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Today’s main Question:

What if the cost function is arbitrary convex function, and how to handle adversarial noise?
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xt+1 = Axt + But + wt, x0 ∼ 𝒟, wt ∼ 𝒩(0,σ2I)

max 𝔼 [
H−1

∑
h=0

c(xh, ah) π]
Convex Function! 

We cannot guarantee the optimal policy is linear anymore…

But we consider a restricted policy class

 Π = {π = {−Kt}H−1

t=0 : Kt ∈ 𝒦, ∀t}

Goal: find the best linear controllers: {−K⋆
t }H−1

t=0 := arg min
π∈Π

𝔼 [
H−1

∑
t=0

c(xt, ut) |π]
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Algorithm:

1. Execute the control  to generate a trajectory {{Mt, M0;t, …Mt−1;t}}H−1
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Convexity and Gradient Descent
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(Jk(π) =
H−1

∑
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ck(xh, uh), where xh+1 = Axh + But + wt, ut = π(xt))
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The online gradient descent algorithm

Online Learning setting:

1. Adversary picks a loss function  ℓk : 𝒵 ↦ ℝ

At iteration k:

2. Without knowing , learner has to propose ℓk zk ∈ 𝒵

3. The loss  is revealed, the learner suffers loss ℓt ℓt(zt)

The OGD Algorithm:

At iteration t, learner proposes zk := P𝒵 (zk−1 − η∇ℓk−1(zk−1))
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The online gradient descent algorithm

The OGD Guarantee:

Although the OGD learner makes choice  without seeing loss ,  it is no-regret: zt ℓt

Assume  is convex, and bounded , and loss is -Lipschitz, then OGD has the 

following regret:

𝒳 max
z,y∈𝒵

∥z − y∥2 ≤ F G

K

∑
k=1

ℓk(zk) − min
x∈𝒵

K

∑
k=1

ℓk(z) ≤ O ((F2 + G2) K)
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Reduce Online Control to Online Learning

We define parameter z := {{Mt, M0;t, …Mt−1;t}}H−1
t=0

At iteration , given  and  which are determined by adversary, we define loss 
function  as:

t wk
0, …wk

H−1 ck

ℓt(z)

ℓk(z) :=
H−1

∑
h=0

ck(xh, uh)

Where:
x0, u0 = M0x0 x1 = Ax0 + BM0x0 u1 = M1x0 + M0;1wk

0 x2 = Ax1 + BM1x0 + BM0;1wk
0

Thus, we can run any no-regret online learning algorithm (e.g., OGD) on the loss sequence {ℓk}



Summary

1. LQR formulation, DP for LQR (Riccati Equation), and SDP formulation

3. Another form of over-parameterized controllers which leads to a convex 
parameterization (hence we can do gradient descent). 

3. Online Control (contrast it w/ min-max robust control)


