Generalization in Large scale
MDPs

CS 6789: Foundations of Reinforcement Learning
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acd

&(g:f.h) =k Spucty~d! 8(sp, ay) = 1Sy ap) — By p(s,a,) [max 8(Spt15 d)”

We know that &(Q*; f, h) = 0,Vf
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We can define average Bellman error wrt the V-function induced by g as well:

%(g;f, h) = _ShNd;f Vg(sh) - r(Sh’ ﬂg(sh)) - _Sh+1NP ('|Sh»”g(5h)) Vg(sh'l'l)]]

Again we have &(Q*;f, h) = 0,Vf

(because: V.(s) — 1(s, p+(5)) — Egp,( [s.m 0050 Vor(5) = 0)
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Recap: The Q / V-Bellman rank

e BarnCrpn

Rank of this Matrix is defined as Bellman Rank

There are two mappings
W,:F—RY, X :F >R
(d = Q/V Bellman-rank)

Vi,g € F : E(g ). h) = <Wh(g)aXh(f)>



Recap: Many examples have low Bellman rank

1. Linear Bellman completion (including linear and tabular MDPs, and LQR)

2. Linear Q* & V™ (captures the O *-state abstraction)

3. Low-rank MDPs (unknown representation that needs to be learned)

4. Many others: Reactive POMDPs, Contextual bandit, Low-occupancy measures...



Question for Today

Can we design a universal algorithm that learns efficiently for MDPs w/ low-Q/V Bellman rank?

e.g., poly(H, b-rank, In(| F |),1/€?)



Outline for Today

1. The Bilinear-UCB algorithm (BLin-UCB)

2. Theoretical Guarantee and analysis of BLin-UCB
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For O-Bellman rank, we define Bellman error loss as:

£ (Sp> Aps Spy1> 8) = 8(Sps @p) — 1y, @) — MAX G841, a")
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y/A
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For V-Bellman rank case:

Recall our hypothesis class &, where each g € F is in the form of g(s, a)

For V-Bellman rank, we define Bellman error loss as:

1{ay, = z,(s,)) (
1/A

g(Sh, Clh) — r(Sha ah) — mE}X 8(5h+1, 61,))

A

C(Sps Aps Spy158) =

If we had a dataset & := {s;,a,, 5,1} where s, ~ d;f, a, ~ UA), s~ P,(-|s,a,)

Vg : Egll(s,, ay,5,.1,8)] 1S an unbiased est of &(g;f, h)
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The Algorithm:

At iteration t :

Select f, = arg max V(o)
gEF

—1 9)
s.t., Vh : Z ( =9, LC (Sps Qs Spg 15 g)]) < R?
i=0

For all h, create 9, , = {s;, a5, 5,1 } W/ m triples, where:

JU
» For Q-Brank case: s, a, ~ d ”, 5.1 ~ Pp( - | s, ap)

JT
« For V-B rank case: Sh ~ dhft, ah ~ U(A), Sh+1 ~ Ph( . ‘Sh, dh)
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Intuition behind the algorithm:

—1 0
SeIetht — dlg Max Vg(SO) S.t., Vh: Z ( _S’Zhi[f(sha aha Sh+19 g)]) < R2
=0

gEF -

1. When the batch size (| &), ;) is large,

=9, L Spo Q> Spy1,8) = E(&3 13 )

—1
2. We know that Z E(f* [, h) =0
=1

3. By properly setting batch size and R, we eliminate wrong hypothesis, but keepf*
4. This gives optimism: Vi(sy) > Ve(sp) := V*(s0)

3. Optimism allows explore and exploit tradeoff!



Outline for Today

1. The Bilinear-UCB algorithm (BLin-UCB)

2. Theoretical Guarantee and analysis of BLin-UCB
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Analysis of BLin-UCB

Uniform convergence style assumption on our hypothesis class F:

Given any distribution v € A(S X A X §), and m i.i.d samples {s,, a;, s;} from v,
w/ probability at least 1 — 0,
Vg: |EC(s,a,s,8) —Egl(s,a,s,g) | Egen(M, F, 0)

