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Recap: Infinite Horizon MDPs
M= {S,A,P,r, v}
P:SxXA— A(S), r:SxA—-1[0,1], ye][0,1)

Stationary Policy 7 : § — A(A)

Value function V*(s) = E [Z vr(s,, a,) | So = 8, ay, ~ 7(sy), S0 ~ P(- |5y, ah)]
h=0

Q function 0"(s,a) = E [Z y'r(sp ay) | (80> ag) = (5, ), @y ~ 7(sp), Sy ~ P+ |5y ah)]
h=0
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Recap: Bellman Optimality

M= {S,A,P,r,y}
P:SXA— AWS), r:SxA-|[0,1], ye€][0,1)

Theorem 1: Bellman Optimality (Q-version)

Q*(S, CZ) = I"(S, CZ) + 7[Es’~P(-|s,a) [n’lea/)l( Q*(S/, al)]

Theorem 2 (Q-version):
Forany O : SXA - R,if O(s,a) = r(s,a) + yEy_pi|5.0) [max (s, a’)] :
e

Vs, a, then Q(s,a) = OQ*(s,a),Vs, a
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Main Question for Today:

Given an MDP.Z = (S, A, P,r,y) , How to find 7™ (stationary & deterministic)

Two Approaches:

1. Value lteration
2. Policy Iteration



Define Bellman Operator J :

Given a functionf: S X A — R,

(,’FL\”J\ -
£ - @ SXA P R,

TINs,a) :=r(s,a) + Yy _p|s.q Maxf(s’,a’),Vs,a € S X A
A 4 " a'eA



Value lteration Algorithm:

e 0 0 1 _
1. Initialization: Q” : [|Q”||, € (O,1 )
-7

2. lterate until convergence: Q™! = 7O’
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Intuition:

Via Bellman optimality theorem:

Q* — Qc']"Q*
i.e., O™ is the fixed point solution of f = T f

Consider the simple problem: finding fixed point solution x* = z,”(x*)
X Xy = C(x), 1 =0,...,

|xt_X*| = |f(xt_1)—f(x*)| Slet—l_'X*l

If L < 1 (i.e., contraction), then it converges exponentially fast
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Convergence of Value lteration:

Lemma [contraction]: Given any O, Q’, we have:

170 -7 0, <70 -0l

| TO(s.a) — TQ(s.a) | = r%

Proof:

YE g p(s ymax O(s', a’) — / @maXQ(S ,a) ‘
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Convergence of Value lteration:
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Convergence of Value lteration:

Lemma [contraction]: Given any O, Q’, we have:

170-90N, <710 -0l
Proof:

| TQ0(s,a) = T Q(s,a)| =
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Convergence of Value lteration:

Lemma [Convergence]. Given QO, we have:

10" - 0™l < 7'10° - 0%l

Proof: M

2
t+1 * — g Nt g N*x t * éXH&/QH%
107" = 0"l = 170" = T 0|l £ 710" — 0%l
A

SO0 - 0%l



Final Quality of the Policy:
x' . 7'(s) = arg max Q'(s, a)

a 27/[

Theorem: V" (s) > V*(s) — 10° - O*||. Vs e S

: o <t X Q/JL
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t t Proof:
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a 27/1
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Final Quality of the Policy:
x' . 7'(s) = arg max Q'(s, a)
a 27/1
1 —y
t t Proof:
VZ(s) = V*(s) = Q7 (s, w'(s)) — Q*(s, 7*(s))
= Q" (s, 7'(s)) — Q*(s5, 7'(s)) + Q*(s, 7'(5)) — Q* (s, 7*(s))
= YEgp(s (s (V”I(S’) - V*(S')> + Q*(s, 7'(5)) — Q*(s, 7(5))

2 1 sty (VFG) = V() ) + QX6 75D |- Q's, #(5)) + Q' 7)) - 0*(5, 7(5)
> =0 |

Theorem: V" (s) > V*(s) — 10° - O*||. Vs e S

4 <
& (o, %)) 2 Mo & (50\/
©

= (s ﬂ‘f}})



Final Quality of the Policy:
x' . 7'(s) = arg max Q'(s, a)
a 27/1
1 —y
t t Proof:
VZ(s) = V*(s) = Q7 (s, w'(s)) — Q*(s, 7*(s))
= Q" (s, 7'(s)) — Q*(s5, 7'(s)) + Q*(s, 7'(5)) — Q* (s, 7*(s))
= YEgp(s (s (V”I(S’) - V*(S')> + Q*(s, 7'(5)) — Q*(s, 7(5))

