Generalization in Large scale
MDPs

CS 6789: Foundations of Reinforcement Learning
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Recap on Bellman Error and Bellman Operator

Two types of Bellman error of f(s, a)( ~ Q™)

BE(s,a) = f(s,a) — (r(s, a)+ E §~P(-|s.q) MAX (s, a )

a

Vf(s) = arg max f(s, a), sz(s) = arg max f(s, a)

BE(s) = Vf(S) — r(s, ﬂf(S)) — "S'NPh(S,ﬂf(S))Vf(S )

if BE(s,a) # 0, then f # O™



Notations

Probability of 7 visiting (s, a) at time step h: d; (s, a)
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Question for Today

We have seen tabular MDP and linear MDP, is there a more general
framework that captures these two, and potentially many more, where
efficient learning is possible?

In other words, what structural conditions permit RL generalization, provably?
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1. Bellman rank Definitions

2. Examples that are captured by the Bellman rank framework
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Setting

Finite horizon episodic MDP {{Sh I,jz(), A, 2{:_01, H, sy, 1, P}

State space 3, is extremely large:

Not acceptable: poly ( S| )

Need to generalize via (nonlinear) function approximation
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Let’s set up function class in RL setting

We will consider Q function class

F CISXA [0,H]

Realizability assumption:

O*e F

Define policy class: I1 = {7 : n(s) = argmax f(s,a),Vs € S|f € F}
acA

Define value function class: 7 = { V. : Vi(s) = maxf(s,a) |f € F}
a
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Learning Goal:

We will do PAC in this lecture rather than regret.

Given approximation error ¢ and failure prob 0,
can we learn ¢ near optimal policy (i.e., V* > V* — €) in # of samples scaling
poly with all relevant parameters (here, we need poly in In(| F | ))
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We define average Bellman error of a Q-estimate g below:

&(g:f.h) =k Spucty~d! 8(sp, ay) = 1Sy ap) — By p(s,a,) [max 8(Spt15 Cl)”

acef

f: defines roll-in distribution over s;, a,,.

We know that &(Q™;f, h) = 0,Vf

Hence, any g such that &(g; 1, h) # 0, is an incorrect Q™ approximator
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How to check if a Q-approximator is good?

We can define average Bellman error wrt the V-function induced by g as well:

%(g;f’ h) = _ShNdiZ[f Vg(sh) - r(Sh’ ﬂg(sh)) - _Sh+1NP ('|Sh»”g(5h)) Vg(sh'l'l)]]

Again we have &(Q*;f, h) = 0,Vf

(because: V.(s) — 1(s, mp«(8)) — Egop,(fs,myu(s) Vor(s) = 0)

Hence, any g such that &(g; &, h) # 0, is an incorrect Q™ approximator
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The Q / V-Bellman rank
g f

: | F | X|F |

Rank of this Matrix is defined as Bellman Rank



The Q / V-Bellman rank

In other words, there are two mappings W, : & — RY, X, F R? (d = Bellman-rank)

Vg € F : E(g:f.h) = (Wi(2), X,())

Note, we just assume the existence of W, X, but they are unknown



Outline for Today

1. Bellman rank Definitions

2. Examples that are captured by the Bellman rank framework



Vh,dw € |

The Linear Bellman Completion Model

Given feature ¢, take any linear function ' ¢(s, a):
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The Linear Bellman Completion Model

Given feature ¢, take any linear function ' ¢(s, a):

Vh,Aw e R% s .t ., ngb(s, a) =r(s,a) + = /Py (5,0) MAX 6’T¢(S’, a),Vs,a

a

Claim: it has Q-Bellman rank d

Va(s,a) ;= 0'¢p(s,a), we have:

aced

g(g;f’ h) B _Sh»ah"’d;’rf |:6)T¢(Sh, ah) B r(Sh, ah) S~ P lspeay) [maX HT¢(Sh+1’ a)]:|

= syay~d,” [HTéb(Sh» a,) — T 1(0)" (s, ah)]