Example: when & is discrete (for B-rank loss), Hoeffding + union bound over & implies:

In(| 7 |/0)

m

e ..(m, F,0):=2H



Analysis of BLin-UCB

—

After running BLin-UCB for T'= O (Hd) many iterations, there exists a

policy among 1 many policies, such that:

V*(s) — VA(s)) < O (ggen (m, F,8/(TH)) -/ dH3)

(# of trajectories used: mH1)



Analysis of BLin-UCB

Example: discrete (but large) hypothesis class & for Q-Bellman rank

W/ prob 1 — 8, BLin-UCB learns a policy with V* — V” < ¢, w/ # of
trajectories:

( H*In (| F|/6
5 (& (17179

€2



Analysis of BLin-UCB

Step 1: proving optimism via showingf* Is always a feasible solution (whp)

—1 )
Recall constraint: VA : Z ( =g, 16 (S Ay Sy g)]) < R*
i=0



Analysis of BLin-UCB

Step 1: proving optimism via showingf* is always a feasible solution (whp)

—1 )
Recall constraint: VA : Z ( =g, 1E(Sp Ay Sy g)]) < R*
i=0

Lemma: set R = ﬁ : 8gen(m, F,0lTH),

W/ prob 1 — 8, we have f™* being a feasible solution for all the T iterations;



Analysis of BLin-UCB

Step 1: proving optimism via showingf* is always a feasible solution (whp)

—1 )
Recall constraint: VA : Z ( =g, 1E(Sp Ay Sy g)]) < R*
i=0

Lemma: set R = ﬁ : 8gen(m, F,0lTH),
W/ prob 1 — 8, we have /™ being a feasible solution for all the T iterations;

Consider any iteration 1 < t:



Analysis of BLin-UCB

Step 1: proving optimism via showingf* is always a feasible solution (whp)

—1 )
Recall constraint: VA : Z ( =g, 1E(Sp Ay Sy g)]) < R*
i=0

Lemma: set R = ﬁ : 8gen(m, F,0lTH),
W/ prob 1 — 8, we have /™ being a feasible solution for all the T iterations;

Consider any iteration 1 < t:

‘ 'gz,-/(sh» dy, Sh+1’f*) o %(f*;fiﬂ h) | < ggen




Analysis of BLin-UCB

Step 1: proving optimism via showingf* is always a feasible solution (whp)

—1 )
Recall constraint: VA : 2 ( =g, 1E(Sp Ay Sy g)]) < R*
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—1 )
Recall constraint: VA : 2 ( =g, 1E(Sp Ay Sy g)]) < R*

1=0

Lemma: set R = ﬁ : ggen(m, F,0lTH),

W/ prob 1 — 0,

we have [ being a feasible solution for all the T iterations;

Consider any iteration 1 < t:

_QZ,-,,,,K(SW dy, Sh+1’f*) o %(f*;fiﬂ h) | < ggen

_in,hf(sh’ Ay Sh+1’f*))2 <2 (

2
= S S5 = EL5 Lo 1))+ 2B [ ) S 26



Analysis of BLin-UCB

Step 1: proving optimism via showingf* is always a feasible solution (whp)

—1 )
Recall constraint: VA : 2 ( =g, 16 (S Ay Sy g)]) < R*
i=0

Lemma: set R = ﬁ : ggen(m, F,0lTH),
W/ prob 1 — 8, we have /™ being a feasible solution for all the T iterations;

Consider any iteration 1 < t:

‘ _QZ,-,,,,K(SW dy, Sh+1’f*) o %ﬂ(f*;fiﬂ h) | < ggen

2
£, £ 51 1o S0 < 2 (Egy £ e sh1o ) = EG3Ful)) +2ES* 1 fu )P < 2600

2
m x 2 2 ._ p2
( @i,hf(sh’ aha Sh_|_19f )) S tggen S ngen = R
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Analysis of BLin-UCB

