Convex Parameterization for
Linear Dynamical Systems

CS 6789: Foundations of Reinforcement Learning
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Today’s main Question:

What if the cost function is arbitrary convex function, and how to handle adversarial noise?
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Setting: Linear Dynamical System and Convex Cost functions

X, =Ax,+Bu,+w,xy ~ D,w, ~ N(0,6°])

max [t lHEI c(xy,, aj) ﬂ]
h=0 \

We cannot guarantee the optimal policy is linear anymore...

Convex Function!

But we consider a restricted policy class
M= {r={-K}YL': K e XV}

H—1
Goal: find the best linear controllers: {—K*}-! := argmin E [ Z c(x;, u,) | 72']
rell
=0
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Xo> Uy = MX;
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u, = Mx, +MO;1WO matrices
.x2 — Axl —+ BMle —+ BMO;IWO
e
[Claim] Given controller 77 := {{Mt, M., "'Mt—l't}} , Z c(x,u,)is
» ) =0
=0

convex with respect the parameters, V1



Convexity and Gradient Descent

N H-1
[Claim] Given controller 77 := {{Mt, MO;t’ ...Mt_l;t} }r—o ,

H-1
- l Z c(x, u,) ]| n] is convex with respect the parameters, V1
t=0

Convexity allows to perform Gradient Descent directly on parameters
H-1
UM Moy My} )



Convexity and Gradient Descent

N H-1
[Claim] Given controller 7 := {{Mt, Mo;r» ...Mt_l;t} }z—() ,

H-1
- l Z c(x, u,) ]| ﬂ] is convex with respect the parameters, V1
t=0

Convexity allows to perform Gradient Descent directly on parameters
H-1
UM Moy My} )

Algorithm:



Convexity and Gradient Descent

~ H-1
[Claim] Given controller 77 := {{Mt, My ... M,_y..} }z—o ,
H-1
- Z c(x, u,)| x| is convex with respect the parameters, V1
=0

Convexity allows to perform Gradient Descent directly on parameters
H-1
UM Moy My} )

Algorithm:

H-1
1. Execute the control {{Mt, My .- -M,_y ..} }t—O to generate a trajectory (X, Uy, - --» Xr7_1, Upj_1)



Convexity and Gradient Descent

~ H-1
[Claim] Given controller 77 := {{Mt, My ... M,_y..} }z—o ,
H-1
- Z c(x, u,)| x| is convex with respect the parameters, V1
=0

Convexity allows to perform Gradient Descent directly on parameters
H-1
UM Moy My} )

Algorithm:

H-1
1. Execute the control {{Mt, My .- -M,_y ..} }t—O to generate a trajectory (xq, U, - -, Xp7_ 1, Up—1)

H-1
2. Compute gradient of Z c(x;,, u;) wrt all parameters M, perform gradient descent
h=0
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On the k-th day,
1. adversary decides sequence of noises {w(’)‘, e w{fl_l} and (convex) cost function ck(x, u),
2. Without knowing noises and cost, learner proposes a sequence of controllers

k pgk k H-1
{ {Mt ? MO;t’ o 'Mt—l;t} =0
H
3. Learner executes controllers, and suffers total cost Z ck(x,ff, a}’l‘)
h=0
K-1 H K-1
Goal: No-Regret Z Z ck(x,ff, a,fl‘) — min 2 Jk({—K;}hzo) = o(K),
k=0 h=0 {_K;}gz_()l k=0

H-1
(]k(n) = Z c*(x,, u,), where x, , | = Ax, + Bu, + w,, u, = 7z(x,)>
h=0
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The online gradient descent algorithm

Online Learning setting:

At iteration k:

1. Adversary picks a loss function £, : Z — R
2. Without knowing 7', learner has to propose 7, € £

3. The loss z/”t is revealed, the learner suffers loss ¢ t(zt)

The OGD Algorithm:

At iteration t, learner proposes 7, := P::Z’ (Zk_l — N ka_l(zk_l))



The online gradient descent algorithm
The OGD Guarantee:

Although the OGD learner makes choice z, without seeing loss ¢, it is no-regret:



The online gradient descent algorithm
The OGD Guarantee:

Although the OGD learner makes choice z, without seeing loss ¢, it is no-regret:

Assume X is convex, and bounded max ||z — y||, £ F, and loss is G-Lipschitz, then OGD has the
LYEZL

following regret:

K K
D' £z —min Y’ £() < O ((F+G?) VK)
Xe r—1

k=1
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Reduce Online Control to Online Learning

H—-1
We define parameter z := {{Mt, MO;t’ ...Mt_l;t} }t—()

At Iiteration 7, given Wk, owk -, and c* which are determined by adversary, we define loss
9 H—1

function £ (z) as:

H-1

£(z) = Z ck(xh, Uy, )

h=0

Where:
Xos Up = MOXO X1 = AXO + BM()XO Uy = MIXO + 1‘40;1\/\/'(])C Xy = Axl + BMle + BZ‘4O;1VV(])<

Thus, we can run any no-regret online learning algorithm (e.g., OGD) on the loss sequence { £, }



Summary

1. LQR formulation, DP for LQR (Riccati Equation), and SDP formulation

3. Another form of over-parameterized controllers which leads to a convex
parameterization (hence we can do gradient descent).

3. Online Control (contrast it w/ min-max robust control)