— <6’ — T ,(6), = ahrvdﬂf[¢(sh’ ah)]> Note linear Belll—completion captures
s tabular / linear mdp already
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The Linear O* & V* model:

Assume Q*(s,a) = W*) ' ¢(s,a), V*(s) = (0%)"y(s),Vs,a
Claim: it has Q-Bellman rank 2d

Fp = {(W, 0) : maxw'@(s,a) = 0 w(s), ‘v’s}

&(g;fih) = =,y WT¢(Sh9 a) — r(sy, a) — =50 1~ Py |s1.a) [HTl/f(ShH)]



T
Sh,ahNdhf

Assume O*(s,a) = W*) ' ¢(s, a),

&g, f,h) =L

The Linear O* & V* model:

Claim: it has Q-Bellman rank 2d

ghz

T
Sh,ahNdhf

{ (w,0) : maxw' (s, a) = 0"y(s), Vs }

WT¢(Sha ah) — F(Sh, ah) — s ~PClspan) [HTW(Sh+1)]

WTpC ) = 0B ) + By i [0 TwG100)] -

V*(s) = (%) 'w(s), Vs, a

- T _
Shp1~Pr(- [ Sp-ap) [(9 W(Sh+1)]_
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Assume O*(s,a) = W*) ' ¢(s, a),

&g, f,h) =L

The Linear O* & V* model:

Claim: it has Q-Bellman rank 2d

9]1:

T
Sh,ahNdhf

{ (w,0) : maxw' (s, a) = 0"y(s), Vs }

WT¢(Sha ah) — r(Sha ah) — s ~PClspan) [HTW(Sh+1)]

WTpC ) = 0B ) + By i [0 TwG100)] -

¢(Sh9 ah)
= 5"~ Py(8,011,) [l//(S ,)]

V*(s) = (%) "w(s), Vs, a

- T _
Shp1~Pr(- [ Sp-ap) [9 W(Sh-l'l)]_
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Sh,ahNdhf

[W — w*] : ) PS> )
0 — 0% ’ Sitid | — _S/NPh(Sh,ah)[l/j(S )]

The Linear O* & V* model:

Assume O*(s,a) = W*) ' ¢(s, a),

Claim: it has Q-Bellman rank 2d

Fp = {(W, 0) : maxw'@(s,a) = 0 w(s), ‘v’s}

E@ 1) =,y gt | W10 = 1G5y, 0)) -

:WT¢(Sha ay,) — (W*)Tgb(sh, a,) +

= Spa1~Pr(- I spap) [(9*)Tw(sh+1)] o

- T '
Sh1~Pp(-|sp.ap) [6 W(Sh+1)]

V*(s) = (%) "w(s), Vs, a

- T _
Sh1~Pp(-|speap) [6 W(Sh-l'l)]_

As we will see, linear Q*&V”* is
learnable, and recall linear Q* is not...
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O™ - state abstraction

We have a small latent state space Z, and a known mapping £ from state s to z

O*(sy,a) = Q% (s, a), Va, if &(sy) = &(s,)

Claim: this model has Q-Bellmanrank |Z| |A| + | Z]

We can show that this model is captured by linear Q* & V*
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Low-rank MDP

P,(s’|s,a) = /4;(5/)

¢ (s,a) (neither ™ nor ¢* is known)

Claim: this model has V-Bellman rank d

Define representation class @, with ¢* € ®

Fp=10"¢(-.-): 10, < W, ¢ € D)

:Vg(sh) — Hs 7 (s,) —

=g~ Po L s LV (1)
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s,aNdhf o Sp~Py_y(+]5,a)

d’ :Vg(sh) — r(s, m,(s;,) —

Low-rank MDP

P(s'|s,a) = pu(s") ¢ (s,a) (neither u* nor ¢p* is known)

Claim: this model has V-Bellman rank d

Define representation class @, with ¢* € ®

Fp=10"¢(-,-

:Vg(sh) — K57 (s,)) —

=g~ Po L s LV (1)

