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Policy Optimization

[AlphaZero, Silver et.al, 17] [OpenAI Five, 18] [OpenAI,19]



Can we design Provably Correct  
Policy Gradient algorithms?
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𝔼π,P [r0 + γr1 + γ2r2 + …]



Infinite Horizon Discounted MDPs

Policy: state to action 

π(s) → a

Reward & Next State
r(s, a), s′ ∼ P( ⋅ |s, a)

Objective: max
π

𝔼π,P [r0 + γr1 + γ2r2 + …]

Assume  and we can only reset from s0 ∼ μ0 μ0
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Strong Agnostic guarantee: 

Compete to the best policy in the given class: π̃ ∈ Π

under a “wide” reset distribution (e.g., see Agarwal et al 19)

Initial/reset dist

State distribution of π̃

sup
s

dπ̃(s)
μ0(s)

< ∞
Q-learning, Fitted Q iteration: 

Realizability (& Bellman Complete)

Q? 2 Q
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Robot hand manipulation (OpenAI, 19)

Successful Story of PG:

A notable technique

Domain Randomization:

Initial/reset dist

State dist of the best e⇡

sup
s

dπ̃(s)
μ0(s)

< ∞

Make  as “wide” as possible !!μ0
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But PG Fails if initial condition does not hold, provably

s0

Initialization:        + random walks0

Extremely flatten gradient: 
magnitude of gradient is exponentially small (even in higher order): 2−H

(e.g., see CPI from Kadade & Langford 02, and Agarwal et al 19)
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The Optimization Landscape

Supervised Learning

• Gradient descent tends to just work 

• Not sensitive to initialization 

• Saddle point is not a problem

Reinforcement Learning:

• Extremely flatten region even at 
initialization 

• Due to lack of exploration
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PPO+RND: Random Network Distillation [Burda et.al, 19]
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Experiments on Bi-directional Comb Lock

chain 1

ep 500 ep 3000 ep 3500 ep 5000

ep 5500 ep 6000 ep 6500 ep 8000

chain 2

chain 1

chain 2

RND traces during training

Policy quickly becomes too deterministic and 
forgets to explore the other (better!) chain

optimal chain

Sub-optimal chain
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Summary of PG methods’ common issues

1. Lack ability to explore

1. Catastrophic forgetting (even w/ reward bonus)

Next:  
Our Solution: Policy Cover Policy Gradient (PC-PG) 

Policy Ensemble + Reward Bonus



Notations

Policy: state to action 

π(s) → a

Reward & Next State 

r(s, a), s′ ∼ P( ⋅ |s, a)



Notations

Policy: state to action 

π(s) → a

Reward & Next State 

r(s, a), s′ ∼ P( ⋅ |s, a)

Vπ(s) = 𝔼 [r(s0, a0) + γr(s1, a1) + … |s0 = s, ah ∼ π(sh)]

Qπ(s, a) = r(s, a) + γ𝔼s′ ∼P(⋅|s,a)Vπ(s′ )

Value and Q function 



Notations

Policy: state to action 

π(s) → a

Reward & Next State 

r(s, a), s′ ∼ P( ⋅ |s, a)

Vπ(s) = 𝔼 [r(s0, a0) + γr(s1, a1) + … |s0 = s, ah ∼ π(sh)]

Qπ(s, a) = r(s, a) + γ𝔼s′ ∼P(⋅|s,a)Vπ(s′ )

Value and Q function 

dπ(s, a) = (1 − γ)
∞

∑
h=0

γhℙπ ((sh, ah) = (s, a))

Policy’s state-action distribution
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5. Append



What objective function PC-PG is trying to optimize?

At episode n: Natural PG is optimizing

Es0,a0⇠⇢n

" 1X

t=0

�t (r(st, at) + bn(st, at))

#

<latexit sha1_base64="KD0fQml3u/yFRR9YJ2aFR1Mss1Q="></latexit>



What objective function PC-PG is trying to optimize?

At episode n: Natural PG is optimizing

Use the cover and roll-in via 
policies in the cover 

(note we do not start at       )         µ0
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Es0,a0⇠⇢n

" 1X

t=0

�t (r(st, at) + bn(st, at))

#
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What objective function PC-PG is trying to optimize?

At episode n: Natural PG is optimizing

Bonus based on the coverUse the cover and roll-in via 
policies in the cover 

(note we do not start at       )         µ0
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Es0,a0⇠⇢n

" 1X

t=0

�t (r(st, at) + bn(st, at))

#

<latexit sha1_base64="KD0fQml3u/yFRR9YJ2aFR1Mss1Q="></latexit>



What objective function PC-PG is trying to optimize?

At episode n: Natural PG is optimizing

Bonus based on the coverUse the cover and roll-in via 
policies in the cover 

(note we do not start at       )         µ0
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No more forgetting! 

