 where. W) & argmin L(w; 69, d"),

v, <
I—y Iwllo<W

Equivalently,
n
JZ'([)(CI | s)exp(]—_y W([) ’ ¢s,a)

Z

S

7 D(a)s) <




Approximate Q-NPG

(e.g. we use samples to estimate Q)

e The approximate version:

0D = 00 4w, where. w ~ argmin, L(w; 09, dD),

|, <W



Approximate Q-NPG

(e.g. we use samples to estimate Q)

* The approximate version:

0D = 90 4 pw®, where. w” ~ argmi L(w;69,d

Iwll,<W

e
* Error Decomposition: o @ @VZ mp(€5
/\,

Lw®D; 09 40y = [(w®; 00 Oy — [(w®D; 00 4Dy + Lw?;09, d0)
9 2 K 2 * 2 9 * 2 2

Excess risk Approximation error

where wi’) € argmin L(w; 09, d")

Iwll<W



Q-NPG Conv Rate w/ Estimation Error
(no approx error)

« Suppose No approx error: L(wf); 0D, 4Dy =0
Suppose the excess risk: o W . )‘ Ezﬂ /(

Lw®; 0040y — L(Wif); 00, 40y < Estats - & oy (Q S




Q-NPG Conv Rate w/ Estimation Error
(no approx error)

« Suppose No approx error: L(Wf); 0D, 4Dy =0
Suppose the excess risk:
L(W([); 9(1)’ d(’)) _ L(Wil); g(t)’ d(t)) < €stats

« Conditioning: suppose ||¢; .l < 1 and, for the initial measure v,

O—min<Es,a~z/ [qbsaqss-ra] ) - Amin’ k=1/4.



Q-NPG Conv Rate w/ Estimation Error
(no approx error)

« Suppose No approx error: L(wy); 0D, 4Dy =0
Suppose the excess risk:
Lw®; 09, 40y — L(Wf); 0D dDy < Estats
@53</ vy

V (4] 5)
7 ()/ P w\;‘r%/

« Theorem: Fix any state distribution p; any comparator policy #* (not necessarily optimal).

« Conditioning: suppose ||¢; .l < 1 and, for the initial measure v,

O—min<Es,a~b [¢s,a sTa]) = Amin’ k=1/4.

With 7 set appropriately and under the above assumptions, we have that:

) o Vo 210gA
E [rgl;l{v (p) = V¥(p) ] = }/\/ \/(1 - )3 stat>

Su pPo 92 LP(S/&() ﬁ/ =




Q-NPG Conv Rate with Approx+Est. Errors

* Suppose the excess risk and approx error are bounded as:
Lw®; 09, 40y — L(Wi”; 0D 4Dy < Estats

L(Wi’); 0D, dy < €approx:



Q-NPG Conv Rate with Approx+Est. Errors

* Suppose the excess risk and approx error are bounded as:
L(W(’), 9(1), d(’)) _ L(Wif), (9(1), d(t)) < €stats

L(Wy); (9(07 d([)) < Eapproxy

« Conditioning: suppose ||¢, .||, < 1 and, for the initial measure v,
min( s,a~v [d)s a¥s a] ) = Amin’ k=1/A.

0.



Q-NPG Conv Rate with Approx+Est. Errors

* Suppose the excess risk and approx error are bounded as: 4 /
Lw®; 00, d0) — Lw®, 09, d0) < egia, 07 Appror. PT W
9"(
Liw®?;09,d0) < ¢ 4 0/(\
0 = €approx: D= =
Conditioning: suppose ||¢, .||, < 1 and, for the initial measure v, ' , S@ OQ
’ D)
O-min( sa~u[¢sa sa]) :/Imin’ k=1/1. ’
s
7

Theorem: Fix any state distribution p; any comparator nolicy #° (not necessarily optimal).

E [min { V) — v“)(p)}]

<T




NPG & Neural Policy Classes

« Neuralnetf,: S XA — R, Policy:

exp(fy(s, @)
Y. exp(fyls.a)

my(als) =



NPG & Neural Policy Classes

« Neuralnetf,: S XA — R, Policy:

exp(fy(s, @)
Y. exp(fyls.a)

my(a |s) =

* We have:

Volog my(a|s) = gy(s,a), where gy(s,a) = Vg fy(s,a) — Ey 1l VoSfo(s,a)l.



NPG & Neural Policy Classes

« Neuralnetf,: S XA — R, Policy:

exp(fy(s, @)
Y. exp(fyls.a)

my(a |s) =

* We have:

Volog my(a|s) = gy(s,a), where gy(s,a) = Vg fy(s,a) — Ey 1l VoSfo(s,a)l.

* The NPG update rule is:

. 2
0« 0+nw,, w, € argmanEde/z)roﬂNﬂe(_|S) [(A”o(s, a) —w - gs, a)) ]



NPG & Neural Policy Classes

« Neuralnetf,: S XA — R, Policy:

exp(fy(s, @)
Y. exp(fyls.a)

my(a |s) =

* We have:

Volog my(a|s) = gy(s,a), where gy(s,a) = Vg fy(s,a) — Ey 1l VoSfo(s,a)l.

* The NPG update rule is:

. 2
0« 0+nw,, w, € argmanEde/z)roﬂNﬂe(_|S) [(A”o(s, a) —w - gs, a)) ]