) 10l], < W, ¢ € D}

= s~ Ve (Sn1)]



~ ~ T ~ ~
S,CZNdhf 1S~ Py (15.0)

h

| Vs = (s, 7 (53)) -

Low-rank MDP

P(s'|s,a) = pu(s") ¢ (s,a) (neither u* nor ¢p* is known)

Claim: this model has V-Bellman rank d

Define representation class @, with ¢* € ®

gh:{9T¢(a)

Ve(s) = 10, (1)) = By, b clgmsm [ VeSha)T

-g,M;f_flJ (5 T (5, @) | Vilsy) = s, 7 (sy)

=g~ Po L s LV (1)

Pyl h))[Vg(Sh+1)]_

d(sy,)



Low-rank MDP

P(s'|s,a) = pu(s") ¢ (s,a) (neither u* nor ¢p* is known)

Claim: this model has V-Bellman rank d

Define representation class @, with ¢* € ®

Fp=10"¢(-.-): 10, < W, ¢ € D)

=sy~d,)! _Vg(sh) B F(S, ﬂg(sh)) B _Sh+1NPh('|Shaﬂg(sh))[vg(sh+l)]_

s Enporclsar | Velon) = 76 m0) = By ciopms VeS|

_g,gNd;J_‘IJ ﬂ;_l(sh)T¢;_l(§, a) _Vg(Sh) — (s, ﬂg(Sh)) — 'ShHNph(.|Sh,ﬂg(sh))[vg(3h+1)]_ d(sy,)

h

~ < J (s :Vg(sh) — (s, 7,(5;)) — -Shmph(,|Sh,ﬂg(sh))[vg(sm1>]: disw Esgug [5G a’)]>
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Latent variable MDP

Latent variable MDP is captured by low-rank MDP, so it has small V-Bellman rank...

A

Given s,a: z ~ ¢*(s,a), s’ ~ v™(2)

V-Bellman rank = Number of latent states



Summary

1. Q-Bellman rank: related to the Bellman error of a Q function estimate g:

aced

&(g:f,h) = = Spay~d,’ 8(Sps ap) — 1Sy, ap) — =S 1~ PG| p) [max g (Sh+1’ a) ]



Summary

1. Q-Bellman rank: related to the Bellman error of a Q function estimate g:

aced

&(g:f,h) = = Spay~d,’ [g (Sp> @p) — TSy, a) — =S 1~ PG| p) [max g (Sh+1’ a) ]

2. \V/-Bellman rank: related to the Bellman error of a V function estimate

6(g: ) =k, g [Vg(sh) = 1S, () — B PC 151yt [Vg(sh“) ]



Summary

1. Q-Bellman rank: related to the Bellman error of a Q function estimate g:

aced

&(g:f,h) = = Spay~d,’ [g (Sp> @p) — TSy, a) — =S 1~ PG| p) [max g (Sh+1’ a) ]

2. \V/-Bellman rank: related to the Bellman error of a V function estimate

6(g: ) =k, g [Vg(sh) = 1S, () — B PC 151yt [Vg(sh“) ]

3. Small Bellman rank means that: where X, (f), W,(f) are
Vig € F : &(g:f. h) = <Wh(g) X, ( f)> low-dim vectors



Summary

1. Q-Bellman rank: related to the Bellman error of a Q function estimate g:

aced

&(g:f,h) = = Spay~d,’ [g (Sp> @p) — TSy, a) — =S 1~ PG| p) [max g (Sh+1’ a) ]

2. \V/-Bellman rank: related to the Bellman error of a V function estimate

6(g: ) =k, g [Vg(sh) = 1S, () — B PC 151yt [Vg(sh“) ]

3. Small Bellman rank means that: where X, (f), W,(f) are
Vig € F : &(g:f. h) = <Wh(g) X, ( f)> low-dim vectors

4. Many models (more in the book chapter) indeed have low-Q or V Bellman rank



Next week:

A general algorithm that can learn an € near optimal policy w/ # of samples

poly(H,1/e,In(| # | ), b-rank)