Es0,a0⇠⇢n

" 1X

t=0

�t (r(st, at) + bn(st, at))

#

<latexit sha1_base64="KD0fQml3u/yFRR9YJ2aFR1Mss1Q="></latexit>



What objective function PC-PG is trying to optimize?

At episode n: Natural PG is optimizing

Bonus based on the coverUse the cover and roll-in via 
policies in the cover 

(note we do not start at       )         µ0
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No more forgetting! 

No more sparse reward!

Es0,a0⇠⇢n

" 1X

t=0

�t (r(st, at) + bn(st, at))

#

<latexit sha1_base64="KD0fQml3u/yFRR9YJ2aFR1Mss1Q="></latexit>



PC-PG Specialized to Linear Function Approximation

1. Form Cover:

Σπi
= 𝔼s,a∼dπi

ϕ(s, a)ϕ(s, a)⊤

Σn =
n

∑
i=1

Σπi
+ λI

Use linear function  to approximate θ ⋅ ϕ(s, a) Qπ

{⇡1,⇡2, . . . ,⇡n}



PC-PG Specialized to Linear Function Approximation

1. Form Cover:

Σπi
= 𝔼s,a∼dπi

ϕ(s, a)ϕ(s, a)⊤

Σn =
n

∑
i=1

Σπi
+ λI

2. Bonus 

bn(s, a) = 1 {ϕ(s, a)⊤Σ−1
n ϕ(s, a) ≥ β}/(1 − γ)

Use linear function  to approximate θ ⋅ ϕ(s, a) Qπ

{⇡1,⇡2, . . . ,⇡n}



PC-PG Specialized to Linear Function Approximation

1. Form Cover:

Σπi
= 𝔼s,a∼dπi

ϕ(s, a)ϕ(s, a)⊤

Σn =
n

∑
i=1

Σπi
+ λI

2. Bonus 

bn(s, a) = 1 {ϕ(s, a)⊤Σ−1
n ϕ(s, a) ≥ β}/(1 − γ)

Use linear function  to approximate θ ⋅ ϕ(s, a) Qπ

Rewarding  whose feature  aligns with small eigenvectors(s, a) ϕ(s, a)

{⇡1,⇡2, . . . ,⇡n}



PC-PG Specialized to Linear Function Approximation

1. Form Cover:

Σπi
= 𝔼s,a∼dπi

ϕ(s, a)ϕ(s, a)⊤

Σn =
n

∑
i=1

Σπi
+ λI

2. Bonus 

bn(s, a) = 1 {ϕ(s, a)⊤Σ−1
n ϕ(s, a) ≥ β}/(1 − γ)

3. Natural PG:

Qπ
r+bn(s, a) ≈ θ ⋅ ϕ(s, a) + bn(s, a)

π ⇐ π exp (η (bn + θ ⋅ ϕ))

Use linear function  to approximate θ ⋅ ϕ(s, a) Qπ

Rewarding  whose feature  aligns with small eigenvectors(s, a) ϕ(s, a)

{⇡1,⇡2, . . . ,⇡n}



PC-PG Specialized to Linear Function Approximation

1. Form Cover:

Σπi
= 𝔼s,a∼dπi

ϕ(s, a)ϕ(s, a)⊤

Σn =
n

∑
i=1

Σπi
+ λI

2. Bonus 

bn(s, a) = 1 {ϕ(s, a)⊤Σ−1
n ϕ(s, a) ≥ β}/(1 − γ)

3. Natural PG:

Qπ
r+bn(s, a) ≈ θ ⋅ ϕ(s, a) + bn(s, a)

π ⇐ π exp (η (bn + θ ⋅ ϕ))

Use linear function  to approximate θ ⋅ ϕ(s, a) Qπ

Rewarding  whose feature  aligns with small eigenvectors(s, a) ϕ(s, a)

{⇡1,⇡2, . . . ,⇡n}



PC-PG Specialized to Tabular MDPs

One-hot vector: ϕ(s, a) ∈ ℝSA

Σn = diag (…, ρn(s, a), …, )

ρn =
n

∑
i=1

dπi/n



PC-PG Specialized to Tabular MDPs

One-hot vector: ϕ(s, a) ∈ ℝSA

Rewarding state that has low probability of being covered

ϕ(s, a)⊤Σ−1
n ϕ(s, a) ⇐

1
ρn(s, a)

Σn = diag (…, ρn(s, a), …, )

ρn =
n

∑
i=1

dπi/n



Well-Specified Setting: Linear MDPs (and Tabular MDPs)
[RKHS version of the Linear 
mdp model from Jin et al, 19]

Reward and transition in RKHS: 

r(s, a) = θ ⋅ ϕ(s, a), P( ⋅ |s, a) = μϕ(s, a)