> Vit (VE(5) = VA ) + 0¥, (9) = 15, #(9) + 015, () = 0*(5,7(5)

2 YE g p(s.2i(s)) (VEI(S') — V*(S/)) = 2/'110° = 0%l = /a/t [ &474@
Olﬁ,/p/ﬂy ?Lt} N I Vo de o
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Final Quality of the Policy:
7' n'(s) = argmax Q'(s, a)
a 27/7
l—y
t t Proof:
VZ(s) = V*(s) = Q7 (s, 7'(s)) — Q™ (s, 7*(5))
= Q7 (s, 7'(5)) — Q*(s, 7'(s)) + Q*(s5, 7'(5)) — Q* (s, 7*(5))
= YEgp(s (s (V”Z(S') - V*(S')> + Q*(s, 7'(5)) — Q*(s, 7(5))

Theorem: V" (s) > V*(s) — 10° - O*||. Vs €S

> V- pieioy (VE(S) = VA ) + 0¥, 7(9) = 015, #(9)) + Q15,7 (5)) = 0 (5. 77(5)

> VEpisioy (V56D = VA ) = 271100 = Q%I --Recursion



Main Question for Today:

Given an MDP.Z = (S, A, P,r,y) , How to find 7™ (stationary & deterministic)

Two Approaches:

1. Value lteration
2. Policy Iteration
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Policy Iteration Algorithm:

1. Initialization: 7° : S — A
2. Policy Evaluation: Q7 (s, a), Vs, a

3. Policy Improvement ]Z'H_l(s)j arg max Q" (s, a), Vs

IR

\ﬂ_’—\}rr{



Policy Iteration Algorithm:

1. Initialization: 7° : S — A
2. Policy Evaluation: Q7 (s, a), Vs, a

3. Policy Improvement 7' (s) = arg max Q” (s, a), Vs ‘>

a



Policy Iteration Algorithm:

¢ o » {
JoyE &6

_f‘l.
R (s2)=7 (4 )
Closed-form for PE 1. Initialization: 7° : S A/{ \ saplse)

(see 1.1.3 in Monograph) t : (I vard 2 .
2. Policy Evaluation: Q" (s, a),Vs,a X st 11D

N

3. Policy Improvement 7' (s) = arg max Q” (s, a), Vs
a



Analysis of Policy Iteration

Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs
a

Lemma: Monotonic improvement Q”M(S, a) > Q”I(S, a),Vs,a



Analysis of Policy Iteration

Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs
a

Lemma: Monotonic improvement Q”M(S, a) > Q”I(S, a),Vs,a
/ e ll - €47

0" 5. - 07(5,0) @[Q”’“cvc w(5)) - 07(5, 75|



Analysis of Policy Iteration

Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs
a

Lemma: Monotonic improvement Q”M(S, a) > Q”I(S, a),Vs,a

0™ (s,a) — 0"(s,a) = VEypi.a) [Q”’“(s', at(s") — Q™ (s, nf(s'))]

=B e [ Q77 6L AT Q7L A6 ¥ 076! nf“(s/))]— 05" ()|




Analysis of Policy Iteration

Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs

a

Lemma: Monotonic improvement Q”Hl(s, a) > Q”t(s, a),Vs,a

0" (5.0 = 07(5.0) = YE oy | Q7" (51 241(5) — Q751 7))

= VE ey | @ (676 = Q75 () 4 Q75 () — Q751 21(5)

N

=+, ’ t , 7/O
> 1o [ Q75026 - 075, 2 (5)
£

o X/;P/s’ Wjﬂ?su) 2 s A 180) TG Lo
5 / e
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Analysis of Policy Iteration

Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs
a

Lemma: Monotonic improvement Q”Hl(s, a) > QHI(S, a),Vs,a
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= VB ey | @F (876 = Q75 () + Q7 (5 2 = Q75 21(5)|

> Vi | Q776 = Q7L AN 2 o 2 —y=I(1 =) = 0

V= (s) > V7(s), Vs
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Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs

a
Theorem: Convergence || V7" — V¥ < 7IIVE = VXl

—— a

N 7

Yo |\ o
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Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs

a
Theorem: Convergence || V7" — V¥ < 7IIVE = VXl
V*(s) — V™" (s) = max [r(s, a) + y[ES/NP(S’a)V*(S’)l - lr(s, () + ;/[ES/NP(MM(S))V”H](s’)]
a

