Exploration in Tabular MDPs

CS 6789: Foundations of Reinforcement Learning
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Outline of Proof

Bonus b)/(s, a) is related to <<TD\Z( | s,a) = Py(- s, a)) : V}f+1>
VI with bonus inside the learned model gives optimism, i.e., /V\Z(S) > V,f(s), Vh,n,s, a
Upper bound per-episode regret: Vg( (Sg) — V(’fn(so) < ?g(so) — V(’fn(so)

Apply simulation lemma: T/\g(so) — V”n(so)
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1. Model Error using Hoeffing’s inequality & Union Bound

Given a fixed functionf: S — [0,H], w/prob 1 — 6 :

(PiC 150 - P 15.0) f

£ O(H\/ In(SAHN/5)/N!(s,a)).Y's, a, h, N
Bonus b;/(s, a)
From now on, assume this event being true

Intuition:

1. Assume for some i, s;'l =s,a, = da, thenf(s;'lﬂ) is an unbiased estimate of E_p (.| 2)/(s)

2. No Z 1[(Sh’ Clh) = (s, a)]f(S;H_l)

N ”(s a) “




2. Proving Optimism via Induction
Lemma [Optimism{: ?Z(S) VX(s),Yn, h,s
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2. Proving Optimism via Induction
Lemma [Optimism]: vZ(S) > VX (s),Yn, h,s
Recall Bonus-enhanced Value Iteration at episode n:
Vi(s)=0, 07s,a)=min {rh(s, a)+ b'(s,a) + P(-|s.a)- /V\ZH,H}
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3. Upper Bounding Regret using Optimism

frown V3
vd

per-episode regret := V(sy) — Vin(so) < vg(so) - Vi(sp)

This is something
we can control!
And this is related

to our policy 7"



4. Upper bounding Regret via Simulation Lemma
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4. Upper bounding Regret via Simulation Lemma

/ Optinism
per-episode regret := V' (sy) — V” (s9) < Vv 0(so) — V” (Sp)
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N N
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5. Final Step

Remember we had two failure events for bounding transitions errors.
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n=1
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Upper bound per-episode regret: Vg( (Sg) — V(’)’n(so) < vg(so) — V(’)’n(so)

1. What if V7(sy) — VZ'(s0) < €?

Then 7" is close to ﬂ*, l.e., we are doing exploitation

2. What if V7i(so) — VZ'(sp) = €2

bi(s,a) + (P (- |s,a) = Py( - |s,a)) - V7,
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High-level Idea: Exploration or Exploitation Tradeoff

Upper bound per-episode regret: Vg( (Sg) — V(’)’n(so) < /V\g(so) — V(’)’n(so)

1. What if V7(sy) — VZ'(s0) < €?

Then 7" is close to Jz*, l.e., we are doing exploitation

2. What if V7(so) — VZ'(sp) > € ?

H-1
e < Vis) = VE(s9) £ D Eg e [b;;(s, a)+ (P(-|s,a) = Py(-|s,a)- VI,
h=0

We collect data at steps where bonus is large or model is wrong, i.e., exploration



Summary of the Proof of UCB-VI
Bonus b"(s, a) is related to <<?Z( | s,a) = Py(- s, a)) - V}f+1>

Prove Optimism via Induction: it allows us to focus z” rather than ™ which is unknown)

S

Bound per-episode regret via Simulation Lemma (Perf diff of 7" under P " & P)

1
Bounding conf-term along traces:
zﬂ“ zh“ \/N;}(Sﬁ, ay)