Well-Specified Setting: Linear MDPs (and Tabular MDPs)
[RKHS version of the Linear 
mdp model from Jin et al, 19]

Reward and transition in RKHS: 

r(s, a) = θ ⋅ ϕ(s, a), P( ⋅ |s, a) = μϕ(s, a)

A bellman backup of any  will be linear in :f(s) ϕ(s, a)
r(s, a) + 𝔼s′ ∼P(⋅|s,a) f(s′ ) = w⊤ϕ(s, a)



with # of samples

poly(d, log(A),1/(1 − γ),1/ϵ)

V ̂π ≥ V⋆ − ϵ

Well-Specified Setting: Linear MDPs (and Tabular MDPs)
[RKHS version of the Linear 
mdp model from Jin et al, 19]

Reward and transition in RKHS: 

r(s, a) = θ ⋅ ϕ(s, a), P( ⋅ |s, a) = μϕ(s, a)

A bellman backup of any  will be linear in :f(s) ϕ(s, a)
r(s, a) + 𝔼s′ ∼P(⋅|s,a) f(s′ ) = w⊤ϕ(s, a)



with # of samples

poly(d, log(A),1/(1 − γ),1/ϵ)

V ̂π ≥ V⋆ − ϵ

Dim of feature  

(extendable to RKHS w/ Information Gain )

Well-Specified Setting: Linear MDPs (and Tabular MDPs)
[RKHS version of the Linear 
mdp model from Jin et al, 19]

Reward and transition in RKHS: 

r(s, a) = θ ⋅ ϕ(s, a), P( ⋅ |s, a) = μϕ(s, a)

A bellman backup of any  will be linear in :f(s) ϕ(s, a)
r(s, a) + 𝔼s′ ∼P(⋅|s,a) f(s′ ) = w⊤ϕ(s, a)



Comparison to vanilla Natural PG in Linear MDPs  
[Agarwal et al 19]

A wide initial distribution:   

κ = 1/σmin (𝔼s,a∼μ0
ϕ(s, a)ϕ(s, a)⊤) < ∞



Comparison to vanilla Natural PG in Linear MDPs  
[Agarwal et al 19]

A wide initial distribution:   

κ = 1/σmin (𝔼s,a∼μ0
ϕ(s, a)ϕ(s, a)⊤) < ∞

w/ # of samples poly(1/ϵ,1/(1 − γ), ln(A), κ)

V ̂π ≥ V⋆ − ϵ



Comparison to vanilla Natural PG in Linear MDPs  
[Agarwal et al 19]

Condition number could be exponential !!

A wide initial distribution:   

κ = 1/σmin (𝔼s,a∼μ0
ϕ(s, a)ϕ(s, a)⊤) < ∞

w/ # of samples poly(1/ϵ,1/(1 − γ), ln(A), κ)

V ̂π ≥ V⋆ − ϵ



Comparison to vanilla Natural PG in Linear MDPs  
[Agarwal et al 19]

PC-PG eliminates the condition number by actively 
exploring and building policy cover

Condition number could be exponential !!

A wide initial distribution:   

κ = 1/σmin (𝔼s,a∼μ0
ϕ(s, a)ϕ(s, a)⊤) < ∞

w/ # of samples poly(1/ϵ,1/(1 − γ), ln(A), κ)

V ̂π ≥ V⋆ − ϵ



Robustness to Model-Misspecification

Average VS `1

<latexit sha1_base64="ErFryU1ZeiF1WFVwgiXNkp9ZsEI=">AAAB9HicbZBLSwMxFIXv1Fetr6pLN8EiuCozouiy4MZlBfuAdiiZNNOGZjJjcqcwDAX/hRsXirj1x7jz35g+Ftp6IPBxzg25OUEihUHX/XYKa+sbm1vF7dLO7t7+QfnwqGniVDPeYLGMdTughkuheAMFSt5ONKdRIHkrGN1O89aYayNi9YBZwv2IDpQIBaNoLb/LpezlXaFCzCa9csWtujORVfAWUIGF6r3yV7cfszTiCpmkxnQ8N0E/pxoFk3xS6qaGJ5SN6IB3LCoacePns6Un5Mw6fRLG2h6FZOb+vpHTyJgsCuxkRHFolrOp+V/WSTG88XOhkhS5YvOHwlQSjMm0AdIXmjOUmQXKtLC7EjakmjK0PZVsCd7yl1eheVH1LqtX95eVWv1pXkcRTuAUzsGDa6jBHdShAQwe4Rle4c0ZOy/Ou/MxHy04iwqP4Y+czx9/SZMI</latexit>



Model-Misspecification from State-Abstraction

Group ‘’similar’’ states (s) 
into an abstracted state (z)