Step 1: proving optimism via showingf* is always a feasible solution (whp)

The fact that /™ being feasible = optimism, i.e., V1, Vi(sy) > Viu(sy) 1= V*(s0)

Proof:

Recall the objective function:

gEF o

(1 ,
Select f, = argmax Vi (sy) s.t., Vh : Z ( =9, L€ (Sps Aps Sy g)]) <R’
i=0
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Step 2: Using optimism to upper bound per-episode regret:

Optlmlsm = V*(So) — Vﬂft(SO) S V}I(SO) — Vﬂft(SO)

Lemma:
H-1
‘/ft(SO) — Vﬂ'ft(S()) — Z _Sh,thd;:ft [f;(sh’ Clh) - V(Sh, Clh) _—
h=0

H-1 H-1
= Y E(fafh) = Y Wi(HX(f)
h=0 h=0

_Sh+1NPh(Sh’ah) maa/Xﬁ(Sh

|E a/)
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Step 2: Using optimism to upper bound per-episode regret:

Lemma:
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Analysis of BLin-UCB

Step 2: Using optimism to upper bound per-episode regret:

H-1

V*(So) — Vﬂft(SO) — Z _Sh,ahNd;:ft lft(sh, Clh) — r(Sh, Clh) — _Sh+1NPh(Shaah) mE}Xﬁ(Sh_I_l, a’)
A
h=0

H—-1

H-1
= > (s fol) = ) WHTX,(f)
0 h=0

h=

—1
Define “feature” covariance matrix %, , = Z X, ()X, (f)' + Al

~
Via CS inequality:

H-1
V¥(s0) = Vi(so) < Q) | Wi || 1Kl
h—0 t,h



Analysis of BLin-UCB

Summary so far, after optimism + per-episode regret decomposition, we get:

—1
Define “feature” covariance matrix 2, , = Z X, ()X, (f)' + Al
i=0

H—-1
Vi: Vi) = Vi) < 3 [ Wi ||, 1K Dlls,
h=0 .



Analysis of BLin-UCB

Step 3: argue that we make progress whenever T IS not good...

H—1
V-V < 3 | W |, 5D,
p th



Analysis of BLin-UCB

Step 3: argue that we make progress whenever T IS not good...

H-1
V¥(s) = Vits) < ) || W) || IXk(ls,
=0 t.h

—1 )
Recall constraint for f,: Vh : Z ( —@hi[f(sh, a,, Sh+lag)]> < R? := Tg?

— gen
1=0



Analysis of BLin-UCB

Step 3: argue that we make progress whenever T IS not good...

H-1
V¥(s) = Vits) < ) || W) || IXk(ls,
=0 t.h

—1 )
Recall constraint for f,: Vh : Z ( —@hi[f(sh, a,, Sh+lag)]> < R? := Tg?

— gen
1=0

2
_%,i[bﬂ (Sp> Aps Sh+1»ﬁ)]) < R*



Analysis of BLin-UCB
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Step 3: argue that we make progress whenever T IS not good...
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+ ABy,

gen

> vh: || W) | z < 4T¢2
t,h
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Step 3: argue that we make progress whenever T IS not good...

V*(s) — V(sy) < 2 | Wil ||, 1%l

< Z \/4T 2+ B || X,(f) ||

if V*(s9) — V(sy) > €,

Then, we know that 3/, such that HXh(ft)Hz 12> e/\/4T + /IB‘%,

gen

Which means that this new vector X, (f,) is "different” from previous “data” X,(fy), - .-, X,(f,_1)

i.e., we explore a bit in a d dim space...

(We will complete the proof in HW)
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Summary for today

1. The BLin-UCB algorithm:

Optimism driven; analysis uses the standard linear bandit style analysis

2. The BLIin-UCB has poly sample complexity wrt B-rank

It means that this algorithm works for tabular MDPs, linear bandits, linear Bellman-completion, LQRSs,
Linear Q* & V*, Low-rank MDP, latent variable MDPs, reactive POMDPs, etc



