Basics of MDPs and Planning in
MDPs

CS 6789: Foundations of Reinforcement Learning



Announcements

Office hours (mine and DAs) are coming

HWO is due Feb 1st



Recap: RL versus Supervised Learning

Q: How to solve Supervised Learning via RL?
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Recap: Infinite Horizon MDPs
M= {S,A,P,r,y}
P:SXAmrH AS), r:SxA-[0,1], ye]l0,l1)

Stationary Policy z: S — A(A)

Value funCtIOn Vﬂ(S) =[E [Z j/hl”(Sh, Clh) ‘ SO =3, Clh ~ ﬂ'(sh), Sh+1 ~ P( . |Sh’ Clh)]
h=0

Q function Q”*(s,a) = E [Z ]/hi”(Sh, a,) ‘ (50> dg) = (5, @), ay, ~ 7(sy), Spyq ~ PC- | sy ah)]
h=0



Recap: Bellman Optimality

M= {S,A,P,r,y}
P:SXAH A(S), r:SxA-[0,1], ye]01)

Theorem 1: Bellman Optimality (Q-version)

Q*(S7 CZ) — I"(S, CZ) + }/[Es’NP(-|S,a) [H,laj‘( Q*(S/a Cl/)]
aec



Main Question for Today:

Given an MDP.Z = (S, A, P, r,y) , How to find 7* (stationary & deterministic)



Outline

1. Bellman optimality — property of V*

2. Optimal planning: Value lteration



Bellman Optimality

Theorem 2:
Forany V:§ — R, if V(s) = max [r(s, a) + ylES'NP(-|s,a)V(S/)] for all s,
then V(s) = V*(s), Vs




Bellman Optimality

Theorem 2:
Forany V:§ — R, if V(s) = max [r(s, a) + ylES'NP(-|s,a)V(S/)] for all s,
then V(s) = V*(s), Vs

| V(s) — V*(S) | = mle(l’(S, a) + V[Es’fvP(s,a)V(S/)) — mc’fIX(l”(S, a) + y[Es’NP(s,a)V*(S/))




Bellman Optimality

Theorem 2:
Forany V:§ — R, if V(s) = max [r(s, a) + ylES'NP(-|s,a)V(S/)] for all s,
then V(s) = V*(s), Vs

| V(s) = V*(s)| =

max(r(s,a) + yEy._p o V(s)) — max(r(s,a) + yEg . pi o) V(")
a a

S max ‘ (r(S’ a) + ylEs’NP(s,a)V(S,)) - (l"(S, Cl) + }/[Es’NP(s,a)V*(S,)> ‘




Bellman Optimality

Theorem 2:
Forany V:§ — R, if V(s) = max [r(s, a) + ylES'NP(-|s,a)V(S/)] for all s,
then V(s) = V*(s), Vs

| V(s) = V*(s)| =

max(r(s,a) + yEy._p o V(s)) — max(r(s,a) + yEg . pi o) V(")
a a

S max ‘ (r(S, a) + ylEs’NP(s,a)V(S,)) - (l"(S, Cl) + }/[Es’NP(s,a)V*(S,)> ‘

V(s") = V*(s')




Bellman Optimality

Theorem 2:
Forany V:§ — R, if V(s) = max [r(s, a) + ylEs'NP(-|s,a)V(S/)] for all s,
then V(s) = V*(s), Vs

| V(s) = V*(s)| =

max(r(s,a) + yEy._p o V(s)) — max(r(s,a) + yEg . pi o) V(")
a a

S max ‘ (r(S, a) + ylEs’NP(s,a)V(S,)) - (l"(S, Cl) + }/[Es’NP(s,a)V*(S,)> ‘

V(s") = V*(s')

< max y[Es’NP(s,a)
a

S max y[ES/NP(S,Cl) <m2/lX }/[ESHNP(S/,GI) V(S”) _ V*(S//) | )
a a




Bellman Optimality

Theorem 2:
Forany V:§ — R, if V(s) = max [r(s, a) + ylEs'NP(-|s,a)V(S/)] for all s,
then V(s) = V*(s), Vs

| V(s) = V*(s)| =

max(r(s,a) + yEy._p o V(s)) — max(r(s,a) + yEg . pi o) V(")
a a

S max ‘ (r(S, a) + ylEs’NP(s,a)V(S,)) - (l"(S, Cl) + }/[Es’NP(s,a)V*(S,)> ‘

< max yEy_p o | V() = V()
a

V(S”) _ V*(S”) | )

<max yEy, p;.q <me}x YE g p(star
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Bellman Optimality for O*

What about Q*?

X 2 e~ " !
(=) = VG‘@% vE O s



Bellman Optimality for O*

What about Q*?
We should have:

Forany O : S XA — R, if O(s,a) = r(s,a) + yE; _p( |50 Max 05, a')
a/
for all s, then O(s, a) = Q™*(s,a), Vs, a

¥ -
DR \—%L\\—Veﬂ @\ ; T Q$>$ a/ﬁw\;\dd @ (5-0\)



Outline

1. Bellman optimality — property of V*

2. Optimal planning: Value lteration



Define Bellman Operator & :

Given a functionf: S X A — R,

Tf: XA R,

(S’Tf) (s, a) :=1(s,a) + YEy _p(|s.qMaxf(s,a’),Vs,a € S XA
T a'eA



Value lteration Algorithm:

e e : 0 0 1
1. Initialization: Q" : ||Q”|| ., € (0,1—)
—7

2. Iterate until convergence: Q' = T Q!
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Intuition:

Via Bellman optimality theorem:

Q* — gQ*
i.e., Q™ is the fixed point solution of f = T f

Consider the simple problem: finding fixed point solution x* = f(x*)
Xgp Xy = C(x),t =0,...,

%, — x| = [£(x_) = )| < Llx_y —x™|

If L < 1 (i.e., contraction), then it converges exponentially fast
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Final Quality of the Policy:
7' : 7'(s) = arg max Q'(s, a)
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C— \— \/\_/_\_)
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Final Quality of the Policy:

7' : 7'(s) = arg max Q'(s, a)

Theorem: V™ (s) > — Q" Vs €S
t t Proof:
VE(s) — VX(s) = Q7 (s, #'(s)) — Q (s, £*(s))
= Q" (s, 7'(s)) — Q*(s. 2’ *(S '(s)) — Q*(s, 7*(s))
(= Emponoy \ +0*(s5,2'(5)) — 0% (5, 7(s))
<9 (o s )

’/@N\‘”‘“ DTS XS Y
&(s <5 = \f[ﬁ (“5>/VA/ V @)



Final Quality of the Policy:
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\ —
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Z —2% \\&v&



Summary for today

Planning algorithm (no learning so far):

VI: fixed point iteration Q! = Q!

1. Bellman operator is a contraction map

2. 10" — Q|| being small implies V* & V* are close