ϕ : S → Z

S
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Model-Misspecification from State-Abstraction

Group ‘’similar’’ states (s) 
into an abstracted state (z)

ϕ : S → Z

S
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|Z | ≪ |S |

poly( |Z | )



Model-Misspecification from State-Abstraction

Group ‘’similar’’ states (s) 
into an abstracted state (z)

ϕ : S → Z

S

<latexit sha1_base64="iEyiISCJ1yEEo8n+CucN3wnCTfM=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe4komXAxjJB8wHJEfY2c8mavb1jd08IR8DexkIRW3+Snf/GzUehiQ8GHu/NMDMvSATXxnW/ndza+sbmVn67sLO7t39QPDxq6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+W9GSfoR3QgecgZNVaq3/WKJbfszkBWibcgJVig1it+dfsxSyOUhgmqdcdzE+NnVBnOBE4K3VRjQtmIDrBjqaQRaj+bHTohZ1bpkzBWtqQhM/X3REYjrcdRYDsjaoZ62ZuK/3md1ITXfsZlkhqUbL4oTAUxMZl+TfpcITNibAllittbCRtSRZmx2RRsCN7yy6ukeVH2KuXLeqVUrT3N48jDCZzCOXhwBVW4hRo0gAHCM7zCm/PgvDjvzse8NecsIjyGP3A+fwDa841t</latexit>

|Z | ≪ |S |

poly( |Z | )

Model-misspecification:

s, s′ ,  s.t. ϕ(s) = ϕ(s′ )

∥P( ⋅ |s, a) − P( ⋅ |s′ , a)∥1 ≤ ϵz,a



Model-Misspecification from State-Abstraction

Group ‘’similar’’ states (s) 
into an abstracted state (z)

ϕ : S → Z

S
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|Z | ≪ |S |

poly( |Z | )

Model-misspecification:

s, s′ ,  s.t. ϕ(s) = ϕ(s′ )

∥P( ⋅ |s, a) − P( ⋅ |s′ , a)∥1 ≤ ϵz,a
ϵz,a

ϵz,a

ϵz,a



Model-Misspecification from State-Abstraction

Group ‘’similar’’ states (s) 
into an abstracted state (z)

ϕ : S → Z
Bellman-backup based (e.g.,  Q-learning [Dong et al, 19])

poly (1/(1 − γ)) (max
z,a

ϵz,a)

S
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|Z | ≪ |S |

poly( |Z | )

Model-misspecification:

s, s′ ,  s.t. ϕ(s) = ϕ(s′ )

∥P( ⋅ |s, a) − P( ⋅ |s′ , a)∥1 ≤ ϵz,a
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Model-Misspecification from State-Abstraction

Group ‘’similar’’ states (s) 
into an abstracted state (z)

ϕ : S → Z
Bellman-backup based (e.g.,  Q-learning [Dong et al, 19])

poly (1/(1 − γ)) (max
z,a

ϵz,a) `1
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Features is arbitrary in the tree, i.e., model-
misspecification can be very serious.

Path with reward 1/2

Additional Example w/ linear approximation

PC-PG is at least as good as 
the green trajectory



Experiments
Bidirectional Combination Lock

…...

…...

…...

…...

…...

…...

optimal 
reward

suboptimal 
reward

chain 1

chain 2

s0

r = 5

r = 2

r = 1/HBad state has Anti-shaped reward:

Good state (white): 9 out of 10 actions go to bad state (black)

1. Local minima  

2. Forgetting



Experiments on Bi-directional Comb Lock

Feature vector: binary vector 
indicating state-action and time step

Policy Opt procedure: PPO w/ NN policy

Bonus: �>⌃�1
n �
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Experiments on Bi-directional Comb Lock
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Experiments on Bi-directional Comb Lock

Due to the policy cover PC-PG maintains..

Cover   near uniformly 
cover both chains
⇢n

PG with         will succeed!⇢n



Reward-Free Explore in Maze

r(s, a) = 0

�(s, a) :   Random initialized CovNet

Policy Opt procedure: PPO w/ CovNet-based policy



Agent 
start location

Policy 1 Policy 4 Policy 5 Policy 11 Policy 12

Traces of policies in the policy cover:

Reward-Free Explore in Maze
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Continuous Control w/ sparse reward

Sparse reward: large 
reward at the goal; 

Anti-shaped reward:  
penalize control inputs
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Conclusion

Strong agnostic results
Average model-misspecification VS `1

Flexibility to leverage existing deep learning/RL tools
Vanilla implementation explores 4 to 5 rooms in M-Revenge

Policy Cover/bonus solve the issue of flatten gradient & Forgetting
Treat policy cover’s distribution as the reset distribution for PG

Polynomial Sample Complexity in well-specified case:
Linear MDPs (RKHS) & Tabular MDPs