< max lr(s, a) + }/ES,NP(S’a)V*(s’)] _ lr(s, 21(s)) + yES,NP(S,,ﬂH(S))V”’(s')]
a i



Analysis of Policy Iteration

Recall: Policy Improvement|z'*!(s) = arg max Q% (s, a), Vs
a
Theorem: Convergence || V7" — V¥ < 7IIVE = VXl
V*(s) — V™' (s) = max lr(s, a) + }/[ES/NP(S’G)V*(S’)] — lr(s, 7 (s)) + ;/[ES/NP(MM(S))V”IH(s’)]
a

< max lr(s, a) + }/ES,NP(S’a)V*(s’)] _ lr(s, 21(s)) + yES,NP(S,,ﬂH(S))V”’(s')]
a

= max(r(s, a) + Ey_p(, oy V*(s") — max(r(s, a) + yEy_p0)V* (5)
a a



Analysis of Policy Iteration
Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs
r W =asmarly )

Theorem: Convergence || V7" — V¥ < 7IIVE = VXl

V*(s) — V="'(s) = max lr(s, a) + }/[ES’NP(s’a)V*(S,)l _ lr(s’ 2+1(s)) + vE | z+1(s))V”t+1 (s’)]
a
< maX lr(s a) + }/IE s'~P(s, a)V*(S/)] - l (S ﬂt+1(s))+/}/lE—§-T\o el ))Vﬂt S,)
N —— ﬁ/( b
P ONCR (9)>

= max(r(s a) + Eypi.arV*(s) — max(r(s a) + yEg p. a)V”( 0) R

a

< max (l’(/S,ﬂ){]/lEs/NP(s,a)V*(S/) — (W }/[E s'~P(s, a)Vﬂ[(S/)))

a
wor Pot—men o) Smen | £

» “5()(;




Analysis of Policy Iteration

Recall: Policy Improvement z'*!(s) = arg max Q% (s, a), Vs
a
Theorem: Convergence || V7" — V¥ < 7IIVE = VXl
V*(s) — V™' (s) = max lr(s, a) + y[ES/NP(s’a)V*(S’)] — lr(s, 7 (s)) + ;/[ES/NP(M;H(S))V”IH(s’)]
a

< max lr(s, a) + }/ES,NP(S’a)V*(s’)] _ lr(s, 21(s)) + yES/NP(S,,ﬂH(S))V”’(s')]
a

= max(r(s, a) + Ey_p(, oy V*(s") — max(r(s, @) + yEy_p0)V* (5)

a a

< max (r(s, a) + y[Es/NP(s,a)V*(S’) — <r(s, a) + y[ES/NP(S’a)V”Z(S’)))
a

<yIV* = V7|l



Value Iteration vs Policy lteration?

Which one is faster?

How many iterations (computation complexity) need to find the
EXACT optimal policy?
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Trajectory distribution and state-action distribution

Q: what is the probability of & generating trajectory = = {ss, ag, S, Ay ---» Sy, A1} ?

° w . H:Dﬂ(s()9 a()a (ERE} Sha ah)

;N

@ = n(ay| s))P(sy | s, ag)m(ay | s)P(sy | 51, ap)...P(sy | s,_1, ay_)alay | s;)

Q: what’s the probability of r visiting state (s,a) at time step h?

P.(s,a; sy, ) = Z P (Sgs Ay - > Sp—_1> Ap_ 15, = S, aj, = @)

aO,Sl,al,. . .,Sh_l,ah_l




State action occupancy measure

P, (s, a; sy, m): probability of 7 visiting (s, a) at time step i € N, starting at s,

dr(s,a) = (1 =) ) v'Py(s.a: 50, )
h=0



State action occupancy measure

P, (s, a; sy, 7): probability of 7 visiting (s, a) at time step i € N, starting at s,

dr(s,a) = (1 =) ) v"P)(s.a: 5. 7)
h=0

1
Vi) =7 Y di(s,a)r(s.a)
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Summary for today

Two planning algorithms (no learning so far):

VI: fixed point iteration Q™! = 7O’
Key property: it’s a contraction map

PI: z/+1(s) = arg max Q" (s, a)
a 15 t
Key property: monotonic improvement V”H(S) > V7 (5),Vs



